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We employ fluid limit analytic theory of ITG modes and the simplified, local 3-D equilbrium method to further
the understanding of optimization for linear ion temperature gradient (ITG) modes in three-dimensional (3-D)
configurations. An analytic result shows the instability scales with two principal geometric coefficients, the
drift and FLR/polarization coefficient. The analytic results compare well with numerical results over three
sequences of selectively chosen 2-D and 3-D geometries. It is shown how the geometries may be analyzed
for their ITG instabiltiy properties due to their shape, and how the shape controls those properties. The
results indicate that there are three most distinctive methods for optimization, via the normal curvature term,
integrated local shear-geodesic curvature term, and FLR term. Improvements on the normal curvature are
more straightforward, whereas the FLR term depends on improvements to the torsion, local shear, and/or
currents (in 2-D). Improvements to the local shear – geodesic curvature term depend on manipulation of the
symmetries and polarities of the curvatures. These are elaborated and shown to aid in characterization of
the overall surface geometry.

I. INTRODUCTION

It has been strongly argued that the primary design
freedom for toroidal confinement systems is the equilib-
rium shaping1,2. This is particularly true for the three-
dimensional (3-D) configurations of stellarators and he-
liotrons. Theoretical studies have shown how this free-
dom may be elegantly exploited to reduce neoclassi-
cal transport in stellarators3–5. Initial demonstrations
of this neoclassical optimization have been performed6,
and attention has recently shifted to seek to understand
how the configuration may be optimized for turbulent
transport7–10. The large energy losses due to turbulent
transport11 motivate this optimization as a compelling
prospect for stellarator design theory.

There are a number of ways in which a designer might
seek to optimize the magnetic geometry for turbulent
transport. In this paper we attempt to develop the gen-
eral strategy of turbulence optimization via minimization
of linear growth rates for the ion temperature gradient
(ITG) mode (see e.g.12–14). We restrict our attention to
the simplified regime of the low-beta, electrostatic, adia-
batic electron ITG mode for simplicity. We also consider
only high temperature gradients far from marginality and
focus mainly on the maximum linear growth rate.

We focus on the linear instability because of its widely
accepted driving influence on confinement turbulence, for
example, as formalized in plasma quasilinear theory15,16.
Furthermore, treatment of linear ITG modes does not
necessarily require the inclusion of kinetic effects such as
particle trapping or Landau damping, which can com-
plicate the treatment of other modes. The relative sim-
plicity of the linear ITG growth rate, and the simplicity
of its relationship to turbulence as compared to other
mechanisms such as flow shear17 or zonal flow16, make
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it a natural starting point for investigation of turbulence
optimization. We may note that a few studies of turbu-
lence optimization employing other strategies have been
initiated18,19, and some considerations on trapped elec-
tron modes (TEM) optimization conditions have been
made20.

Investigation of this instability minimization strategy
relies on detailed theories of the ITG mode and the mag-
netic geometry. While these essential theoretical ele-
ments have existed for some time, it has not been clear
how to translate those elements into a general under-
standing for an optimization program. One difficulty
is that analytic ITG solutions that provide clear under-
standing can generally only be given for simplistic geo-
metric configurations, too simplistic to provide general
guidance. Another difficulty is that to attain a fully re-
alistic geometric treatment, a numerical solution of the
global magnetohydrodynamics (MHD) equilibrium equa-
tions is required, involving a profuse amount of data for
a single equilibrium, let alone a general set of configura-
tions. This combined difficulty has made the potential
scope of toroidal shaping optimization a tantalizing yet
elusive concept.

We address the instability understanding problem in
this paper by employing the numerical gyrokinetics solver
GENE21 to achieve accurate linear results, and by finding
novel eigenfunction averaged solutions to existing ana-
lytic ITG mode theories22,23, valid for arbitrarily shaped
geometries. We address the equilibrium understanding
problem by employing local 3-D magnetostatic equilib-
rium theory24, which is much simpler and less expensive
than global equilibrium theory. While local 3-D equilib-
rium has been widely used in ideal ballooning studies it
has only rarely been applied to microinstability analysis
(e.g., reference25).

