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Convergence from the stable side is achieved with a C0 
spectral-element representation by projecting flow-
divergence and parallel vorticity at the limit of resolution. 



Introduction:  Local interchange drives small spatial 
scales, and the physical bending energy is critical.  
•  With local MHD interchange, the physically stabilizing contribution is 
singular mathematically, and the drive is local.  In normalized reduced ideal 
MHD: 
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stabilizing bending from the singular  inertia 
destabilizing interchange 

Φ is the streamfunction, x is flux-normal distance from the 
resonance, and ω is frequency.	
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•  Analytically, all eigenvalues σ of                     for oscillatory solutions 
satisfy σ > 1/4. 

•  Ds > 1/4 allows              , i.e. instability. 
•  In extended-MHD equations, bending is represented by first-order 
derivatives in separate equations. € 
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With non-reduced, primitive-variable equations, several 
numerical operations have to work well together at the 
limit of resolution to reproduce the stabilizing effect. 
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A ≡ ρω2 − F2 ; F ≡ k ⋅B = kxBx + kzBz ~ x2  (Alfven spectrum is A = 0.)
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S ≡ ρω2 B2 + γP( )− F2γP    ('sound'  spectrum is S = 0.)

•  A relatively simple example is compressible g-mode analysis with mass 
density increasing in y, supported by JzBx. 

Substitute continuity into y-
comp of momentum eqn. A in numerator is from B⋅∇b & B⋅∇ξ. 

Denominator & y-derivatives are from eliminating ∇⋅ξ with total 
pressure and different components of the momentum equation. 

•  Numerical responses to divergence of flow and parallel vorticity at small 
scales are critical. 



NIMROD uses 2D spectral elements for the poloidal plane 
and 1D finite Fourier series for the toroidal coordinate. 
•  Spectral elements1 are finite elements 
where the polynomial degree of the 
basis functions may be arbitrarily large. 

•  Functions may be expanded directly in 
orthogonal polynomials (Legendre, 
Chebyshev, etc.). 

•  Or, interpolatory polynomials (cardinal 
functions) based on roots or nodes of the 
orthogonal polynomials are effectively 
equivalent. 

 

•  Both lead to geometric convergence for 
functions that are smooth within an 
element. 

Example of cardinal basis functions 
for interpolation: Lobatto grid from the 
Legendre polynomial of degree 7. 

€ 

PN f (x)( ) = f xi( )Ci (x)
i=0

N
∑

1Boyd, Chebyshev and Fourier Spectral Methods; Deville, Fischer, and Mund, High-
order Methods for Incompressible Fluid Flow. 



NIMROD’s C0 spectral-element implementation is 
formulated to allow dissipation for each physical field.  
•  Like conventional thermal-conduction and structural-mechanics 
applications, second-order derivatives lead to mathematical ‘energy’ 
increasing as the scale of oscillations decreases. 

•  Second-order terms get integrated by parts. 
•  In 1D, for example: 

•  Continuous functions are necessary, and they are sufficient in the 
sense that greater continuity is not required. 

•  First-order spatial derivatives do not provide a coercive energy.  The 
following single-field formulation does not bound fine-scale oscillations. 
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•  The extended-MHD dilemma is that physical dissipation is important but 
small, and interchange provides sources of energy at small scales. 



NIMROD’s standard spectral-element representation 
with equal-order V, B, and p expansions converges 
from the unstable side. 

•  Test case is m=4, k=-1.78 Suydam mode at rs=0.371 and Ds(rs)=0.443. 

•  Expansions with B having larger polynomial degree than other fields is a 
generalization of the XTOR approach. [Lütjens and Luciani, CPC 95] 
•  Reducing the polynomial degree for V in NIMROD admits numerical 0-frequency 
modes at mesh scales that accumulate in nonlinear computations. 

NIMROD results with its standard-
methods converge from the unstable side. 

