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Abstract

Driven by the renewed interest in optimizing a stellarator to reduce ITG turbulence and
the success of changing flux surface shaping in advanced tokamaks to control plasma behav-
iors for a variety of scales, there is interest in how tokamak shaping affects ITG turbulence.
In this thesis, the changes in linear and nonlinear properties of ITG turbulence from inde-
pendent variation of triangularity and elongation for a single axisymmetric flux surface away
from a circular base case were studied. Each flux surface is described and its properties com-
puted with local MHD equilibrium theory using the NE3DLE code. The turbulence properties
of each flux surface was then investigated using the gyrokinetics code GENE.

A linear stability analysis of flux surfaces with a large range of values for elongation and
triangularity was performed. A comparison of trends in linear growth rates to trends in the
curvature of magnetic field lines as shaping was varied was also performed. The trends in
curvature correlated with the decrease in linear growth rates at low £, and the decrease in
quasilinear heat flux values with increasing elongation. For the cases § = 0.5 and 6 = 0.75,
the curvature trends correlated with linear growth rate trends at low k,, but there was less
correlation between curvature and linear growth rates at low k, with increasing negative
triangularity. Additionally, the quasilinear heat flux decreased with both increasing positive
and negative triangularity, with positive triangularity having a stronger effect.

In addition, the first computations of nonlinear heat fluxes and the first comparisons
between nonlinear and quasilinear heat fluxes for various tokamak shaping were performed.
Despite incomplete numerical convergence in nonlinear heat flux for any shaping, evidence
was provided that all but one of the geometries likely had nonlinear heat fluxes similar to
what the converged value will be. The exception was the case § = —0.5. The only elon-
gated geometry simulated nonlinearly was k = 1.5, where the nonlinear heat flux was larger
than the nonlinear heat flux for base case, disagreeing with quasilinear heat flux trends for
elongation. The increase in nonlinear heat flux for k = 1.5 compared to the base case cor-
related with an increase in radial elongations in the contours of electrostatic potential and
decreased zonal mode strength at higher k,. With the exception of § = —0.5, nonlinear
heat flux trends in triangularity agreed qualitatively with the corresponding quasilinear heat
flux trends. However, qualitatively, the nonlinear heat fluxes were typically significantly less
than quasilinear heat fluxes, and the trend in nonlinear heat fluxes with triangularity did
not correlate with increasing zonal mode amplitudes. The case 6 = 0.75 had a nonlinear
heat flux of nearly zero, but there is circumstantial evidence this case may be in a Dimits
region, potentially explaining the unusually low nonlinear heat flux for this case.
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1 Introduction

The purpose of this section is to provide motivation for and background of studying
turbulence in fusion devices with toroidal geometry. This section will introduce nuclear
fusion and basic plasma physics concepts necessary to study turbulence in toroidal devices.

1.1 Fusion Energy

As civilization progresses over time, the energy requirements to drive development contin-
ues to increase. Estimates suggest by 2040 world energy consumption will increase by 28%),
with fossil fuels poised to continue as the dominant source of energy [1]. The problem with
continuing the trend of fossil fuel reliance is twofold. First, extracting energy from fossil fuels
produces byproducts harmful to the climate in significant amounts. Extraction of energy
from fossil fuels relies on combustion, producing carbon dioxide and nitrous oxide, which
creates a greenhouse effect; if unchecked, the greenhouse effect would render the Earth unin-
habitable. For civilization to continue and progress, a new source of energy without harmful
byproducts must replace fossil fuels. Second, the world’s supply of fossil fuels finite. World
reserves of fossil fuels are estimated to be on the order of a hundred years [2]. Once fossil
fuel reserves are depleted, a new primary source of energy will be needed to replace the void
left by fossil fuels.

A promising alternative energy source to fossil fuels is the binding energy of an atomic
nucleus. The binding energy of a nucleus is a result of a fundamental force called the strong
nuclear force. There are two ways of using the strong nuclear force as an energy source.
One method is through nuclear fission—the splitting of one heavy nucleus into two smaller
nuclei. While nuclear fission is effectively employed as an energy source, the fission reaction
produces dangerously radioactive waste, which maintains its radioactive properties for tens
of thousands of years. The level and lifetime of radioactive waste produced by fission raises
health and environmental concerns over waste disposal and containment.

Another method of harnessing the binding energy of a nucleus is through the fusion
process. Nuclear fusion is the process of fusing two smaller nuclei into one larger nuclei. Nu-
clear fusion has two clear advantages over fission: little radioactive waste and a substantially
higher energy density per reaction [3]. However, achieving nuclear fusion has proved difficult.
To fuse two nuclei together, the strong nuclear force must be the dominant force. Because
the strong nuclear force is dominant at short distances, the fusing nuclei must overcome the
repulsive barrier of Coulomb forces. To overcome the Coulomb forces, the nuclei must collide
with substantial velocities. To produce reactor-scale energy, a large portion of the fusion fuel
must have substantial velocities, which requires temperatures over 100 million degrees Cel-
sius [4]. These temperatures are well above ionization energies, putting the fusion reactants
and products in the plasma state. Plasmas are more complex than neutral gasses, because
ionization creates a soup of charged ions and electrons, introducing Coulomb interactions
between plasma particles. Due to the charged nature of a plasma’s constituents, plasmas
can be influenced by internal and external electromagnetic forces, creating a system of richly
complex behaviors. One of the complex behaviors, turbulence, is a focus of this thesis.



1.2 Magnetic Confinement Fusion

There are several reactions that make good candidates for nuclear fusion. One potential
reaction to use is the deuterium-deuterium (D-D) reaction. Deuterium is an isotope of
hydrogen with a nucleus comprising one proton and one neutron. The products of the D-D
reaction can either be a helium-3, a helium isotope with one neutron, and a neutron or a
tritium (a hydrogen isotope with two neutrons) and a proton. Another candidate is the
deuterium-helium-3 (D-He?) reaction. The D-He? reaction produces an « particle (a twice-
ionized helium-4) and a proton. The most promising reaction is the deuterium-tritium (D-T)
reaction, which produces an « particle and a neutron.

He? +n+327TMeV

D+D —
T+p+4.03MeV

D+ He? — He* +p+18.3 MeV

D+T — He*+n+174MeV

The D-T reaction has a much larger collisional cross-section occurring at lower thermal
energies than the D-D and D-He? reactions, as seen in Figure 1.1 [4]. This means the D-
T reaction will happen more frequently generating more power than the D-D and D-He?
reactions. Because the D-T cross-section peaks at a lower temperature, additional physics
and engineering challenges regarding heating are less substantial. With the largest cross-
section at a lower temperature, the D-T reaction is the most promising choice for a fusion
reactor.

Because plasmas react to external and internal electromagnetic forces, a fusion device
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Figure 1.1: Reaction cross sections for the D-D, D-He?, and D-T fusion reactions as a function
of thermal energy [4].



could use magnetic fields to confine the plasma, a scheme known as magnetic confinement
fusion. Comprised of ionized particles, plasmas obey Mazwell’s Equations,

v.E=2 (1.1)
€0
OB
E=-2" 1.2
V x oy (1.2)
V.B=0 (1.3)
10E

V xB = pyd; + T
where c¢ is the speed of light in a vacuum, ¢, is the vacuum permittivity, o is the vacuum
permeability, and p; = pexternal + Pplasma aNd Ji = Jexternal + Jplasma are the total charge
density and total current density of the system, respectively. To describe pplasma and Jpiasmas
a statistical treatment is required, because plasmas typically have a large number of particles.
A distribution function of a species s is defined as the number of particles per unit volume
of the six dimensional phase space [4]. Mathematically, the distribution function is written
as

/fs(x,v,t)dxdv = N, (1.5)

where N, is the total number of particles of the species. Now, the plasma charge density
and current density are defined as

Polasma = D _ s / f6, v, 0)dv =) gans (1.6)

and

Plasma ZQS/st X,V, t dv = ZQSns ER) (17)

where ng = [ fi(x,v,t)dv is the plasma density and V, = [vfy(x,v,t)dv/n, is the mean
velocity of a species s
With a distribution function defined, the kinetic behavior of plasmas can be described
using the Fokker-Plank Equation:
afs Ifs Ofs
ot VY ox T SE+VXB)av
The Coulomb operator C(fs) describes the effects Coulomb collisions have on f; over time,
the source term S represents adding species through processes such as ionization, and the
sink term D accounts for the loss of species through processes like atomic recombination.
However, a conservative, collisionless form of Equation (1.8) is often used. The collision-
less approximation can be motivated, because collision frequency decreases with increasing
plasma thermal velocity with the scaling v vt_h‘?s, where vy, s = /2T5/ms. Temperatures
where fusion cross-sections are maximized are high enough for the plasma to be considered
collisionless. The conservative, collisonless kinetic equation is called the Viasov Equation:

afs 8fs Ofs
ot TV ox ms(E+ v x B ov

C(f.) +S—D. (1.8)

= 0. (1.9)



Analytically solving Equation (1.9) is nontrivial and only possible for certain idealized
systems, because there are nonlinear interactions between E, B, and the plasma. The
nonlinearities arise in the third term of Equation (1.9), which have the form Ef ~ f2, because
E ~ f from Equations (1.1) and (1.6) and B ~ E/c from Equations (1.4) and (1.7). The
nonlinearities in Equation (1.9) give rise to complex plasma behaviors, including turbulence.
To model the nonlinear behavior of the solutions to Equation (1.9), a wealth of numerical
tools have been developed and implemented, as has been done in this thesis.

1.2.1 Single Particle Drifts

The velocity of a single ionized plasma particle, v, also reacts to the Coulomb and Lorenz

forces:
dv g

dt My
where g5 and my is the charge and mass of a particle species, s, respectively. The Lorenz
force confines plasma particles perpendicularly to magnetic field lines with a gyroradius
pL.s = MV /qsB, where v} is the magnitude of the particle’s velocity perpendicular to the
magnetic field line. However, along the magnetic field lines, plasma particles are unrestricted,
resulting in the particle moving in a helical motion parallel to the magnetic file lines. This
led to high “streaming losses” in early linear fusion devices, such as the magnetic mirror
and pinch configurations. Streaming losses can be eliminated by “attaching” the ends in a
toroidal geometry (Figure 1.2). While toroidal geometry eliminates streaming losses, it also
adds complexity to the fusion problem.

Toroidal geometry of magnetic fields adds physics of single particle drifts that can com-
plicate to plasma confinement. The toroidal magnetic field in a toroidal system manifestly
has finite curvature. This nonzero curvature induces centrifugal forces on particles moving
along the magnetic field lines, resulting the the following curvature drift velocity:

(E+v x B), (1.10)

_U_ﬁan
2, B’

Ve

(1.11)

Figure 1.2: Toroidal (blue) and poloidal (red) directions on a torus [5].



where 2, = g;B/my is the frequency at which the particle gyrates around the magnetic field
line (referred to as the gyrofrequency), v is the magnitude of the particle’s velocity parallel
to the magnetic field line, and kK = (B . V)f) is the curvature of the magnetic field line, with
b=B /B. The finite curvature of the toroidal magnetic field also implies a nonzero gradient
in the magnetic field, which drops off with a 1/R dependence, where R is the radius from the
toroidal axis. A gyrating particle in a heterogenous magnetic field experiences an imbalance
in forces over a complete orbit about the field line, resulting in the guiding center drifting
away from its original position. The movement of the guiding center of a particle due to a
magnetic field gradient, called the “V B” drift, is quantified in the following equation:

v> Bx VB
202, B?

VypB — . (112)

Additionally, in a toroidal system magnetic field lines have a nonzero curvature in general.
Another drift is present when there is an electric field, E:

ExB

B )
called the “E x B” drift. Assuming only a toroidal field, the VB and curvature drifts are
vertical and opposite for ions and electrons. The resultant charge separation creates a down-

ward vertical electric field, stimulating an E x B drift outward radially, losing confinement.
Hence, a poloidal magnetic field must be added to contain particle drifts.

VExB = (1.13)

1.2.2 MHD Equilibrium

Magnetic confinement requires the confinement and isolation of hot plasmas from the
external structure, where the macroscopic force balance is described by the magnetohydrody-
namics (MHD) model. MHD treats the plasma as a single magnetized fluid and is a model
used to study plasmas that are collisional enough for a fluid theory to be valid on length
scales greater than the ion gyroradius. The magnetized fluid has a mass density p = >, myns
and velocity V = (>, myn,v,)/p. Ideal MHD neglects plasma resistivity and viscosity and
assumes isotropic pressure while still capturing important physical phenomena central to
MHD theory. The 11 nonlinear partial differential equations describing ideal MHD are as
follows:

dp B
o TV (V) =0 (1.14)
p(%—YJr(V-V)V):JxB—Vp (1.15)

d (p) _
4(2) o 10

0B

o = VX (VxB) (1.17)
1o =V x B (1.18)



with the natural constraint on magnetic fields in Equation (1.3). In the MHD limit, light
waves are not resolved, and the JE/0t term is dropped from Equation (1.4) for Equa-
tion (1.18). Here, J = > gsnsv, is the plasma current, p is an isotropic pressure, and
v=1+2/N is an adiabatic index with N degrees of freedom.

A desirable quality for a reactor is to be able operate at steady state, which can be mod-
eled using a static ideal MHD equilibrium. Equilibrium means all quantities do not evolve
in time (0/0t = 0), and static means the fluid velocity is zero, reducing the description of
the plasma using Equations (1.14) to (1.17) to a force balance of

JxB=Vp (1.19)

From Equation (1.19), it is immediately clear that plasma current and magnetic field lines
lie on surfaces of constant pressure; the application this property is discussed in Section 2.