We emphasize principles of optimization rather than
optimization itself because we do not employ any numer-
ical optimization in this study, focusing instead more on
the question of what should be optimized, and how. Ef-
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forts of numerical optimization are being independently
pursued and show promising indications8–10. The most
practical question from the point of view of the numer-
ical optimization is what should be minimized, i.e. how
should an ITG proxy function be defined. Since we pur-
sue the strategy of linear growth rate minimization, the
idealized proxy is simply the numerical computation of
the growth rate itself.

Thus the present investigation is chiefly concerned with
understanding how an accurately computed growth rate
depends on the geometry, and how the geometry con-
trols the growth rate. The first of these objectives is
specifically pursued by comparison of analytic and nu-
merical growth rate calculations. The analytic model is
sufficiently simple to identify which terms most affect the
growth rate. The second objective of understanding the
potential for geometric control is more difficult, due to
the generality of fully 3-D shaping. We approach this
task by selectively parametrizing diverse equilibria and
identifying their most important characteristics, so as to
provide a kind of template for reasoning towards a more
general understanding.

The shaping effects in 2-D systems are often character-
ized by single parameters such as ellipticity, triangularity,
and so on. While these may be useful figures of merit for
2-D systems, they are clearly lacking when dealing with
as large a number of shaping parameters as exist in 3-D.
The relation between the shaping and the instability that
we determine here are therefore at a somewhat higher
level of abstraction than may be typically understood.
One shape parameter correlations such as ellipticity are
replaced by the more primitive geometric notions of av-
eraged normal curvature, etc., which are then expected
to be determined directly by the numerical optimization
code.

The results of the present investigation indicate
that the ITG problem reduces primarily to the con-
sideration of only two coefficients, the drift ω̂d and

FLR/polarization k̂2
⊥ coefficients, and their six subsidiary

components, i.e. the curvatures κn, κg, τn, the flux sur-
face proximity |∇ψ|, and the global properties of the net
currents σ and rotational transform ι. The local shear of-
ten mentioned in the context of shaping effects is linearly
related to the torsion and currents, as s = σ + p′λ− 2τn
(see reference24); here we emphasize the torsion τn, which
is the more primitive geometric quantity and therefore
somewhat simpler to comprehend. Note that as we con-
sider the low beta limit, Pfirsch-Schluter currents do not
play an important role in our results, though they are
well within the scope of the modeling framework.

Next we review the contents of the paper. In section
two, we review analytic theory for ITG instability and
determine a general analytic solution. In the third sec-
tion, we review the theory used for modeling of equilibria.
In the fourth section, we discuss validation checks em-
ployed to determine the consistency of our results with
other, more widely tested methods. In the fifth section,
we present the results, which include (a) the selection

of configurations of interest, (b) analysis of their geome-
tries, (c) analysis of their instability properties, (d) their
eigenmode characteristics, and (e) the development of a
more general viewpoint for understanding optimization
over general geometries, by reasoning from the prior re-
sults.

II. ITG INSTABILITY THEORY AND MODELING

In this section we first review the literature background
for ITG instability in general geometry and the effects of
shaping on instability. This is followed by the review
and comparison of specific analytic models22,23 for ITG
instability, and the analytic solution procedure used in
the present study. We discuss the spectral characteristics
of ITG modes, and the possibility of including kinetic
effects into the analytic models. The reader interested in
skipping to the results need only reference the primary
analytic result of equation 14.

A. Overview

The basic physics mechanisms of the ITG instability
are discussed in27. Analytic ITG theory typically tries
to provide relations for the critical temperature gradi-
ent, or relations for the growth rate, depending on sys-
tem parameters like the safety factor, aspect ratio, and so
on. Accurate estimates of the critical gradient threshold
are generally thought to require incorporation of kinetic
effects (see e.g. reference22), whereas far from thresh-
old, fluid models are generally expected to suffice (see
e.g. reference28). The effects ‘in-surface’ field shaping,
i.e. modified shaping of the field within a fixed geomet-
ric magnetic surface, due to the magnetic field strength
distribution and rotational transform, have been consid-
ered in many references. Regarding shear in tokamaks,
there is broad consensus that increasingly positive shear
is generally good, and negative shear is superior to pos-
itive shear, though the specific scalings depend on what
instability model is used29.