CYL_SPEC 1D eigenvalue results 
compare different expansions. 

indicative of NIMROD’s 
standard representation 



Spectral projection: Including numerical responses 
to the highest-order projections of flow divergence 
and of parallel vorticity helps stabilize the numerics. 
•  Spectral filtering has been used to stabilize spectral-element 

computations of incompressible flow. [Fischer and Mullen, C. 
R. Acad. Sci. Paris 332, 265 (2001).] 
•  In their paper, interpolation-based projection damps all 

vector-components of highest polynomial-degree for V. 
•  It is used to stabilize computation at large Reynolds 

number. 
•  ‘Spectral projection’ for NIMROD means damping or 

propagating the highest-order Legendre polynomial in the 
spectral-element space. 

•  Projection can target specific behavior, such as divergence, 
perpendicular divergence, and/or parallel vorticity in MHD.  



With NIMROD’s 2D elements, divergence and parallel vorticity 
are projected onto Legendre polynomials that are of highest 
degree in one of the two logical coordinates. 

For bicubic V, the discontinuous fields for projection are N=3 Legendre polynomials 
in one of the two logical coordinates and a full expansion in the other. (4 of 7 shown)  



Auxiliary fields associated with projection can be used 
for either hyperbolic or diffusive stabilization. 

Hyperbolic (loosely): d
dt
V = ρ−1F+ fdcm∇σ + fvcAb̂×∇λ
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Diffusive (loosely): 
d
dt
V = ρ−1F+ ddcm
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where F is the physical force density, cA is the Alfven speed, cm is 
the magneto-acoustic speed, and Δt is the NIMROD timestep. 



The weak form of the hyperbolic approach shows how 
projection is implemented with spectral elements. 
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for all W in the continuous 3-vector space used for V and for all 
υ and µ in the discontinuous projection set used for σ and λ, 
respectively. 

•  Surface terms and gradients of background fields are discarded. 

•  Overlap with pressure and J✕B responses only occurs at the limit 
of resolution, where the physics is represented poorly. 



The additional numerical responses are analogous to the 
penalty energy method in ideal eigenvalue computations. 
•  Degtyarev and Medvedev (CPC 43) proposes and analyzes a numerical 
penalty energy for low-order hybrid finite elements. 

•  Hybrids use more than one expansion for the same physical quantity. 
•  They are accurate, but individual tent functions can generate 
numerically growing modes at Ds<1/4. 

•  Their ‘auxiliary’ eigenvalue problem demonstrates numerical bending 
responses.  In the appropriate Hilbert space, analytically, 

€ 

d
dx

x2 d
dx
u

" 
# 
$ 

% 
& 
' + λu = 0 , u ±ε( ) = 0

€ 

a u,u( )
b u,u( )

≥1/4

€ 

a u,v( ) ≡ x2 # u # v dx
−ε

ε
∫ , b u,v( ) ≡ uvdx

−ε

ε
∫ , # u ≡ du dx

•  D&M prove that adding the penalty energy                         to               can 

be used to compensate destabilization in formulations where                     . 
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The numerical response to projections in NIMROD are 
the first-order-in-time analog to a penalty energy. 
•  A numerical response to parallel vorticity, for example, is ensured with 
the auxiliary scalar λ: 
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•  Combining and incorporating the penalty in the reduced-MHD 
streamfunction equation indicates its effect: 

•  When the λ-expansion in each element has just the last polynomial of 
the orthogonal basis from which velocity is expanded, it only penalizes 
oscillation at the smallest spatial scales of a given mesh. 



1D Analysis: The hyperbolic and diffusive methods 
have been evaluated with CYL_SPEC. 
•  1D cylindrical geometry with                              is a compromise 
between non-trivial geometry and rapid testing. 

•  MHD wave spectra are tested with uniform Bz and uniform pressure. 
•  Numerical properties on local interchange are tested with a peaked-
pressure profile where Ds decreases monotonically in radius, and m=4 is 
stable/unstable depending on kz. 

•  Modes resonant outside r = 0.466 are stable. 