1.2.3 Toroidal Configurations

As mentioned in Section 1.2.1, to achieve confinement, a poloidal field is needed, which
can be provided by different toroidal configurations. The stellarator configuration, relies on
richly shaped external magnetic coils to produce a poloidal magnetic field. An example of a
stellarator with 3D shaping is shown in Figure 1.3a, where the coils are blue and a surface of
constant magnetic flux in the plasma is yellow. Despite not having externally driven current,
stellarators still see currents to balance forces in Equation (1.19). The plasma currents ap-
pearing from the force balance have a component parallel to the magnetic field arising from
quasineutrality of a plasma, V - J = 0. These parallel currents can be reduced such that
the stellarator is MHD stable, meaning no plasma behavior described by the MHD model
will disrupt confinement. However, the complexity of shaping needed for the magnetic coils
breaks azisymmetry (magnetic symmetry about the toroidal angle), introducing engineering
and theoretical difficulties. Namely, the magnetic coils of a stellarator require low tolerances
and difficult to manufacture shapes. From a theory standpoint, there are no analytical MHD
equilibrium solutions in a general three-dimensional (3D) magnetic field geometry, forcing

Blanket Plasma Magnetic
field line

(a) Stellarator (b) Tokamak

Figure 1.3: Example of a stellarator (a) and a tokamak (b) where the coils are blue and a
surface of constant magnetic flux in the plasma is yellow [6].



a dependence on expensive numerical computations to find MHD solutions for stellarators.
Despite a lack of analytical MHD equilibrium solutions for stellarators, the rich 3D shaping
allows for the possibility of optimizing a stellarator. Specifically, optimizing a stellarator to
reduce turbulence is a major area of ongoing research [7].

In contrast to stellarators, the tokamak configuration uses a driven current to create the
poloidal magnetic field. Tokamaks use current in simply poloidally closed magnetic coils
to produce the toroidal magnetic field. Present-day tokamaks rely on ohmic heating, radio
frequency (RF) heating, or internal bootstrap current as a source for the poloidal field [4].
The large amount of current driven acts as a source of free energy, giving rise to MHD insta-
bilities. MHD instabilities can significantly reduce or even completely disrupt confinement,
putting constraints on tokamak operation. Despite MHD operational constraints, tokamaks
are one of the most common toroidal configurations [4]. However, one of the advantages
of the tokamak is its axisymmetry. Axisymmetry is an advantageous feature for engineer-
ing, because magnetic coil designs can be simple in contrast to stellarator coils. Even with
axisymmetric simplifications, tokamaks still have a large two-dimensional (2D) parameter
space, which has been used to improve MHD stability in the advanced tokamak scenario [8].
An example of a tokamak with a slightly elongated cross section is shown in Figure 1.3b,
with a surface of constant magnetic flux depicted in yellow and the coils in blue. Like the
stellarator, the 2D parameter space of a tokamak also provides the opportunity to study
turbulence in various shaped tokamak scenarios.

1.3 Ion Temperature Gradient Drift Waves

When particles drift in a nonuniform plasma, ion and electron motion can produce drift
waves. When coupled with other nonuniformities, such as temperature gradients, drift waves
may become less stable and may result in significant degradation of plasma confinement.
Drift waves are on the scale of a gyroradius, and, when unstable, are classified as a microin-
stability. Unstable drift waves are believed to be a significant source of heat and particle loss
in tokamaks, despite manifesting on a small scales [9]. The ion temperature gradient (ITG)
mode drift wave instability will be the main focus of this section.

To illustrate an instability from an ion temperature gradient, a nonhomogeneous
plasma with a slab geometry will be considered. Suppose the magnetic field is in the z-
direction, and the magnetic field, pressure, and ion temperature gradients in the negative
a-direction (Figure 1.4). The VB drift for the ions(electrons) is in the negative(positive)
y-direction, but the hotter ions drift faster than the colder ions, creating multiple charge
separations in space. The charge separation induces a spatially varying electric field in
the y-direction, giving rise to an E x B drift in the x-direction, reversing spatially in the
y-direction, which can enhance the charge separation and therefore a drift growing for all
time.

The stability of a drift wave in the presence of an ion temperature gradient in a
toroidal geometry depends on many factors. In addition to the ion temperature gradient,
density gradients play a role by shifting the phase of the wave such that the E x B drift
may stabilize or destabilize the electrostatic perturbation. Another factor influencing drift
wave stability is magnetic field curvature. More curvature increases charge separation, and
the direction of curvature has a profound effect on stability. For instance, in Figure 1.4, if
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Figure 1.4: Illustration of an ITG instability in a nonhomogeneous plasma with a slab
geometry. A temperature gradient in the negative z-direction is represented by hotter ions
in blue and colder ions in white. The magnetic field is in the z-direction out of the page
with the pressure and magnetic field gradients in the negative z-direction [10].

the direction of curvature (i.e. VB) reversed, a similar analysis as the previous paragraph
finds E x B drift damps the initial perturbation. Further, with temperature and density
gradients, pressure gradients arise. Pressure gradients are known to have a stabilizing effect
if antiparallel to the curvature and a destabilizing effect if parallel to the curvature. There
are a variety of other destabilizing or stabilizing mechanisms (e.g. magnetic shear), com-
plicating the problem of drift wave stability. The work done in this thesis emphasizes the
effects of curvature on I'TG modes in Section 4.

1.4 Turbulence

Plasma turbulence is a broad area of research, encompassing multiple distinct phenomena.
In general, turbulence in plasmas (and nonmagnetized fluids as well) is the unpredictable
evolution of motion and nonlinear interactions over a range of length scales. As mentioned
previously, ITG turbulence is believed to be a significant source confinement loss in tokamaks
9], however the mechanisms of ITG turbulence (and turbulence in general) are not fully
understood. This section will introduce the concept of one turbulence mechanism used in
this thesis, saturation.

For a plasma to achieve a steady state required for a working fusion reactor, the energy
dissipated in a turbulent flow must be equal to the energy transferred to the turbulent
flow from a free energy source, a process called turbulent saturation. For I'TG turbulence,
gradients of profile quantities, such as pressure, provide a source of free energy. Free energy
sources drive instabilities, which can cause instability-driven turbulence. However modes
with negative growth rates, called stable modes, exist simultaneously with unstable modes.
The nonlinear interactions in turbulence allows unstable modes to excite stable modes to a
finite amplitude. The stable modes then decay in time, dissipating the energy transferred by
the unstable modes [11]. Although the mechanism of turbulent saturation is not the primary
focus, the region of turbulent saturation is studied in this thesis.



1.5 Thesis Outline

The succeeding sections of this thesis are as follows. Section 2 will address the concept
of local equilibrium. Magnetic coordinates will be introduced, which are a vital tool in lo-
cal equilibrium theory. A methodology for solving 3D local equilibria is described, and a
prescription of axisymmetric shaping for local equilibria, called the Miller equilibrium, is
also described. Section 3 will describe how gyrokinetic simulations are used in turbulence
studies. A brief description of gyrokinetic theory is discussed to introduce the Gyrokinetic
Electromagnetic Numerical Experiment (GENE) code. Previous turbulence studies on the
effects of tokamak shaping will be discussed in Section 3 as well. Section 4 compares the
linear growth rates across a wave number spectrum with varying shaping parameters using
adiabatic electrons with the curvatures of each configuration. Additionally, the quasilinear
heat flux is computed for each geometry using the ITG growth rates. Section 5 presents
results of nonlinear GENE calculations and compares the nonlinear heat fluxes with quasi-
linear heat fluxes. This thesis ends with Section 6, a summary of the results of this thesis
and a description of possible future research directions from this work.



2 Magnetic Flux Surfaces

The toroidal geometry of magnetic fields used in magnetic confinement fusion can be
shaped to achieve desired plasma behavior. The purpose of this section is to introduce the
concept of and the tools used to describe the shaping of flux surfaces. Magnetic coordi-
nates will be introduced as a mathematical framework, constructed to have advantageous
properties for describing toroidal magnetic fields. Then, local equilibrium theory will be in-
troduced and motivated, beginning with the shaped axisymmetric local equilibrium known
as the Miller equilibrium, then moving onto a generalized 3D local equilibrium. Finally, the
numerical implementation of the 3D equilibrium procedure in NE3DLE is discussed.

2.1 Magnetic Coordinates

When working with a simple torus, it follows that one should use a cylindrical coordinate
system (R, ¢, Z) or a toroidal-like coordinate system (r, 6, ¢) (Figure 2.1). The cylindrical
coordinate system is mapped to the toroidal-like coordinate system with the mapping

R = Ry + rcosf
=09
Z =rsind, (2.1)

where Ry is the major radius, r € [0,a] with a as the minor radius of the torus, 6 is the
geometric poloidal angle, and ¢ is the geometric toroidal angle. The aspect ratio in Figure 2.1
for a device is Ry/a.

In Figure 2.1 the radial coordinate is r, which is not the case in general. From Equa-
tion (1.19), it is obvious that magnetic field lines and currents lie on a surface normal to Vp.
Therefore, pressure can be used as a radial coordinate in MHD equilibrium. Because mag-
netic field lines are tangent to the surfaces of constant pressure, both toroidal and poloidal
magnetic flux,

7vbtor‘ = /B ’ dstor (22)
Ypol = /B - dSpor, (2.3)
A7
R 7
RO
<

Figure 2.1: The cylindrical and toroidal-like coordinate system [12].
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are conserved, and surfaces of constant pressure are also surfaces of constant magnetic flux,
termed flux surfaces. Therefore, magnetic flux can be used as a radial coordinate.

While the toroidal-like coordinate system may work for a simple torus, to describe MHD
equilibrium with more generality, a curvilinear coordinate system called magnetic coordi-
nates are used. For a thorough treatment of magnetic coordinates, see [13]. In magnetic
coordinates, a magnetic field line is a straight line in © — ( space, where O is a poloidal angle
and ( = —¢ is a toroidal angle. The straight field line angles are related through a field line
label:

a=06—«. (2.4)

which is constant along a field line. The rotational transform, ¢, is the rate at which field
lines progress poloidally with respect to the toroidal progression:
d©® B-VO 1

where q is the safety factor. A convenience of straight field line coordinates is the rotational
transform (and, by extension, the safety factor) is a flux function: ¢ = +(¢)). Choosing a
magnetic flux as the flux surface label, the magnetic field can be written in Clebsch form
with the field line label:

B =Vy x Va. (2.6)

One should be aware that although ( is the geometric toroidal angle, © is not the the geo-
metric poloidal angle, 8. The relationship between @ and 6 is needed to translate flux surface
shaping in real geometry to magnetic coordinates, which will be discussed in Section 2.2.2.

2.2 Local Equilibrium

It is widely accepted changing the cross-sectional shaping of the flux surfaces in axisym-
metric configurations impact stability of various plasma behaviors, including I'TG mode drift
waves. Early MHD equilibrium theory describes MHD equilibrium of plasmas globally, most
notably using the Grad-Shafranov equation for axisymmetric systems [14,15]:

A = —FF' — uoR*p, (2.7)

where F'(1)) = RB,, and the elliptic derivative is defined as

. 9 (10 0?
a=r2 (E@) T 2.8)

While describing a broad range of critical plasma behavior, using global equilibrium to study
microinstabilities is not efficient. Now, a different approach describing a single flux surface,
called a local equilibrium, is used to investigate microinstabilities. Axisymmetric local equi-
librium models often use Equation (2.7) in their derivations as well [16,17]. A major con-
tribution to developing a model for shaped axisymmetric local equilibria came from Greene
and Chance [16], which allowed for global magnetic shear and pressure gradient to be varied
while keeping other parameters constant in what is called an s — o model. Miller, et al. [17]
expanded the work of [16] to develop a model using the formalism developed by Mercier and
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Luc [18] to describe an axisymmetric local equilibrium using plasma profile quantities, such
as current, and nine shaping parameters. The work of [17] is described in Section 2.2.1. A
generalized method to solve a nonaxisymmetric local equilibrium using magnetic coordinates
was developed by Hegna [19] and is equivalent to [17] in the axisymmetric limit. The method
described by [19] is discussed in Section 2.2.2. In Section 2.2.3 the numerical implementation
of Hegna’s method of solving a local equilibrium by the NE3DLE code is discussed.

2.2.1 Miller Equilibrium

To study how changes in an axisymmetric equilibrium affects localized instabilities, the
Miller equilibrium [17] provides a method to independently vary plasma profile quantities
and nine shaping parameters using a finite aspect ratio, noncircular model. The Miller
equilibrium uses the Mercier-Luc formalism [18] to specify a local equilibrium at a flux
surface ¥ = 1y in cylindrical coordinates using three steps: (1) define the flux surface
shaping, R(l), Z(l); (2) define the poloidal field, B,(I); (3) define profile quantities p’(¢y)
and FF'(1y) from Equation (2.7), where [ = [(6) is the poloidal arc length. These three
steps can be satisfied by specifying the nine dimensionless shaping parameters: elongation
(k), triangularity (J), the variations of s, §, and major radius with the flux surface (s, ss,
and 0, Ry, respectively), global magnetic shear (s), pressure gradient (a), safety factor (q),
and aspect ratio (A).