•  For kz=-1.5, rs=0.507, and Ds=0.200 

•  For kz=-1.78, rs=0.371, and Ds=0.443. 
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Eigenvalue results for m=1 waves in uniform-B, β=Γ=1, for 
the hyperbolic method show little pollution. 

This linear-scale plot shows critical low-
frequency behavior. 

The ‘XLZ’ results are computed with 
global Chebyshev polynomials and are 
accurate. 

•  The new results here are the two right-most columns in each plot. 
•  Wave speeds for the penalties are 0.1 for div(V) and 0.01 for B�curl(V). 
•  With 4 elements, eight 0-frequency modes occur with the hyperbolic 
method, and the eigenfunctions are dominantly auxiliary-field shapes. 



The physically stable Suydam test shows that both divergence 
and vorticity corrections are important for mitigating unphysical 
growth. 
•  This test case has β=14%, m=4, k=-1.5, rs=0.507 and Ds(rs)=0.200. 

•  These polynomial degree 4 computations use the hyperbolic method. 
•  Neither the vorticity penalty alone (blue) nor the divergence penalty 
alone (not shown) keep the growth-rate small. 
•  The two penalties together reduce numerical growth by 4 orders. 



The diffusive method is also helpful, particularly at low 
resolution. 

•  Green triangles show the hyperbolic method for comparison. 
•  The diffusive-method results have diffusive div(B) control; hyperbolic-
method results have hyperbolic div(B) propagation. 

Growth rates for uniformly spaced quartic 
elements, varying the number of 
elements. 

Growth rates with 20 elements, varying 
the polynomial degree. 



Both hyperbolic and diffusive methods converge from the 
stable side for the physically unstable case. 
•  This test case has m=4, k=-1.78, rs=0.371 and Ds(rs)=0.443. 

•  The hyperbolic-method shows no unstable mode with 20 elements. 
•  The diffusive method always produces growing modes; the low-resolution 
ones are overstable. 

Comparison of the hyperbolic method 
with computations without projection 
(black). 

Purple and magenta lines show diffusive-
method results. 

without projection 



Projections in NIMROD: Linear and nonlinear tests 
substantiate the practicality and effectiveness of spectral 
projections. 

•  The implementation incorporates a new modal-basis module. 
•  Routines for advancing V have new terms and equations for 
projecting divergence and parallel vorticity. 
•  Coding for physical terms is unchanged. 

•  Tests of linear, initial-value behavior include: 
•  The cylindrical profiles used with CYL_SPEC for testing local 
interchange, 
•  Tearing modes (not discussed here), and 
•  The circular cross-section, toroidal dens8 ELM profile from P. 
Snyder.  [See Burke, et al., PoP 17, 032103 (2010).] 

•  Nonlinear tests include: 
•  An unstable cylindrical interchange, and 
•  The circular cross-section ELM problem. 



Time-dependent, linear ideal-MHD NIMROD computations 
confirm the stabilizing effect when the divergence and 
vorticity projections include dissipation. 

•  Computations for a physically stable m=3, Ds=0.224 case show no 
growth over 10,000s of time-steps when a separate field is also used for 
magnetic divergence control. 
•  Convergence on the physically unstable m=4 is from the stable side. 

Comparison of NIMROD interchange 
convergence with different methods, 
all using biquartic elements. 

Contours of Vφ from the 48×24 case 
with projection and separate div(B) 
field. 

unstable side 

stable side 



A variant of the cylindrical problem that is physically 
unstable to interchange provides a nonlinear test. 

•  The region 0 ≤ r ≤ 0.466 is 
Suydam-unstable. 

•  With Lz=4π/3, the (3,1) mode 
resonant at 0.265 and the (7,2) 
mode resonant at 0.404 are 
unstable.  The (4,1) mode resonant 
at 0.5 is stable. 

•  τA = Lz/cA = 4π/3; τr = a2µ0/η = 108; 
Pm=10 

•  Dn= η/µ0; χiso = 10η/µ0	


•  The computations use a 32x36 mesh of biquintic elements with 
0≤n≤21 Fourier representation of the axial direction. 

•  The case with projection uses the diffusive method (dd=1, dv=0.3). 

Safety factor and Suydam parameter 
for the nonlinear interchange 
computation. 



The computation with projection recovers from MHD 
events, whereas one without projection accumulates noise. 

•  The computation with projection progresses into a turbulent stage. 
•  The computation without projection crashes as noise accumulates. 

Kinetic fluctuation energies for the case 
with projection.  (Vertical lines show times 
of contours on next slide.) 

The spectrum computed without 
projection flattens, indicating 
accumulation of numerical noise. 



The evolution of pressure with projection shows 
a transition to turbulent transport. 

Sequence of pressure from the nonlinear interchange computation 
with projection shows an initial m=3 burst followed by multi-scale 
nonlinear fluctuation. 

t = 495 τA  t = 3100 τA  t = 4800 τA  

t = 5600 τA  t = 5930 τA  t = 7250 τA  



The successful evolution has fine-scale fluctuations 
without mesh-scale noise. 

Velocity vectors overlaid on 
contours of pressure at the end of 
the computation with projection. 

When the computation without 
projection leaves the laminar stage, 
its flow field becomes noisy. 

•  The computation with projection is not fully resolved, but robust 
progression facilitates nonlinear convergence. 



Linear ELM computations also demonstrate 
convergence from the stable side with projection. 

Equilibrium profiles for dens8. 

Growth rates for the indicated 
biquartic meshes without projection. 

Growth rates with projection.  Arrows 
show direction of convergence. 

•  We consider the standard, circular cross-
section dens8 equilibrium as a starting point. 

•  All physical dissipation coefficients have the 
same small uniform value: S=1010, Pm=1, etc. 

•  Like the interchange cases, projection leads to 
convergence from the stable side. 



A nonlinear MHD computation from the same 
equilibrium exercises projection with a more violent 
instability. 

•  The domain imposes periodicity at 1/6th of the toroidal angle. 
•  Resistivity varies as T-3/2 with S(0)=106; Pm=0.1; χiso = 0.01η/µ0.	


•  Projective stabilization is also used in the continuity equation. 

Selected kinetic fluctuation energies 
show that the largest-n remains small 
relative to others. 

At t = 214 tA in the computation, the ELM 
is expelling mass and energy from the 
pedestal; n is shown. 



Vacuum-field computations: Computing external 
magnetic field on a spectral-element mesh is an 
alternative to coupling Green’s function solutions. 

•  Computational sub-domains can be assigned to solve the vacuum-
distribution without advancing a plasma model. 

•  External solutions may be coupled by thin-wall approximation or by 
meshing a finite-thickness wall. 

•  Working directly with NIMROD’s magnetic-field representation leads to a 
minimization problem at each time-step. 
•  For the external subdomains, minimize 
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The minimization computation has been 
implemented in NIMROD and tests match analytics. 

•  Tests are performed in a box that is periodic in one coordinate (φ). 
•  Solutions to boundary-value problems are products of sine waves and 

hyperbolic trigonometric functions. 
•  Two example results of vacuum-B from NIMROD are shown below. 

Boundary conditions impose half a wave 
on the bottom with n=1 variation in the 
perpendicular periodic coordinate. 

Here the bottom imposes half of a wave 
and the top imposes a full wave, both with 
n=3.  



Conclusions 
•  Projecting parallel vorticity and flow-divergence at the limit of 
spectral-element resolution while retaining the NIMROD 
expansion for physical fields is a practical approach for controlling 
the convergence of numerical interchange. 

•  Hyperbolic and diffusive methods are possible. 
•  Tests in NIMROD confirm 1D CYL_SPEC eigenmodes 
results. 

•  Diffusive projection provides smoothing of nonlinearly driven 
mesh-scale oscillations. 

•  A nonlinear interchange problem successfully transitions to 
turbulent transport. 
•  ELM computations progress into the late nonlinear phase. 

•  Computing vacuum-region magnetic field response with 
NIMROD’s B-field representation is tractable. 