The flux surface shaping is given by R and Z:

R = Ry + rcos(6 + (arcsin d) sin 6) (2.9)
Z = Krsinb. (2.10)

The poloidal field is given by the following:
O, [sin®(0 + zsin 0)(1 + z cos 0)% + k2 cos? 0]/

B pu—
P kR(cos(zsin®) + 0,Rycos O + [s, — s5cos0 + (1 + s, )x cos ] sin @ sin(f + zsind))’
(2.11)
where sinz = 9,
ro-K
o= —, 2.12
=" (212
70,0
S§ = m, (213)
and 0,1 is the radial derivative of flux, which can be defined by using the definition of ¢,
F dl
q= %/—AHBP (2.14)

through choice of the toroidal field By = Fy/ Ry with Equation (2.11). The profile quantities
¢ (o) and p'(1)) are defined using the dimensionless quantities s and o

2V
5= V,q (2.15)
ot (v \ V2
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Figure 2.2: Shaped cross section of a tokamak using the Miller equilibrium [17]. The shaping
for this equilibrium is prescribed by A = 3.17, kK = 1.66, and § = 0.416. A circular cross
section corresponds to k =1, § = 0.

Here V is the volume enclosed by the flux surface, and V' = dV/dip. The shift in major radius
with flux surface is not explicitly known, but it is known to depend on B,, and the pressure
and current profiles and has been derived for large aspect ratio elliptical surfaces [20]. As
for O,k and 0,9, Miller, et al. [17] use their experience with experiments and numerical
calculations to approximate s, and ss as

k—1

(2.17)

Sk =
K

J

= (2.18)

S§ —

In addition, one can conclude of the nine shaping parameters, physically, only six are in-
dependent and three (s, ss, and 0,Ry) are dependent parameters. However, the effects
of s., ss, and 9,Ry on the equilibrium may be studied by separating them from the other
parameters. Using the Miller equilibrium, a local equilibrium is fully described by setting
plasma profile quantities and nine shaping parameters.

2.2.2 Three-Dimensional Local Equilibrium

While Miller, et al. is sufficient to describe a shaped axisymmetric local equilibrium,
other codes used to study ITG turbulence, such as GENE (discussed in Section 3) require
inputs in magnetic coordinates, and studying stellarators requires a fully 3D equilibrium.
An analytic theory for 3D local MHD equilibrium has been developed equivalent to the
Miller equilibrium [17] in Section 2.2.1. The following section will introduce the steps for
describing a local equilibrium in [19], where a full derivation can be found. The method
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of [19] requires the specification of (1) the magnetic coordinate mapping, x(©, () and the
rotational transform ¢ on the magnetic surface 1) = 1)y, where 1 is now the toroidal flux and
(2) two of three flux functions: the pressure gradient p/(1), the averaged parallel current
o) = po (J-B) /(B?), or the flux surface averaged magnetic shear ¢(¢). If two of the
three quantities in (2) are specified, the third is determined. In the axisymmetric limit, step
(1) is equivalent to steps (1) and (2) and in Section 2.2.1, and step (2) here is equivalent to
step (3) in Section 2.2.1 .

The equilibrium magnetic field’s geometric properties can be found using the coordinate
parameterization x = x(6, () and rotational transform. The equilibrium magnetic field is
defined using Equation (2.6) and curvilinear properties of the coordinate system (¢, 0, ():

ox ox\ 1

where the Jacobian is

1 ox O0x 0x
_ il din 2.2
VIS g vexve o0 98 1o (2:20)
By construction of the curvilinear magnetic coordinates,
ox o0x\ 1
(2 ) 2.21

The geometric quantities are computed beginning with the unit tangent and normal vectors:

o0x 0x
~ B = + t==
b=2= = %% (2.22)
B (gec + 2tgec + 2 g00)"/

ox ox
\% 20 X ac
A= Y¥ __ w7 - (2.23)
VY[ (9ecgoe — 9&¢)
where a metric element g;; is defined as
ox 0x

with u’,w/ € {1,6,(}. Taking derivatives along the magnetic field and using the unit
tangent, unit normal, and unit binormal b x n, the normal curvature k,, geodesic curvature
kg, and normal torsion 7,, are computed:

k=1 - (b-V)b (2.25)
kg = (bxn)-(b-V)b (2.26)
= (bxn)-(b-V)n. (2.27)

The three profile quantities ¢, o, and p’ are related using the geometric quantities defined
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above and other current quantities. An equation for the flux surface averaged local shear

relates o and p':
B2 . B2 R B2 ~
{;/:0<|V¢|2>V,+p/<|vw|2A> V’—2<W7’n> V/ (228)

Here, X is the Pfirsch-Schliiter coefficient, which relates perpendicular currents to parallel
currents, and o = pg (J - B) / (B?). The flux surface average of a quantity f is defined as

(f) = $46 fvc,lc‘/gf, (2.29)

where V' = §dO ¢ d¢ V9 = 472V is a normalization factor. Therefore, choosing two of the
three flux functions immediately determines the third. This formulation allows studying a
surface with reduced current free energy for reduced MHD stabilities by defining o = 0, and
control over ¢ allows for adjusting stability properties of the flux surface.

It can be shown the methods of Section 2.2.1 and Section 2.2.2 are equivalent in the
axisymmetric limit, however many of the details are not relevant to this thesis (for a thorough
treatment and derivation, see [19]). However, one important detail when proving steps (1)
and (2) in Section 2.2.1 are equivalent to step (1) in this section in the axisymmetric limit
is relating the geometric poloidal angle () to the straight field line poloidal angle (©):

06 F OR\?> VAN
o _QRQBJ 20y (2 230

Using Equation (2.30), one can define shaping in geometric space, then compute the equi-
librium using magnetic coordinates, which is often required for inputs to additional codes,
such as GENE, discussed in Section 3.

To summarize, specifying a coordinate mapping x(6, (), +, and two flux functions fully
prescribes a 3D local MHD equilibrium. The general local equilibrium characterization
by [19] is also equivalent to the description of [17] when describing an axisymmetric case.

2.2.3 Numerical Implementation

The description of a local equilibrium in the previous subsections was implemented nu-
merically by the Numerical Evaluation of 3D Local Equilibria (NE3DLE) code [21]. NE3DLE is
a Python program which solves a local equilibrium using the method in [19] to be input into
gyrokinetic codes, such as GENE. The inputs for NE3DLE are a coordinate parameterization
to relate the geometric and magnetic poloidal angles, a coordinate mapping to specify the
flux surface shape, ¢ or ¢, two profile quantities of p/, ¢, or o, and other computation set-
tings. Also, instead of using the definitions of s and « in Equations (2.15) to (2.16), NE3DLE
uses an alternative definition of global shear and pressure gradient using the dimensionless
quantities § and « [22]:

A o dgq
= —— 2.31
i qo dr ( )
210 Roq? dp
= 2.32
By dr’ ( )
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where ¢ = ¢(¢) and p = p(¢) are flux functions, Ry is the major radius, 7o = 7(?)p) is the
minor radius of the flux surface at 1) = vy, gy = q(1)y), and By is the toroidal field. Both [17]
and Equations (2.31) and (2.32) prescribe an appropriate ¢’ and p’, but with Equations (2.31)
and (2.32) there is no need to compute flux surface volumes. First, geometric quantities are
solved on a rectangular mesh grid in @ — ( space. Then, important quantities related to
the output file are calculated along a magnetic field line. NE3DLE outputs several settings
and a nine-column array identical to a GIST output file [23], with the exception that the
ninth column of NE3DLE is the field line angle. GIST is another equilibrium solving code
already successfully coupled with GENE. A coordinate parameterization and coordinate
mapping file to use the Miller equilibrium in NE3DLE using Equation (2.30) has been written,
so shaped tokamak flux surfaces may be studied, as done in this thesis. Results of NE3DLE
agree with analytic high-aspect-ratio expansion calculations. While NE3DLE has a shaped
tokamak coordinate mapping and coordinate parameterization, there is no comprehensive
coordinate mapping or coordinate parameterization for a 3D shaped stellarator, which would
be beneficial to study stellarator shaping effects on turbulence.

2.3 Section Summary

Understanding the concepts of a flux surface and local equilibrium is critical to studying
microsintabilities, such as ITG turbulence. Magnetic coordinates, briefly derived in this
section, lay out a mathematical foundation to communicate these concepts. Additionally,
this section presented the Miller equilibrium [17], which builds on prior work, including global
equilibrium theory also described in this section, to formulate a model to systematically vary
flux surface shaping through profile quantities and nine shaping parameters. A generalized
method of Miller et al. produced by Hegna [19] was also presented. The NE3DLE code
uses the description of local equilibria presented by Hegna to output useful information for
gyrokinetic codes used to study ITG turbulence, which will be discussed in Section 3.
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3 Plasma Turbulence Simulations

The purpose of this section is to introduce key concepts and quantities used in gyrokinetic
simulations of plasma turbulence and to motivate the research presented in this thesis. A
brief conceptual overview of gyrokinetic and gyrofluid theory is given, followed by a discussion
on flux tubes. Next, the GENE code is described. Then, different simulation assumptions are
introduced. This section ends with a discussion of previous tokamak shaping ITG turbulence
studies using gyrokinetic and gyrofluid simulations.

3.1 Gyrokinectic Theory

The theory of gyrokinetics is used to describe the fluctuations of various plasma quan-
tities, including the magnetic field. Turbulent fluctuations, such as I'TG mode drift waves,
typically are on length scales of the ion gyroradius or smaller, and turbulent fluctuation
frequencies are much smaller than the ion cyclotron frequency. Therefore, it is beneficial to
convert a system where a charged particle has a helical trajectory along a magnetic field line
to a system where a ring of charge with a radius equal to the particle’s gyroradius experi-
ences the same guiding center drifts. The fully kinetic system is converted to the gyrokinetic
system by averaging over a period of gyromotion. Many of the foundational derivations of
gyrokinetic theory, including gyroaveraging can be found in [24]. Gyrokinetic simulations
solve a system of equations comprising the perturbed gyrocenter form of the Vlasov Equa-
tion and gyrokinetic field equations; these equations are beyond the scope of this thesis and
are not presented here, but can be found in [25]. Gyroaveraging reduces the dimensions of
calculations by one, which greatly reduces the computational expense for gyrokinetic simu-
lations.

An alternative application of gyrokinetics takes velocity moments of the perturbed gy-
rocenter form of the Vlasov Equation and adds closures, then solving fluid equations of the
moments. This approach is called gyrofiuid theory [26,27]. When moments of the gyrokinet-
ics equation are taken, the moments of the distribution function become physical quantities.
For example, the density n, is the zeroth moment

nsz/fsvodv. (3.1)

Closures are added to capture the physics missed by fluid equations. A complete description
of gyrofluid equations and many of the appropriate closures can be found in [26]. While
gyrofluid simulations are more efficient than gyrokinetic simulations, more geometrically
complex simulations show significant discrepancies between gyrofluid and gyrokinetic calcu-
lations. In the 2D shearless slab and 3D sheared slab geometries, gyrofluid and gyrokinetic
showed some promising agreements [28]. However, toroidal geometries showed significant
discrepancies in thermal ion diffusivities—a way to measure heat loss (see Section 3.4 for
more details)—between gyrokinetic and gyrofluid simulations [29]. More recently, after im-
plementing a closure from [30] for zonal flows (a type of E x B driven poloidal flow of the
plasma known to suppress turbulence [26,31,32]), a recent study by [33] found closer agree-
ment to the gyrokinetic simulations in [29]. While the findings from [33] are promising for the

17



gyrofluid model, many tokamak shaping ITG turbulence studies (discussed in Section 3.5)
were done prior to the development of the zonal flow closure from [30].

3.2 Flux Tubes

Gyrokinetic codes use flur tubes, a tube whose surfaces are flux surfaces, for turbulence
simulations. Flux tubes are used for gyrokinetic simulations, because flux tubes use fewer
computational resources than a global simulation [34]. Turbulent fluctuations have long
wavelengths parallel to the magnetic field and short wavelengths perpendicular to the mag-
netic field, i.e. A, < \. Therefore, parallel correlation lengths are long and perpendicular
correlation lengths are short for turbulent fluctuations. Using the nature of the parallel and
perpendicular correlation lengths, a simulation domain may have a significantly smaller vol-
ume than using the whole torus while still resolving the necessary small-scale behaviors of
microturbulence. Because of the reduced simulation domain, gyrokinetic computations for
local, small-scale turbulence, such as ITG modes, use a flux tube geometry.

Flux tube geometry makes use of magnetic geometry, because the perpendicular and par-
allel behaviors relative to the magnetic field lines are easier to separate and minimize domain
volume. Also, periodic boundary conditions can be enforced. Beginning with the Clebsch
form for the magnetic field (Equation (2.6)) and choosing ¢ to be the poloidal flux and the
field line label as a = ¢© — ( to be consistent with GENE, a coordinate system of (¢, «, z)
can be constructed, where n = @ is the poloidal straight field line angle, representing the
length of the flux tube. With this coordinate system, the simulation domain is centered
about vy and «g, explicitly given as

Yo — Ay < p <P + A,
ag — Aa < a < ag + Aa,
—2p < z < 2, (3.2)

where the domain is several turbulent correlation lengths in each direction.

The boundary conditions for the simulation domain are periodic for each coordinate.
However, for ¢) and «, the periodicity is a statistical, rather than physical, assumption. This
means, if the width 2Av and 2Aq« are larger than the perpendicular turbulent correlation
lengths, for a fluctuation quantity, f, f(¢Y+24¢,a, 2,t) = f(Y, a, 2,t) = f(¢,a+2Aaq, 2, ).
The periodicity of z is not as straight forward. The condition f(¢,«, —zo,t) = f(¥, @, 20, t)
implies all flux surfaces are rational (¢ = m/n, where m, n are integers), because the ends
of the field lines connect after m toroidal and n poloidal terms. It is well known not all flux
surfaces are rational, hence a different periodicity condition is needed for z. The periodicity
condition for z relates the number of poloidal turns needed to resolve parallel correlation
lengths, IV, such that R .

Jmtomn(© + 27N, t)Cp, = frun(O,1), (3.3)
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with

C,, = exp(—i2r Nngony),
ng = 7/Aa,

Ay
om = 2nNnq v (3.4)
where ¢’ is the global magnetic shear, gy = q(¢o), and fmn is the m, nth Fourier coefficient of
f, and N must be chosen large enough such that 2z = 27N is several correlation lengths in
length. This means a mode number m and m + dm are coupled together at opposite ends of
the flux tube. The details and derivation of the parallel periodicity are not directly relevant
to the thesis, and can be found in [34]. However, it is important to understand the parallel
periodicity of a flux tube domain is not as straight forward as one might think.
GENE uses a coordinate system similar to the (¢, a,z) system. The mapping from
(¥, a, z) to GENE’s (z,vy, z) system is as follows:

qo

T = Boro (¥ — o)
Yy = %(a — )
z=0. (3.5)

Here, By is the toroidal field and 7 is the geometric distance from the magnetic axis to the
center of the simulation domain. The perpendicular wave numbers are

mm  mmuByrg

ky=—=——, 3.6
Ax qo Ay (3:6)
nmT - nmqy

k,=—= 3.7
Y Ay rpla’ (37)
kY = kg™ + 2kokyg™ + Kg¥, (3.8)

where ¢ is 7, j element of the metric tensor for the (z,y, z) coordinate system:
g7 =Vu; - Vaj, (3.9)

with z;, z; € {z,y, 2}

In simulations the finite domain size of a flux tube discretizes the wavenumbers in the
perpendicular directions. Using GENE notation, a minimum wavenumber, designated by
superscript “min”, describes both wavenumber

k, = mk™, k, = nk:;nin, m,n € Z such that m < nz0,n < nky0, (3.10)
where nx0 and nky0 sets the number of wavenumber used, and box size
Ly =2r /K™, L, =2r/kM™. (3.11)

It is apparent from Equation (3.4) that the parallel boundary condition imposes a direct
relationship between L, and L,. Hence, for example, halving one minimum wavenumber
halves the other and doubles both L, and L,. Understanding how flux tube geometry and
wavenumber resolution are related, along with Equation (3.8), is important for discussing
gyrokinetic results in Sections 4 and 5.
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3.3 The Gene Code

One widely used gyrokinetics code is the Gyrokinetic Electromagnetic Numerical Exper-
iment (GENE) code [35,36]. GENE is a massively-parallel gyrokinetic turbulence code used
to study microturbulence in astrophysical and magnetized fusion plasmas in both tokamak
and stellarator geometries. While GENE is capable of global calculations, this thesis will
focus on local simulations in GENE, which uses a computational domain with a flux tube
geometry. Computations in GENE use non-dimensional values, which also must be defined.
Outlining important quantities from the flux tube geometry and normalizations is important
to understand the data gathered in Sections 4 and 5.

3.3.1 Gene Normalizations

Important physical quantities are normalized to be non-dimensional in GENE, and these
quantities should be understood to interpret gyrokinetic results. The non-dimensional quan-
tities are of order unity to reduce numerical machine error. In addition, GENE uses reference
quantities with subscript “ref” are chosen based on the species of interest. For instance, this
thesis focuses on I'TG turbulence, therefore the reference quantities are chosen to be of the
ions in the plasma. A device length scale L, is also used (for the calculations in this thesis,
the major radius Ry was used), and a reference magnetic field B, is typically the toroidal
magnetic field. Additional reference quantities used are density n..t, temperature Tof, mass
Mmyef, and the elementary charge e. Additionally, the reference gyroradius p.e is derived,
along with a reference thermal velocity c,ef:

ref = 3.12

(et Mipef ( )
MypeftCretC

ref — 3.13

Pref ¢ Bt ( )

These non-dimensional values are important to know when discussing the results in Sections 4
and 5.

3.4 Types of Microturbulence Calculations

Gyrokinetic and gyrofluid simulations have a multitude of different assumptions resulting
in a trade-off between computation speed and simulation accuracy. The purpose of this sec-
tion is to present several settings for microturbulence simulations pertinent to this thesis and
previous studies discussed in Section 3.5. Specifically, this subsection discusses the difference
between using a linear or nonlinear simulation and adiabatic versus kinetic electrons.

Often, the linear behavior of waves in plasmas are studied, and making a linear assump-
tion can reduce computational expense of microturbulence simulations. Suppose there is
a plasma at an equilibrium, then the equilibrium is perturbed. A quantity is represented
as f = fo + f1, where f, is the equilibrium value, and f; = fe™®* ! is the perturbed
value. Because the perturbed quantity is assumed small relative to the equilibrium value
(i.e. |f1l/]fo] < 1), the system can be linearized, meaning quantities of order O(f?) are ne-
glected. The frequency, w, is a complex number in general, and the growth rate is v = S(w).
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If the growth rate is negative(positive), then the perturbed quantity experiences exponential
decay(growth). Additionally, a mixing length estimate of x ~ v/k% may be used to deter-
mine the scaling of heat lost (), where y is a thermal diffusivity based on the linear heat
equation () = nyVT. Linear computations miss out on nonlinear effects, such as saturation,
but are suitable to study stability properties by using growth rates, while also reducing the
computational demands by not using nonlinear terms in the calculations.

Nonlinear simulations, however, are more realistic, albeit more resource intensive than
linear simulations. While linear approximations are a good measure of stability by cal-
culating growth rates, nonlinear simulations capture nonlinear behavior, such as turbulent
saturation, discussed previously in Section 1.4. As a result, nonlinear computations directly
calculate heat lost or thermal diffusivity instead of an indirect calculation using growth rates.
Although including nonlinear terms in the simulations requires many more computational
resources, but it is not prohibitive.

Another consideration in microturbulence simulations is treating the plasma as having
adiabatic electrons or having kinetic electrons. Adiabatic electrons means the electrons are
treated as having zero mass and moving infinitely fast along magnetic field lines, therefore
responding infinitely quickly to changes in temperature and maintaining a Maxwellian ve-
locity distribution. Kinetic electrons means electrons are treated as a second species in the
plasma with finite mass and thermal equilibration times (i.e. electrons may have a non-
Maxwellian velocity distribution). As a result, kinetic electrons introduce physics, such as
trapped electrons, which also influences ITG modes. Using kinetic electrons in a turbulence
simulation uses more computing power but also captures more physics. For drift waves,
kinetic electrons lead to a larger charge separation than an adiabatic electron treatment and
therefore may increase growth rates. Both concepts of linear and nonlinear simulations and
adiabatic versus kinetic electrons will show up in the next section, along with Sections 4
and 5.

3.5 Tokamak Shaping ITG Turbulence Studies

The tokamak community widely accepts that flux surface shaping in tokamaks has a
significant effect on gyrokinetic stability, however the exact effects are unknown. ITG tur-
bulence in particular is influenced by the changes in local shear caused by shaping [37, 38].
Theoretical and computational studies have been done on the effects of tokamak shaping on
gyrokinetic linear stability [39,40]. The linear studies done by [40] used the Miller equilib-
rium [17] and the gyrokinetic code GS2 [36,41], varying aspect ratio A, elongation x, and
triangularity J away from a base case (later called the “GA standard (STD) case”):

r/a=1/2 g =0(a=0) a/Ly =3
Ry/a =3(A=6) k=1 a/L, =1
g=2 5=0 T,)T, = 1
s=1 Ve; = 0.

The ratio between mean plasma pressure and magnetic field strength is 8 = (p) /(B?/2u0),
and the third column, from top to bottom, is the background ion temperature gradient,
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background ion density gradient, background ion-electron temperature ratio, and electron-
ion collision frequency. The linear study in [40] concluded I'TG modes became less unstable
as k and 0 were increased, more so with negative triangularity than positive triangularity,
and lower aspect ratios saw lower growth rates, if adiabatic electrons were assumed. How-
ever, the shaping parameter scans presented only looked at a single wavenumber, k,ps = 0.4.
Because lower wavenumbers correspond to longer wavelengths, most turbulence effects occur
at low wavenumbers. If the growth rate trends at wavenumbers lower than k,ps = 0.4 are
different than the trends shown in [40], the conclusions drawn by [40] on how k, §, and A
affect I'TG turbulence in a tokamak could be different. Therefore, looking at growth rates
over a large k, spectrum would provide greater insight into how shaping affects linear ITG
stability.

Further studies looked at the effects shaping has on the nonlinear behaviors of ITG
turbulence, some using a gyrofluid approach [40,42] and others using a gyrokinetic ap-
proach [43,44]. The nonlinear gyrofluid study done by [40] used a code with four-moment
(density, parallel velocity, and perpendicular and parallel pressure) closure for adiabatic elec-
trons [45]. The metric for ITG turbulence used in this study used an ion thermal diffusivity,
x1ter and assumed a linear heat loss. First, xk was varied, which resulted in yrgr decreasing.
Then, the effects of safety factor on changing  at different ¢ was studied. As ¢ increased,
the dependence of xirgr on x weakened. The paper [40] concludes increasing x decreases
XITER, however this relationship depends on the safety factor. The major drawback of [40] is
in the gyrofluid code used for nonlinear calculations included few moments and missed zonal
closures, as the study was during the early development of gyrofluid theory.

Although most ITG turbulence has been studied in core-like plasmas, a study done in [42]
looked at edge-like plasmas using the gyrofluid code GEM [46,47]. The study varied elon-
gation 1 < k < 2 and triangularity 0 < § < 0.4. Using both turbulent particle transport F,
and heat transport @); as metrics, [42] found increasing x or § reduced F,, and @Q;, but § had
a weaker effect than . Additionally, [42] concluded the physical causes of ITG turbulence
suppression in increased elongation came from (1) magnetic shear damping, (2) reduced
curvature drive, and (3) zonal flow enhancement. Again, [42] uses a gyrofluid code, which
misses some wave-particle resonance physics.

While most tokamak shaping studies used nonlinear gyrofluid codes, [43] used the non-
linear gyrokinetic code GYRO [48]. GYRO has been benchmarked with analytic theory and
linear gyrokinetic codes [48] and with GENE [49]. The study in [43] investigated the effect
of elongation x on linear stability, nonlinear ion diffusivities with adiabatic and kinetic elec-
trons using the STD case. Again, increasing x was found to decrease ITG growth rates and
decrease ion diffusivities. In addition, this study looked at the effects of triangularity on ion
diffusivities by scanning from 6 = —0.5 to 0.75 in the STD case but with x = 1.5. The study
found ion diffusivities increased across the triangularity scan. As with [40], the study by [43]
assumes a linear heat loss, and it is unknown whether some nonlinear heat loss physics may
play a significant role.

As mentioned in Section 2.2.1, plasma profile parameters, radial shift Or Ry, and the other
shaping parameters may be coupled together in a real machine. A study done by [44] ex-
plored how changing « for realistic equilibria effects stability and nonlinear diffusivity using
the gyrokinetic GS2 code [36,41] with kinetic electrons. The study reconstructed equilibria
from data gathered by the Joint European Torus (JET). A scaling of shaping and plasma
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parameters, including J, as a function of k is given, then k is scanned from 1 to 2.20. The
results of [44] found increasing x decreased linear ITG growth rates and decreased xiTER.
While this study elucidates how changing x for a realistic plasma affects ITG turbulence,
the study does not differentiate the effects of elongation from triangularity. In addition, like
the previous studies discussed in this section, this study assumes a linear heat loss as well.

Several aspects of how flux surface shaping effects I'TG turbulence is still unclear. There-
fore, the research in presented in this thesis covers several properties of I'TG turbulence and
equilibrium geometry. First, elongation and triangularity were varied independently to sep-
arate the effects of each parameter from the other. Curvature and stability metrics along the
magnetic field lines of the equilibria are discussed in the context of ITG turbulence. Then,
nonlinear heat fluxes were computed using GENE to capture physics missed by the linear
heat loss assumption and nonlinear gyrofluid studies and compared to a quasilinear heat flux
estimation. The aforementioned studies present an updated and novel insight on the effect
flux surface shaping has on I'TG turbulence.

3.6 Section Summary

This section described several methods by which plasma turbulence is studied. Gy-
rokinetic and gyrofluid theory were introduced, followed by how local turbulence simulation
domains are described with flux tube geometry. Then, the GENE code and its normalizations
were described. Next, this section discussed several assumptions made in gyrokinetic and
gyrofluid simulations, including linear and nonlinear simulations, quasilinear heat loss, and
adiabatic and kinetic electrons. Finally, previous tokamak shaping studies were discussed,
illuminating the need for a new gyrokinetic study of how flux surface shaping affects ITG
turbulence with GENE.
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4 Linear Studies

The effects of shaping on the linear stability of ITG turbulence are presented in this sec-
tion. In this section and Section 5 flux surfaces are scanned in elongation s and triangularity
0 away from a base case similar to the STD case, using NE3DLE to compute the input files
for GENE:

r/a=1/2 B =0(a=0) Ry/Lr =9
Ry/a = 3(A=6) k=1 Ry/L, =3
¢ =2 §=0 T, =1
s=1 0,Ry =0 Vei = 0.

The parameters above will be referred to as the base case. The base case configuration was
chosen to be similar to the STD case, except this thesis’s base case is normalized to the
major radius, § is consistent with Equation (2.31), and 0, Ry was not prescribed in STD. For
this thesis, the current profile and pressure profile were not assumed, the aspect ratio was
not large, and not every shaping was purely elliptical, making the derivation for 9, Ry in [20]
not proper for the geometries considered in this thesis. In addition, holding the radial shift
constant separates the effects of 0,Rq from shaping effects. Separating 0, Ry from x and 0
is reasonable, because the radial shift may be manipulated in machines by using vertical
magnetic fields.

Linear simulations were performed for geometries with 1 < k < 2.5 and —0.75 < § < 0.75.
Results are presented for both elongation and triangularity scans assuming adiabatic elec-
trons. ITG growth rates over the k,ps spectrum were obtained, indicating geometries with
more elongation and triangularity—both negative and positive—have lower ITG growth rates
at low kyps. In addition, the growth rate spectra for triangularity shows high positive trian-
gularity geometries had lower I'TG growth rates at low k,ps than high negative triangularity
geometries. Quasilinear heat flux calculations indicate with more elongation or triangular-
ity, the quasilinear heat flux decreases, again with high positive triangularity configurations
having lower quasilinear heat flux than high negative triangularity configurations. All heat
fluxes presented in this thesis are physically interpreted as radial heat flux and are given in
gyro-Bohm units, i.e. normalized to Qg5 = c¢sn;T;(ps/Ro)?.

4.1 Linear Stability Analysis

In this section, the linear simulations used an initial value method to find the fastest
growing mode for each k,ps assuming adiabatic electrons. All modes presented in this sec-
tion are known to be ion modes, because the real part of the frequency is positive, cor-
responding to the ion gyration direction in GENE. Each growth rate was computed to
the nearest thousandth in the linear simulations. Numerical convergence for growth rates
were checked by doubling the number of k, modes used (nz0) and in the parallel spatial
resolution (nz0), where nearly all growth rates changed by less five percent, and a major-
ity of growth rates changed by less than two percent. The largest change in growth rate
when the radial resolution was doubled was 0.002. When parallel spatial resolution was
doubled, some growth rates where 7 ~ O(1071) changed by less than ten percent. A few
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growth rates with v ~ O(1073) changed by more than 50 percent, but still remained near
zero. Growth rates were computed in the kyps spectrum for 0.05 < k,ps < 1 for trian-
gularity scans and 0.05 < kyps < 2 for elongation scans. The simulation resolutions were
nx0 X nky0 x nz0 X nv0 X nwd = 16 x 1 x 32 x 32 x 8 for § < 0.5 and nz0 = 64 for § = 0.75.
Here, the number of k, modes used is nky0, the parallel velocity resolution is nv0, and the
perpendicular velocity resolution is given by nw0. Necessary for collisionless simulations,
the parallel hyper diffusion term, discussed in [50], was set to €, = 2.

4.1.1 Linear Growth Rates

To investigate linear stability of a configuration, the linear ITG growth rates must be
computed. The growth rates of ITG modes in elongation scans away from this base case
assuming adiabatic electrons are presented in Figure 4.1. Flux surfaces with elongation
greater than this base case (k = 1) had unstable modes at larger k,ps than the base case.
The maximum growth rate increases with elongation and shifts to higher k, ps. The difference
in growth rates can usually be explained by differences in curvature at local minimums in
a stability metric ¢¥¥ in Figure 4.2. In Figure 4.2a, the stability metric has a minimum at
1n = 0, meaning shear, a stabilizing mechanism, is smallest at n = 0. Here, n is a field line
angle where 1 € [—qm,qmw). Therefore, modes may be more likely to be localized around
17 = 0. To confirm mode locations, an analysis of the eigenmode structure along the field line
must be preformed, however this thesis uses ¢ minima as a preliminary metric for mode

1 T T
K=1 & —
K=15 =
K=2
0.8tk = 2.5
~ 0.61
EC> -
C
> 0.4} 5
0.2}
0 1 1 1 1 1 1 1 1 1

0 02 04 06 08 1 12 14 16 18 2
kyPs

Figure 4.1: ITG growth rates of elongated geometries for the base case (k = 1) (purple),
k = 1.5 (green), k = 2 (light blue), and x = 2.5 (orange) scanned over k,ps assuming
adiabatic electrons.
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Figure 4.2: A stability metric (a) and curvature of the magnetic field (b) along a field line
for the base case (k = 1) (purple), k = 1.5 (green), k = 2 (light blue), and x = 2.5 (orange).

localization. In this section, Curvature is defined as

B Ry d
Curvature = TROEO(K,H + Aky) — Mo; 0 £7

(4.1)

and is stabilizing, or favorable, when positive and destabilizing, or unfavorable, when nega-
tive. The stability metric ¢g¥¥ is defined as

7,2 BQ

= |V¢|2(1 + A?), (4.2)

gyy

where the integrated local shear is A = —(V - V(0O — ¢())/B. The region around n = 0 for
increasing elongation has less unfavorable curvature. Because more unfavorable curvature
drives ITG instabilities, smaller growth rates would be expected with increasing elongation.
The trend in curvature at n = 0 matches with the growth rate trends for kyps < 0.4 in
Figure 4.1 but not the increase in growth rates at high k&, p.

Another metric of ITG turbulence is the quasilinear heat flux. The growth rates at lower
kyps have a greater influence on heat flux, because lower wavenumbers correspond to larger
wavelength turbulence. Mathematically, lower wavenumbers have a larger contribution than
higher wavenumbers, because, assuming k, = 0, Qp x v/ k; Hence, the growth rates at
kyps < 0.4 will likely contribute to the majority of I'TG turbulent heat flux. In addition, if
the trends in growth rates for k,ps > 2 are assumed to continue, growth rates for k,ps > 2
for the three elongated geometries would be significant. However, the growth rates do not
increase fast enough with k,ps to significantly contribute to Q. At kyps < 0.4 increasing
elongation corresponds to decreased growth rates. Therefore, despite geometries with higher
elongation having larger maximum growth rates, the lower growth rates at low k,p, may
result in lower ITG turbulent heat flux.

In Figure 4.3, the ITG growth rates for positive triangularity scans are presented.
The maximum growth rate and growth rates for k,ps < 0.65 were approximately equal for
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Figure 4.3: ITG growth rates of positive triangularity geometries for the base case (§ = 0)
(purple), 6 = 0.25 (green), § = 0.5 (light blue), and 6 = 0.75 (orange) scanned over k,ps
assuming adiabatic electrons.

0 = 0.25 and this base case. However, for the two larger triangularity cases, the maximum
growth rate and growth rates for k,ps < 0.75 were less than the growth rates of the base
case, with 0 = 0.75 having substantially lower growth rates and fewer unstable modes than
any case for 9 > 0. The trends in growth rates may be explained by the change in mode
location and curvature in Figure 4.4. In Figure 4.4a, the base case and § = 0.25 had only
one minimum ¢¥¥, located at n = 0, therefore ITG modes for § = 0.25 and the base case are
expected to exist locally near n = 0. In Figure 4.4b the curvature near n = 0 for 6 = 0.25 and
the base case were almost equivalent, with 6 = 0.25 with slightly more unfavorable curvature.
Therefore, the change in curvature predicts slightly higher growth rates for 6 = 0.25 than
for the base case.

For the § = 0.5 and § = 0.75 cases, the stability has local minima at n = 0, n ~ £37/4,
and 7 = —27 (it should be noted that because this is a rational surface with ¢ = 2, n = 27
and 7 = —27 are the same point). Although the curvature was more unfavorable for both
0 = 0.5 and 0 = 0.75 with respect to the base case for the modes near n = 0, the curvature
was less unfavorable for the modes near n ~ +37/4 and more favorable for the modes near
—2m. It is clear that growth rates for § = 0.5 were lower than the base case and § = 0.25,
because the unfavorable curvature near n = 0 increases marginally compared to the decrease
in unfavorable curvature near n ~ +37/4 and the increase in favorable curvature near
1 = —27. The same argument follows for § = 0.75, despite the large increase in unfavorable
curvature near n &~ +m/2. The contribution to growth rates from the minima in curvature
near ) ~ +7/2 is likely offset by the increase in curvature near 1 &~ 4, because the minima
in g% is about midway between 1 ~ +7/2 and n ~ £m. The change in curvature near
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Figure 4.4: A stability metric (a) and curvature of the magnetic field (b) along a field line for
the base case (0 = 0) (purple), 6 = 0.25 (green), 6 = 0.5 (light blue), and 6 = 0.75 (orange).

minima of ¢g¥¥ for § = 0.5 and § = 0.75 predict the reduction in growth rates compared to
0 = 0.25 and the base case observed in Figure 4.3.

An estimate of the relationship between turbulent heat flux and positive triangularity
may be made using the growth rates in Figure 4.3. Because growth rates at k,ps < 0.4 for
0 = 0.25 were slightly less than the base case and similar until kyps = 0.7, the quasilinear
heat flux for 6 = 0.25 should be similar to or slightly less than the quasilinear heat flux
for this base case. For the higher positive triangularity cases, as triangularity increases,
all growth rates for k,ps < 0.7 decrease significantly. Therefore, the quasilinear heat flux
should remain relatively flat for 6 < 0.25, then decrease significantly with increasing positive
triangularity.

The ITG growth rates in negative triangularity geometries are presented in Figure 4.5.
Flux surfaces with more negative triangularity had lower maximum growth rates at low
kyps, and the growth rates at any k,ps were lower for configurations with more negative
triangularity than configurations with less negative triangularity. The changes in curvature
at local minima of g¥¥ were not as predictive for the change in growth rates between this base
case and the negative triangularity cases. The stability metric and curvature for negative
triangularity geometries are shown in Figure 4.6. For § = —0.25 and the base case, the
stability metric has a minimum at n = 0, so TG modes are expected to be localized only
near 7 = 0 for these two cases. In Figure 4.6b, the unfavorable curvature near n = 0 increases
slightly from the base case to § = —0.25. The increase in unfavorable curvature near n = 0
would suggest growth rates would increase marginally from § = 0 to § = —0.25.

For the cases 6 = —0.5 and 6 = —0.75, ¢%¥ has minima at n = 0, n ~ +37/4, and
n ~ +£77/4. The curvature near n ~ £77 /4 for § = —0.5 and 0 = —0.75 was approximately
the same as the curvature near n = 0, therefore the modes near n ~ +77/4 would not
significantly contribute to the growth rate trends in negative triangularity. The unfavorable
curvature near 1 = 0 increases slightly ¢ increases, and the unfavorable curvature decreases
slightly near n &~ 4+3m/4. Based on the changes in curvature near ¢¥¥ minima, the growth
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Figure 4.5: ITG growth rates of negative triangularity geometries for the base case (6 = 0)
(purple), § = —0.25 (yellow), 6 = —0.5 (dark blue), and § = —0.75 (red) scanned over k,ps
assuming adiabatic electrons.

rates for each negative triangularity case should remain relatively similar to the base case,
however a significant change in growth rates are observed in Figure 4.5.
Based on the growth rates in Figure 4.5, an estimation for the heat flux may be made.
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Figure 4.6: A stability metric (a) and curvature of the magnetic field (b) along a field line
for the base case (0 = 0) (purple), § = —0.25 (yellow), 6 = —0.5 (dark blue), and § = —0.75
(red).
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Because the growth rates for k,ps < 0.2 were similar in all four cases, the contribution
of these modes to the heat flux may be comparable. For k,p; > 0.2, the growth rates at
each k,ps decreases monotonically with increasing negative triangularity. Therefore, the
quasilinear heat flux from ITG turbulence is likely to be less for a case with higher negative
triangularity than a case with less negative triangularity.

It is also interesting to compare the positive and negative triangularity cases. As has
been mentioned, both maximum growth rate and quasilinear heat flux predictions decrease
with increasing negative or positive triangularity with respect to this base case. However, the
0 = 0.25 case has larger growth rates than the 6 = —0.25 case. Therefore, using a quasilinear
assumption, the heat flux from the § = 0.25 case would be larger than the 6 = —0.25 case.
The § = 0.5 case has a maximum growth rate larger than the § = —0.5 case, but the § = 0.5
case has lower growth rates for k,ps < 0.3 than the § = —0.5 case. The quasilinear heat flux
from the 6 = 0.5 case is likely to be comparable to but less than the quasilinear heat flux
from the 6 = —0.5 case. At § = 0.75, the growth rates were much smaller than the growth
rates for 6 = —0.75, and the heat flux shoul to follow suit.

4.2 Quasilinear Heat Flux

The quasilinear heat flux @), of elongation and triangularity scans is presented in this
section. For each shaping scan, the quasilinear flux was computed using a simple Python
script QLHeat.py. Mathematically, the quasilinear heat flux is described by

QL =nxVT, (4.3)

where x is computed by the following:

ey e (4.4
Ky

(k1)
[ dz/g | P (k2¢°% + 2k.k,g™ + k2gv¥)
[ dz/g P

where the constant C is chosen to match nonlinear and quasilinear heat fluxes for a standard
case, and @ is the electrostatic potential from the eigenfunction. The integral for the average
perpendicular wavenumber squared can be discretized by adding the contribution from each
radial mode k, for each summation along the finite field line domain, [—qm, ¢7):

/_:dz%zz.

kr nz0

(1) =

, (4.5)

The constant C was chosen to compare quasilinear and nonlinear heat fluxes in Section 5.2.
To compare nonlinear and quasilinear heat fluxes, a case must be chosen to match the
quasilinear to the nonlinear heat flux; for this thesis, the base case was chosen. Then, C was
computed as the ratio of nonlinear heat flux to linear heat flux without the constant.

The quasilinear heat flux for various elongations away from the base case are presented
in Figure 4.7. As k increases, the quasilinear heat flux decreases approximately linearly. The
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Figure 4.7: Quasilinear heat flux using growth rates for k,ps < 2 for the base case (k = 1),
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Figure 4.8: Cumulative quasilinear heat flux contribution as a function of k,ps for k = 1.5
(green), k = 2 (light blue), and x = 2.5 (orange).
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Figure 4.9: Quasilinear heat flux for the base case (6 = 0), § = +0.25, § = 0.5, and
0 = +0.75.

quasilinear heat flux for kK = 2 was approximately 3 times lower than the circular base case
with kK = 1. The decrease in ), with elongation was in good agreement with the predictions
made from Figure 4.1 in the previous section.

Also, as mentioned in the previous section, growth rates at k,ps > 2 are likely to be
significant, but the contributions to @)1 from modes at k,p; > 2 would likely be on the same
order as the contributions from the modes at k,ps = 2. In Figure 4.8, the cumulative heat
flux is plotted with k,ps for the three elongated cases. Almost all of the contribution to @),
for each case comes from growth rates at k,ps < 1.5. Importantly, the contributions to Qp,
from modes 1.5 < k,ps < 2 were very small, meaning contributions to @, from growth rates
at kyps > 2 would be very small as well. Therefore, growth rates at 0.05 < k,ps < 2 are
sufficient to compute the quasilinear heat flux for x € {1.5,2,2.5}.

In Figure 4.9 the quasilinear heat fluxes for triangularity scans away from the base case
are presented. Beginning at the base case of 6 = 0, as more triangularity—both positive and
negative—is added, the quasilinear heat flux decreases significantly. Despite having very
similar growth rate trends, the § = 0.25 case has a significantly lower (), than the base
case, which was likely due to § = 0.25 having lower growth rates for k,ps < 0.4 (Figure 4.3),
because Q) 7/1@5 Additionally, the quasilinear heat fluxes for positive triangularity
configuration were lower than the negative triangularity counterparts. This trend can be
explained by examining Figure 4.3 and Figure 4.5. For negative triangularity configurations
in Figure 4.5, the growth rates for k,ps < 0.15—the region likely contributing to the majority
of the turbulence—were approximately equal to the growth rates of the base case, and the
positive triangularity configurations had growth rates noticeably lower than the base case
for the same k,ps range (Figure 4.3).
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4.3 Section Summary

In this section, the linear stability of ITG modes for flux surface shapes with indepen-
dently varied elongation and triangularity from a base case was presented. Linear simulations
showed growth rates at low k,ps decrease monotonically with increased elongation, positive
triangularity, and negative triangularity. The trends in curvature at points along the mag-
netic field where the stability metric ¢¥¥ has local minima were predictive of the trends
in growth rates for negative triangularity and large positive triangularity geometries. For
elongation scans, the relationship between curvature near the g% minimum was not so clear.
Quasilinear heat flux decreased for increasing elongation, positive triangularity, and negative
triangularity. Additionally, the quasilinear heat flux for each positive triangularity case was
lower than the negative triangularity case with the same magnitude of triangularity.
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5 Nonlinear Studies

The effects of shaping on nonlinear I'TG behavior is presented in this section. Nonlinear
simulations were performed for triangularity and elongation scanned away from the base
case described in Section 4 for —0.75 < 9 < 0.75 and k = 1.5 assuming adiabatic electrons.
The default resolutions for the nonlinear simulations were nx0 x nky0 x nz0 x nv0 x nw0 =
128 x 64 x 32 x 32 x 8 and k:;nin = 0.05 for k = 0, |9] < 0.5, nky0 = 128 for k = 1.5, and
k't = 0.025 for 0 = £0.75. All simulations began with a radial box radius of L, = 60ps. To
check for numerical convergence, three simulation parameters need to be checked: nz0, nv0,
and the radial box size. The parallel spatial and parallel velocity resolutions were doubled
and the box size was doubled by halving k;ni“ until the nonlinear heat flux changed by less
than five percent. Although each case numerically converged for nz0, unfortunately, due
to time and resource constraints, none of the nonlinear simulations numerically converged
for all three criteria. However, there was evidence that most of the configurations had a
nonlinear heat flux that was reasonably close to what the numerically converged value will
be; this evidence is presented in this section.

The quasilinear heat flux and other quantities of interest were obtained by time averaging
over the saturated state unless stated otherwise. The saturated state is when the time
averaged electrostatic heat flux (Q.s) is in a quasi-stationary state. As with the quasilinear
heat flux, (Qes) has gyro-Bohm normalization. The fluctuating electrostatic potential ¢ was
normalized to (7;/e)(ps/Ro).

5.1 Simulation Quality

Before presenting the nonlinear heat fluxes for each case, the quality of each simulation
must be scrutinized, because no geometry’s nonlinear simulation numerically converged for
all of nz0, nv0, and k;“in. In addition to discussing for which dimensions each geometry
numerically converged, two other settings will be presented. The first setting was the spectral
domain size for the turbulent (Q.s) into both k, and k, modes. Because of the discretized
nature of the simulation, only a finite number of wavenumbers can be considered. The
spectral decomposition of heat flux should peak at low wavenumbers then decay like a power
law. If (Q.s) is close to zero before the maximum k, or k, in the simulation is reached, then
the simulation is not missing significant contributions to the nonlinear heat flux from higher
wavenumber modes. The second setting will aid in estimating an adequate radial box size for
the flux tube by estimating the number of turbulent correlation lengths per box. This was
done by computing the correlation of @ with itself between points (z,y) and (z+ Az, y+ Ay):

(D(z,y,0)P(x + Az, y + Ay, 0))
(|21%)

C(Azx, Ay) = (5.1)
It should be noted for C, the bracket notation is an ensemble average. To find the radial
turbulent correlation length, C' was computed for Ay = 0. A radial turbulent correlation
length is defined as the width of C' at a point Az ey, for which C(Azeer, 0) has decayed by a
factor of the natural number e from the maximum value of the correlation function. In each
geometry, C(Azqyy,0) = C(0,0)/e, and both C' and Az, were computed in the GENE
diagnostic, Correlations (z/y,t). Because strong zonal modes with little fluctuation were
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present in each case, C' was computed without zonal modes. If the box size is several
radial turbulent correlation lengths in width, then the saturated (Q.s) is likely close to the
numerically converged value. This section will discuss how each case has converged in nz0,
nv0, and k;ﬁ“ and whether the k,, k,, and flux tube domains were large enough such that
(Qes) will likely not change significantly with an increase in any domain size. This section
begins with the base case, then moves on to the elongated x = 1.5 case, and ends with the
finite triangularity cases.

5.1.1 Base Case

Convergence tests for the base case were performed for the parallel spatial dimension
(nz0) and for the simulation box size, but not for the parallel velocity dimension (nv0).
Time traces of the nonlinear heat flux for the base case with different simulation resolutions
are shown in Figure 5.1. From the saturated states of the simulations, the base case has
converged in parallel spatial resolution. Additionally, the time trace for the doubled simu-
lation domain (k;mn = 0.025) appears to saturate at approximately the same value of (Q.s)
as the other time traces. To confirm or contradict convergence in k™", more statistics are
needed for k™ = 0.025, and, consequently, the simulation must be extended in time. No
convergence test in for nv0 has been performed for the base case.

Although a higher resolution in the k, or k, spectrum may be needed, the simulation
domain in k,-k, space was large enough to consider all the modes contributing significantly
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Figure 5.1: Time trace of nonlinear heat flux for the base case with nz0 = 32, k‘;nin = 0.05
(purple) and nz0 = 64, k:;nin = 0.05 (green) showing the base case converged in the parallel
spatial direction. Also the incomplete run of the base case with nz0 = 32, k™ = 0.025
(yellow) is shown to illustrate convergence is likely.
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Figure 5.2: Heat flux spectra in k, (a) and k, (b) for the base case with k"™ = 0.05
(green) and k"™ = 0.025 (purple). With more resolution in k,-k, space, the maximum (Qe.)
decreases, because the nonlinear heat flux contributions from each mode were divided into
more bins in the finer resolution simulation (k™ = 0.025).

to the nonlinear heat flux. In Figure 5.2, the nonlinear heat flux is broken down into contri-
butions from k, modes (Figure 5.2a) and from k, modes (Figure 5.2b) for k™ = 0.05 and
0.025. In Figure 5.2a, the nonlinear heat flux peaks at very low k, then decays quickly, ap-
proaching zero by k,ps = 2. Any modes with k, larger than the maximum value computed in
the simulation would likely not contribute significantly to the nonlinear heat flux. A similar
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Figure 5.3: Radial correlation coefficient of @ with itself without zonal modes for the base
case k;nm = 0.05. The horizontal dashed line denotes the half correlation length and the
vertical dashed line denotes correlation coefficient at the half correlation length.
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argument can be made for the k, spectrum in (Figure 5.2b), noting (Q.s) approaches zero at
modes with k,ps < 1. Therefore, the simulations for the base case consider a large enough
domain in k,-k, space.

To estimate if the spatial box size was large enough for convergence, the box size
should contain several radial turbulent correlations. The correlation for the base case with
k:;nin = 0.05 is presented in Figure 5.3. A half correlation length is denoted by the horizontal
dotted line. For the base case with k™" = 0.05, the turbulent correlation length was about
25p5, so the box size contains four full radial turbulent correlation lengths. Therefore the box
size for the base case with k;ﬂi“ = 0.05 was likely large enough, and the turbulent (Q.,) will
not likely significantly change with an increased box size. However, numerical convergence
is not guaranteed.

5.1.2 Elongation

Only one elongated geometry was used in the nonlinear simulations, x = 1.5, because
of higher computational costs. In Figure 5.4 the nonlinear heat flux for the base case and
k = 1.5 is decomposed into k, and k, modes. The nonlinear heat flux decays quickly after
peaking at low k, for both the base case and x = 1.5 in Figure 5.4a. The contributions from
k.ps = 2 were negligible, therefore the simulations for x = 1.5 had a large enough domain in
k. space. In Figure 5.4b, the nonlinear heat flux peaks at low k,ps, and decays quickly as
k,ps increases. However, for k = 1.5, the decay in (Q).s) was slower than the base case, and
a larger simulation domain in £, space was needed. Although nonlinear simulations have
been done for only one elongated case, if the trend of significant nonlinear contributions from
modes with large k,ps is similar to the increase in growth rates at large k,ps in Figure 4.1,
then larger k, domains will be needed for larger . Because larger k, domains would likely
be needed for larger k, resources were concentrated on k = 1.5 before attempting simulations
of geometries with more elongation.
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Figure 5.4: Heat flux spectra in k, (a) and k, (b) for the base case (purple) and x = 1.5
(green).
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Figure 5.5: Time trace of nonlinear heat flux for x = 1.5 with nz0 = 64, nv0 = 32 (purple)

and nz0 = 128, nv0 = 32 (green), and nz0 = 64,nv0 = 64 (yellow).

The incomplete

simulation using nz0 = 64, nv0 = 128 (red) is included to show the parallel velocity space is

likely close to convergence.
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Figure 5.6: Radial correlation coefficient of @ with itself without zonal modes for k = 1.5
with k;f‘in = 0.05. The horizontal dashed line denotes the half correlation length and the
vertical dashed line denotes correlation coefficient at the half correlation length.
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Convergence in nz0 and nv0 was tested for the case with x = 1.5. Time traces of (Qes)
for k = 1.5 are presented in Figure 5.5. The saturated states of the simulations doubling 120
indicate convergence in the parallel spatial coordinate for nz0 = 64. When nv0 was doubled
from 32 to 64, the saturated (Q.s) decreased notably. Also shown is the time trace for
nv0 = 128, with a saturated (Q.s) similar to nv0 = 64. However, to confirm convergence in
the parallel velocity coordinate, more statistics are needed for the simulation with nv0 = 128.

To check adequacy of box size, the correlation coefficient for the x = 1.5 was computed
and is presented in Figure 5.6. The radial turbulent correlation length, denoted by the
twice the Az value at the intersection of the dotted lines, was about 35p;. The box size
contains three full radial turbulent correlation lengths, so the box size for the k = 1.5 may
be adequately large so any increase in box size will not substantially change the nonlinear
heat flux.

5.1.3 Triangularity

Convergence tests in nz0 and nv0 and the adequacy of the spectral domain and box sizes
were checked for cases with finite triangularity in this section. The nonlinear heat flux is
broken down into the k, and k, spectra for each finite § configuration and the base case in
Figure 5.7. In Figure 5.7a, the (Q.s) spectra for negative triangularity geometries peaked
at low k;ps, then decay to essentially zero by k,ps < 2. The k, spectra of (Q.s) for nega-
tive triangularity cases are shown in Figure 5.7b, where the nonlinear heat flux peaks at a
moderately low k,ps, then decays to zero near kyps S 1. In both the k, and k, heat flux
spectra for negative triangularity, the cases with more negative triangularity had a faster
decay in (Q.s) as k, or k, increases. Therefore, the k, and k, domains in the simulations
were adequate for all negative triangularity nonlinear cases presented here.

In Figure 5.7c, the nonlinear heat flux spectra in k, for geometries with positive trian-
gularity and the base case for reference are presented. Each case peaks at a low k,ps, then
decays quickly to zero, with cases with larger positive triangularity decaying faster. The &,
spectra for positive triangularity cases in Figure 5.7d peaked at moderately low k,ps before
decaying close to zero before reaching the maximum k,ps used in the simulation. The case
for § = 0.75 has much smaller (Q.,) than the other positive triangularity cases, so the non-
linear heat flux for the k, (Figure 5.7¢) and k, (Figure 5.7f) spectra were plotted separately.
The nonlinear heat flux for 6 = 0.75 peaks at a low k,ps and decays quickly like the other
cases. However, there was a second region of finite nonlinear heat flux for 1 < k,ps < 2
before decaying to a negligible amount before the k, domain ends. The k, nonlinear heat
flux spectrum for § = 0.75 sees two peaks with rapid decays: one near k,ps ~ 0.25 and
another near k,ps ~ 2.5. After the second peak, (Q.s) decays rapidly to a negligible amount
near k,ps = 0.6. Therefore, the nonlinear simulations for positive triangularity use a large
enough £, and k, spectrum.

For the 6 = 0.25 case, the time traces of nonlinear heat flux are presented in Figure 5.8.
Although the two traces do not match up exactly, the time averaged electrostatic heat flux
over the saturated regime differs by less than three percent. The two traces show a con-
vergence in nz0. No traces for higher parallel velocity resolution or halving k;nin have been
performed for 6 = 0.25.
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Figure 5.7: Heat flux spectra for negative triangularity geometries in k, (a) and k, (b) for
the base case (purple), § = —0.25 (yellow), § = —0.5 (dark blue), and 6 = —0.75 (red), and
for positive triangularity geometries in k, (c) and k, (d) for the base case (purple), § = 0.25
(green), § = 0.5 (light blue), and § = 0.75 (orange). Because the nonlinear heat flux is much
smaller, separate figures are shown for the k, (e) and k, (f) spectra for 6 = 0.75.
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Figure 5.8: Time trace of nonlinear heat flux for 6 = 0.25 with nz0 = 64 (purple) and
nz0 = 128 (green) to illustrate convergence in the parallel spatial resolution.

The only convergence test performed for the 6 = 0.5 case was for the parallel spatial
coordinate. The time traces of nonlinear heat flux for the case with § = 0.5 is shown
in Figure 5.9. In the saturated regions, both time traces appeared to have a base line of
approximately the same value of (Q.s) ~ 1 and quasi-periodic spikes in nonlinear heat flux to
(Qes) = 7, lasting a couple hundred time units. It is unknown if the quasi-periodic spikes in
nonlinear heat flux were a property of this shaping or an indication that higher resolutions
or larger box sizes are needed. Although the saturated regions for the two traces appear
similar, for nz0 = 128 more statistics are needed for an accurate (Q.s) before confirming
convergence for nz0.

For § = 0.75, convergence tests in nz0 and nv0 were performed. Time traces of (Q.s) for
nz0 = 64 and nz0 = 128 show convergence in nz0, despite the nz0 = 64 simulation took
nearly 2000 time units to reach a quasi-stationary state and the nz0 = 128 simulation reached
a saturated state by 500 time units. The time trace for nv0 = 64 has a saturated nonlinear
heat flux half that of the other cases with nv0 = 32, indicating a higher resolution in parallel
velocity is needed. Additionally, any future convergence tests may need the convergence
criteria relaxed. The saturated nonlinear heat fluxes were so low (0.14 for nv0 = 32 and
0.07 for nv0 = 64) that machine precision errors and the choice of where the saturated state
begins may alter the saturated (Q.s) by more than five percent.
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Figure 5.9: Time trace of nonlinear heat flux for 6 = 0.5 with nz0 = 64 (purple) and
nz0 = 128 (green) to show the relative insensitivity to parallel spatial resolution and large
quasi-periodic change in nonlinear heat flux.

~~ L ' nz0 = 64, V0 = 32—
=~ nz0 = 128 nv0 = 32 ——
,zo 0.8 nz0 = 128, nvO0 = 64
S~
Q
— 0.6} |
ol
CV')
éi(l4
/\U')
v 0.2
@]
N
0

0O 500 1000 1500 2000 2500 3000

t (Ry/C)

Figure 5.10: Time trace of nonlinear heat flux for 6 = 0.75 with nz0 = 64, nv0 = 32 (purple)
and nz0 = 128, nv0 = 32 (green), and nz0 = 64, nv0 = 64 (yellow). For nz0 = 64, nv0 = 32,
the saturated state begins at about t/(cs/Ry) = 2000, and the saturated state for nz0 =
128, nv0 = 32 begins around t/(cs/Ry) = 400.
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The time traces for convergence tests in nz0 for 6 = —0.25 are presented in Figure 5.11.
For all three traces, each doubling the resolution of nz0 of the last, the saturated region be-
gan at about 500 time units and showed quasi-periodic spikes in (Q.s) similar to the 6 = 0.5
case (Figure 5.9). Like with § = 0.5, for 6 = —0.25 there appears to be a relative insensitivity
of saturated (Q.s) with nz0, and it is unclear if the quasi-periodic increases in (Q.s) were
related to the simulation settings or the geometry.

The case of 6 = —0.5 was tested for convergence in nz0 and nv0, with the time traces
of nonlinear heat flux given in Figure 5.12. The traces for nz0 = 64,nv0 = 32 and
nz0 = 128, nv0 = 32 indicate convergence in the parallel spatial coordinate resolution. When
nv0 was doubled to 64, the saturated nonlinear heat flux decreased significantly. When nv0
was doubled again to 128, the simulation did not saturate, but the simulation appears to
be decreasing to a (Q.s) almost half of the saturated (Q.s) for nv0 = 64. To confirm con-
vergence in nv0, the simulation with nv0 = 128 must be continued, and another simulation
with nv0 = 256 must have a saturated (Q.s) with five percent of that of nv0 = 128.

The last case of finite triangularity discussed in this section is 6 = —0.75, where con-
vergence in nz0 and nv0 was tested. The configuration with 6 = —0.75 converged in nz0,
as seen from the time traces of nonlinear heat flux in Figure 5.13. Although the time trace
of (Qes) for nv0 = 64 appears to have saturated at the same level as the other traces with
nv0 = 32, the simulations with nv0 = 32 had a nonlinear heat fluxes larger by almost 15
percent. Further convergence tests in nv0 are needed for 6 = —0.75.
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Figure 5.11: Time trace of nonlinear heat flux for § = —0.25 with nz0 = 32 (purple) and
nz0 = 64 (green), nz0 = 128 (yellow) is shown to illustrate the relative insensitivity to
parallel spatial resolution and large quasi-periodic change in nonlinear heat flux.
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Figure 5.12: Time trace of nonlinear heat flux for 6 = —0.5 with nz0 = 64, nv0 = 32 (purple)
and nz0 = 128, nv0 = 32 (green), is shown to illustrate convergence in the parallel spatial
resolution. The simulations for nz0 = 64, nv0 = 64 (yellow) and nz0 = 64, nv0 = 128 (red)
are plotted to show a higher parallel velocity resolution is needed.
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Figure 5.13: Time trace of nonlinear heat flux for § = —0.75 with nz0 = 64,nv0 = 32
(purple) and nz0 = 128, nv0 = 32 (green), is shown to illustrate convergence in the parallel
spatial resolution. The simulation for nz0 = 64, nv0 = 64 (yellow) is also plotted to show
the simulation likely converged for the parallel velocity.
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None of the finite § cases were checked for numerical convergence by doubling the box
size, so the adequacy of the box sizes for each triangularity case was estimated by the number
of radial turbulent correlation lengths in the simulation domain. The correlation coefficient
for each finite triangularity case is presented in Figure 5.14. For § = 0.25 (Figure 5.14a)
and § = 0.25 (Figure 5.14b), the radial turbulent correlation lengths were both about 30p;,
meaning the box for both cases was about four full radial turbulent correlation lengths
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Figure 5.14: Radial correlation coefficient of @ with itself without zonal modes for (a) 6 =
0.25, (¢) 6 = 0.5, (e) § = 0.75, (b) 6 = —0.25, (d) § = —0.5, (f) 6 = —0.75. The horizontal
dashed line denotes the half correlation length and the vertical dashed line denotes correlation

coefficient at the half correlation length.
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in width. The cases 6 = 0.5 (Figure 5.14c) and 6 = —0.5 (Figure 5.14d) both had radial
turbulent correlation lengths of about 22p,, and the box size for 6 = 0.5 and § = —0.5 contain
five full radial turbulent correlation lengths. The radial turbulent correlation length for the
case with 6 = 0.75 in Figure 5.14e was a little less than 20p,, therefore six full correlation
lengths can fit in the simulation box. For § = —0.75, the radial turbulent correlation length,
shown in Figure 5.14f, was about 10p,, which was the smallest of any geometry explored in
this thesis. The radial box size for § = —0.75 can fit about 12 radial turbulent correlation
lengths. Therefore, the box size of every finite triangularity case was likely large enough that
the convergence check of halving k;nin would not significantly change the nonlinear heat flux.

5.2 Nonlinear Heat Flux

In this section non-converged nonlinear heat fluxes from the base case, kK = 1.5, and
—0.75 < 6 < 0.75 are given and compared with the quasilinear heat fluxes presented in
Section 4.2. Additionally, an analysis of mode strengths is presented in an attempt to
provide physical explanations for the differences in nonlinear heat fluxes for each geometry.
A summary of Qf and (Q.s) are given in Table 5.1 along with the parallel spatial and parallel
velocity resolutions and k:;nin of the simulation from which the nonlinear heat flux value was
obtained. By choice, the quasilinear and nonlinear heat fluxes of the base case were chosen
to be equal. For the case k = 1.5, the nonlinear heat flux was about 1.7 times greater than
the quasilinear heat flux for the same geometry, with convergence only in nz0.

The nonlinear and quasilinear heat fluxes for each finite § case is presented in Figure 5.15.
The quasilinear heat flux exhibits a monotonic decrease with increased triangularity—both
positive and negative. The non-converged nonlinear heat fluxes also show a general decrease
with increasing triangularity. The stray case was 6 = —0.5, where the converged nonlinear
heat flux is likely significantly lower than the value reported in Table 5.1. This is reasonable
to assume, because if the end of the time trace for nv0 = 128 in Figure 5.12 is the value of

Geometry | Qp | (Qcs) | Nonlinear Resolution (nz0, nv0, k™)
Base Case | 11.61 | 11.61 (32, 32, 0.05)

k=15 9.58 | 16.3 (64, 64, 0.05)

5= —075| 454 | 2.51 (64, 64, 0.025)

§=—05 | 802 |12.39 (64, 64, 0.05)
0=-0.25|10.33 | 5.63 (32, 32, 0.05)

0=0.25 10.12 | 10.77 (64, 32, 0.05)

0=0.5 6.68 | 3.05 (64, 32, 0.05)

0=0.75 2.66 | 0.07 (128, 64, 0.025)

Table 5.1: Comparison of quasilinear and nonlinear heat fluxes for each configuration with a
nonlinear simulation performed and the nz0, nv0, and k;nin settings for the simulation from
which the nonlinear heat flux was calculated. The quasilinear heat flux for the base case was
chosen to be equal to the nonlinear heat flux of the base case to set C for each quasilinear
heat flux.
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Figure 5.15: Quasilinear and nonlinear heat fluxes varying triangularity from Table 5.1. All
nonlinear heat fluxes were likely close to the converged values except § = —0.5, which, from
Figure 5.12, is probably closer to five.

the saturated (Q.s), the nonlinear heat flux would be around five. Taking this into account,
it is likely that the nonlinear heat flux would monotonically decay with increasing positive
and negative triangularity.

Though the qualitative trends of nonlinear and quasilinear heat flux with triangularity
likely agree, there was little quantitative agreement between the two metrics. Excluding the
base case and 9 = —0.5, all cases other than § = 0.25 had quasilinear heat fluxes at least
twice as large as the nonlinear heat fluxes, with @ for 6 = 0.75 being 38 times greater than
(Qes). The quasilinear and nonlinear heat fluxes for the case of § = 0.25 differ by less than
ten percent.

Some physical insight into why the case x = 1.5 had larger nonlinear heat flux than the
base case may be gained through the electrostatic potential contours of both cases, shown
in Figure 5.16. The contours shown in Figure 5.16 were taken at the last time step in the
simulation. In Figure 5.16a, the magnitude of @ is plotted in the z-y simulation domain
for the base case. Four distinct bands of alternating positive and negative potential nearly
uniform in the binormal direction indicate strong zonal flows. In Figure 5.16b, the contours
of @ for the kK = 1.5 case have many jagged radial elongations. Because plasma particles
drift along lines of constant electrostatic potential in accordance to the E x B drift, the local
radial elongations in the contours of @ allows for charged particles to stream more freely
radially out of the simulation domain, leading to a larger nonlinear heat flux compared to
the base case.

The local radial elongations in @ in the x = 1.5 case are typically sheared away with
sufficiently strong zonal flows, and a decrease in zonal flow strength for k = 1.5 relative to
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Figure 5.16: Contours of @ for the base case (a) and k = 1.5 (b) taken at the last time step

of the simulation.
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Figure 5.17: Time traces of the magnitude of electrostatic potential of several zonal and
nonzonal modes for nonlinear simulations of (a) the base case, (b) k = 1.5. The modes are
denoted with (k,, k,) where zonal modes have k, # 0,k, = 0. Each subfigure depicts the
same sized time domains and range of |@| values.

the base case could explain the local radial elongations of @ in Figure 5.16b. In Figure 5.17,
the mode amplitude for electrostatic potential of several zonal and nonzonal modes for low
k. and k, are shown for the base case and k = 1.5. The zonal modes, k, # 0, k, = 0, for the
base case (Figure 5.17a) were about 100 times stronger than the nonzonal modes. Higher
mode numbers had lower amplitudes, decaying to amplitudes similar to the nonzonal modes
shown as wavenumbers increase; the higher wavenumber modes are not shown for the sake
of clarity. In Figure 5.17b, time trace of |@| for low mode numbers are shown. As with
Figure 5.17a, the zonal modes (0.052,0) and (0.105,0) were about 100 times stronger than
the other nonzonal modes. However, the zonal mode (0.157,0) was only 10 times stronger
than the nonzonal modes. This provides evidence that some zonal modes were not as strong
at higher elongations.

For finite the triangularity cases, the relative strengths of zonal modes to nonzonal modes
do not correlate inversely with nonlinear heat flux, as might be expected. The time traces of
electrostatic potential amplitude for low k, and low k, zonal and nonzonal modes for each
finite triangularity case is presented in Figure 5.18. Although only modes with low &, and low
k, are shown, modes with higher wavenumbers decay in amplitude as wavenumber increases
and are not shown for clarity. For § = 0.25 (Figure 5.18a) and 6 = —0.25 (Figure 5.18b), the
lowest two wavenumber zonal modes had amplitudes about 100 times larger than nonzonal
modes, like the base case, but the higher wavenumber zonal modes were about ten times
larger than the nonzonal modes. For § = 0.5 (Figure 5.18¢) and 6 = —0.5 (Figure 5.18d),
the zonal modes were about 100 times as strong as the nonzonal modes, and all modes were
similar in strength the the same modes in the base case (Figure 5.17a). Although the zonal
modes for 6 = 0.75, shown in Figure 5.18e, were also about 100 times stronger than the
nonzonal modes, all mode strengths were an order of magnitude less than the base case
mode strengths. In Figure 5.18f, several low wavenumber mode amplitudes are shown for
0 = —0.75, where the zonal mode strengths were less than an order of magnitude higher than
the nonzonal modes. Only considering relative mode strength of zonal modes to nonzonal
modes, the nonlinear heat fluxes for 6 = 0.25 and 6 = —0.25 would be larger than the
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base case, for § = 0.5, 6 = —0.5, and 6 = 0.75 nonlinear heat fluxes would be similar
to the base case nonlinear heat flux, and 6 = —0.75 would have a higher nonlinear heat
flux. However, the nonlinear heat fluxes do not correlate with the relative strength of zonal
modes to nonzonal modes and cannot explain the trends in nonlinear heat flux with finite
triangularity cases.

Although the relative zonal mode magnitude to nonzonal mode magnitudes were similar
for the base case and § = 0.75, the nonlinear heat flux for the 6 = 0.75 case was nearly zero;
one possible explanation is the case 6 = 0.75 may be in a Dimits region. A Dimits region is a
range of temperature gradients between the critical temperature gradient for linear instability
Ro/Lreriy and Ro/Lyerit + Abimits, where Apimiis i the Dimits shift. The Dimits shift is a
numerical phenomena of a nonlinear upshift in the threshold for collisionless, electrostatic
ITG turbulence [29]. The Dimits shift is caused by zonal flows that are sufficiently strong to
suppress linear I'TG modes yet weak enough to be stable; for temperature gradients larger
than the Dimits shifted critical temperature Ro/L7erit + Apimits, nonlinear suppression of
turbulence impossible [51]. There are several indications that the case for § = 0.75 may be
within a Dimits region. First, zonal modes had an electrostatic potential magnitude about
100 times larger than the nonzonal modes (Figure 5.18e), suggesting large suppression of
turbulence by zonal modes for all cases except 6 = —0.75. Additionally, the amplitude of
the two lowest k, zonal modes and all nonzonal modes for 4 = 0.75 was about ten times
lower than every geometry other than § = —0.75, and every case but 6 = 0.75 has (Q.s)
significantly larger than zero. It follows that every geometry (again, except § = —0.75) has
strong suppression of turbulence by zonal flows, but only for § = 0.75 was the strength of
the zonal modes weak enough to keep the simulation nearly nonlinearly stable. However,
a temperature gradient scan would be needed to conclude whether or not 6 = 0.75 is in a
Dimits region.
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Figure 5.18: Time traces of the magnitude of electrostatic potential of several zonal and
nonzonal modes for nonlinear simulations of (a) 6 = 0.25, (b) § = —0.25, (¢) § = 0.5, (d)
d=—0.5, (e) § =0.75, and (f) 6 = —0.75. The modes are denoted with (k,, k,) where zonal
modes have k, # 0, k, = 0. Each subfigure depicts the same sized time domain and range of

|@| values.

5.3 Section Summary

In this section, the nonlinear simulations of the base case, k=1.5, and the six finite
0 cases were presented. All cases converged numerically for the parallel spatial direction,
but none of the cases converged for all three metrics: nz0, nv0, and k;nin. Additionally,
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the k,-k, domain for each case was large enough to account for all modes with significant
contributions to (Q.s), and the box size of the flux tubes for each case were several radial
turbulent correlation lengths in width, thus the box size was likely appropriate for each
case. The nonlinear heat flux was presented and showed x = 1.5 had a larger (Q.s) than
the base case, disagreeing with quasilinear heat flux trends for elongation. For x = 1.5, the
contours of @ had local radial elongations which correlated with weaker zonal modes. The
nonlinear heat flux had an almost monotonic decrease in nonlinear heat flux with increasing
triangularity. For 6 = —0.5, a simulation with a larger nv0 than the simulation for the
(Q.s) presented indicates the nonlinear heat flux will likely fit the monotonic trend in (Q.s)
with §, agreeing with the quasilinear heat flux trends. The nonlinear heat fluxes for finite
triangularity cases were often significantly lower than the corresponding quasilinear heat
fluxes. It was shown that the trend of decreasing in (Q.;) with increasing triangularity
cannot be be fully explained by relative amplitudes of zonal modes to nonzonal modes. In
addition, there is some evidence the case 4 = 0.75 was in a Dimits region, which would
explain the near absence of nonlinear heat flux, however that evidence was not conclusive.
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6 Conclusions

The work in this thesis is an update and expansion on previous ion temperature gradient
turbulence tokamak shaping studies. Linear simulations investigated more extreme shaping
cases than previously done [40,42,43]. Further, the relationship between curvature and a
stability metric with linear growth rates has been discussed for the first time. Nonlinear
simulations presented in this thesis accounted for more physics than the studies using a
linear heat flux approximation [40,42-44]. Finally, the first comparison of the trends in
nonlinear and quasilinear heat fluxes with elongation and triangularity were performed.
Unfortunately, the nonlinear simulations have not converged numerically, but evidence was
presented showing most cases had a nonlinear heat flux that was likely reasonably close to
the converged values. The key conclusions are summarized and future research directions
are recommended in this section.

6.1 Summary

6.1.1 Linear Studies

Although a linear stability analysis and quasilinear heat calculations for I'TG modes
varying tokamak flux surface shaping are not novel, the work in this thesis investigated
geometries with more shaping than previously done and compared trends in curvature with
trends in growth rates. For geometries with elongation added to the base case, as elongation
increased, the maximum growth rate increased and shifted to larger k,ps and the growth
rates at low kyps decreased. The trend in curvature for elongated geometries near the mode
location along the magnetic field line correlated inversely with growth rates at low k,ps,
which was consistent with how curvature is expected to affect I'TG drift waves. However,
the curvature trend for elongated geometries near the mode location directly correlates with
the maximum growth rates, which was inconsistent with how curvature is expected to affect
ITG drift wave instabilities. For positive triangularity at 6 = 0.5 or greater, both maximum
growth rates and growth rates at low k,ps decrease, which correlated with changes in the
curvature trends at mode locations. As negative triangularity was increased, the maximum
growth rates and some of the growth rates at low k,ps decreased. The trend in growth rates
for negative triangularity could not strictly be correlated with changes in curvature at mode
locations, because the curvature changed little near the mode locations. The quasilinear
heat flux calculations indicated as more shaping was added, )1, decreased. The decrease in
()1, appeared to have a linear dependence with increasing elongation. The trend of )7, with
increased triangularity had almost a negative parabolic shape with the maximum quasilinear
heat flux at the base case. Additionally, positive triangularity had lower values of ), than
their negative counterparts.

6.1.2 Nonlinear Studies

In this thesis, the first scans of elongation and triangularity with nonlinear gyrokinetic
studies for a nonlinear heat flux were presented. Although the nonlinear simulations did not
numerically converge, evidence presented showed whether the nonlinear simulations gave
reasonable or unreasonable values of saturated (Q.s). Additionally, the nonlinear heat fluxes
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were compared to quasilinear heat flux estimations for different tokamak shaping for the first
time. While the trends for nonlinear and quasilinear heat flux with elongation did not agree,
the increase in nonlinear heat flux correlated with local radial elongations in the |®| contours
and a decrease in zonal mode strength for some zonal modes. The trends for nonlinear and
quasilinear heat flux with triangularity agreed qualitatively, with the exception of 6 = —0.5.
The exception of § = —0.5 was likely due to too low of simulation resolutions and not
a feature of the geometry. Quantitatively, nonlinear heat fluxes were significantly lower
than the quasilinear heat fluxes for the same triangularity cases. The decrease in nonlinear
heat flux with increased triangularity did not correlate with the relative amplitude of zonal
modes to nonzonal modes. However there is evidence—though not conclusive—-that the
temperature gradient falls within a Dimits region for § = 0.75, potentially explaining the
exceptionally low nonlinear heat flux for that geometry.

6.2 Future Research

6.2.1 Nonlinear Convergence Tests

As has been mentioned several times, the nonlinear simulations presented in this thesis
have not been shown to have numerically converged. Therefore more simulations of the
geometries discussed in this thesis must be performed to ensure numerical convergence.
Convergence in three areas are needed for nonlinear simulations to have fully numerically
converged: parallel spatial resolution (nz0), parallel velocity resolution (nv0), and box size
(k:;nin). In addition, 6 = 0.5 and 6 = —0.25 have not clearly shown convergence in nz0 as
well due to the quasi-periodic increases in (Q.s). To test if the these quasi-periodic increases
were intrinsic on shaping or an artifact of simulation resolution, repeating nz0 convergence
tests for 6 = 0.5 and § = —0.25 with an increase in nv0 or box size is recommended.

6.2.2 Other Tokamak Shaping Studies

In practice, tokamaks often have both finite triangularity and elongation greater than
one, therefore studies exploring the full 2D parameter space of k and 6 would provide a more
complete picture on how tokamak shaping affects ITG turbulence. The methods described
in this thesis provide a framework for which the full 2D shaping study could be performed.
The linear studies would not be resource intensive, and obtaining a quasilinear heat flux
computation for each shaping would follow easily. However, the nonlinear simulations would
be resource intensive, but some time would be saved from using the converged simulation
settings if the research suggested in the previous section is performed first.

6.2.3 Temperature Gradient Scans

As mentioned in Section 5.2, there is evidence the case § = 0.75 may be in a Dimits region,
and the other cases were not. If so, this implies the Dimits shift may have a dependence
on shaping. Very little is known about the Dimits shift, and performing a temperature scan
on each of the shaping cases presented in this thesis would determine if 6 = 0.75 is in a
Dimits region, if the Dimits shift depends on shaping, or if the critical temperature gradient
depends on shaping. To determine the critical temperature gradient, linear simulations of
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the temperature scans would need to be performed. Then, to find the Dimits shift, nonlinear
simulations of the temperature scans would need to be done.

6.2.4 ITG Saturation Metric

Recent theory on I'TG turbulence saturation suggests an amendment to the mixing length
estimate of x ~ ~/k? used in quasilinear heat flux estimates would increase the accuracy of
a quasilinear heat flux estimate [52]. The new theory uses a fluid model of ITG turbulence
with adiabatic electrons to identify a turbulent correlation time 7 for a three mode coupling
by which energy is transferred nonlinearly between a stable mode, zonal mode, and unstable
mode. A code, PTSM3D, has been developed to compute the turbulent correlation time for
the three mode coupling [25]. The new scaling for a turbulent diffusivity is x ~ v/(7C?k?),
where C' is constant associated with 7. Computing an updated quasilinear heat flux with
the ITG saturation metric would provide insight into how the new theory predicts the role
of ITG saturation in heat flux for tokamaks with various geometries and whether including
the 1/(7C?) term in @y improves agreement with nonlinear heat fluxes.

6.2.5 Electron Turbulence

Drift wave turbulence is not limited to ion temperature gradient modes; other modes
arising from electron behavior, such as trapped electron modes (TEMs) and electron tem-
perature gradient (ETG) modes, are known to exist. A recent study on the DIII-D tokamak
showed a configuration with negative triangularity had high confinement with low enough
edge pressure to prevent terminal disruptions in the plasma. In this study, a gyrokinetic
simulation of the reconstructed experimental equilibrium showed suppression of TEM tur-
bulence in the negative triangularity configuration compared to its positive triangularity
counterpart [53]. The full implications of how tokamak shaping effects TEM and ETG tur-
bulence is unknown, and a sound computational and theoretical understanding could help
guide further experiments on negative triangularity configurations. A study using similar
methods as the work in this thesis with the appropriate settings in GENE would illuminate
the effect of tokamak shaping on electron turbulence.

6.2.6 Stellarator Shaping

As mentioned in Section 1.2.3, optimizing a stellarator to reduce turbulence is a large
area of ongoing research. Building an optimization routine for turbulence requires knowing
how changing each shaping parameter affects turbulence. Therefore a study varying stel-
larator shaping parameters using the methods of the work presented in this thesis would
be a necessary first step towards a turbulence-optimized stellarator. A study independently
varying each stellarator shaping parameter would be a large undertaking, because stellarator
flux surfaces are often described with many shaping parameters, a result of stellarator flux
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surface shaping being often described with a Fourier representation [54]:

R(,0,() = ZRW” cos(m®O + n(), (6.1)
Z(,6,0) =Y Znsin(m® + n). (6.2)

Because each mode coefficient is a shaping parameter, using as few as five m and n modes
means there are at most 20 independent shaping parameters to vary. Therefore, a stellarator
shaping study similar to the work in this thesis would be resource intensive.
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