Any successful description of stellarator shaping effects
should generalize to the description of tokamak shaping
effects30. Due to spacing constraints we cannot give a de-
tailed summary of all contributions that have been made.
References28,29,31–45 discuss 2-D flux surface shaping ef-
fects on ITG instability.

The effects of 3-D shaping in stellarators have been
extensively studied, but the models used have of-
ten been simpler than in 2-D studies. The litera-
ture can be roughly divided into studies of TEM type
modes, which were the first to be studied specifically
in stellarators20,46–61, ballooning modes62–66, and ITG
modes7–9,25,58,67–73.
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B. Review of instability models and definitions

In this paper we focus on two analytic models for the
ITG instability, a fluid model23,28 and a fluid limit of a
kinetic model22. Although we eventually only show re-
sults for the kinetic model, which gives more accurate
agreement with the GENE results, we begin with discus-
sion of the fluid model. Since the detailed understanding
of the geometric coefficients is obviously crucial to the
present study, we take care to fully elaborate how they
arise from the eikonal formalism and definitions.

We assume electrostatics so that Ẽ = −∇φ, and adi-

abatic electrons, so that ñe/n = eφ/Te = φ̂, where a
tilde denotes a perturbed (linearized) quantity and φ is
the perturbed electrostatic potential. Here we will al-
ways work with hydrogenic ions so qi = e, qe = −e where
e = |e| is electron charge magnitude. Fluctuations of the

form φ̂ ∼ exp(−iωt + ik · x) are assumed, where k is a
generalized wavevector that can be thought of as a vector
WKB eikonal or ray15. The wavevector k is an object of
central importance to be discussed in detail below.

We use the following notation for parallel gradients of

a function f , where b̂ = B/B, ∇‖f = (b̂ · ∇f)b̂, ∇2
‖f =

∇ · ∇‖f = B · ∇
(

1
B2B · ∇f

)
, while the perpendicular

operators are given as ∇⊥f = (b̂ × ∇f) × b̂, ∇2
⊥f =

∇ · ∇⊥f .
Application of linearized fluid theory in a system with

background gradients results in the governing equation
for an ITG eigenmode23,28,

c2s∇2
‖φ̂ = − ω(ω − ω∗e)

1 + 1
τ + 1

τ δTi
φ̂+ ω(τωdi + ωρ2

s∇2
⊥)φ̂, (1)

where the LHS is due to parallel ion dynamics (sound
wave), and on the RHS, the first term comes from the
adiabatic electron response, the second from a compo-
nent of the nivE×B divergence, the third similarly, and
the fourth from the polarization drift term (nivpi) di-
vergence. Here, ρ2

s = c2s/Ω
2
i , c

2
s = Te/mi, Ωi = eB/mi,

ωdi = vdi · k, vdi = Ti
eB b̂ × (~κ + ∇B

B ), where ~κ = b̂ · ∇b̂
is the curvature, and ω∗e = − Te

eB b̂×∇ lnni · k. The ion
temperature perturbation is given by

δTi =
ω

ω − 5
3vdi · k

(
2

3
− ω∗e

ω
(
2

3
− ηi)

)
. (2)

The magnetic field is written in the form B = ∇ψ ×
∇(θ− ιζ)74, where ψ is the toroidal flux, and the straight
coordinates θ, ζ and the rotational transform ι = ι(ψ)
have been introduced. From here on, derivatives with
respect to ψ will be denoted with an apostrophe (′). Then
the eikonal formalism for the mode structure is employed

by taking φ̂(x) ∼ φ̂(η)eikαS , where kα is a dimensionless
wavenumber, η is a coordinate along the field line, with

φ̂(η) having negligible perpendicular variation, and S ≡
θ− ι(ζ − ζk), where ζk is a constant. Then one naturally
defines k = kα∇S, and, using the definition for S,

kα∇S = kα∇α+ kψ∇ψ, (3)

where the constant kψ = kαι
′ζk has been defined, and

α = θ − ιζ. The defining feature of the formalism is
that B · k = 0, corresponding to the physical picture of
modes with long wavelengths along the field line, and
short wavelengths in the perpendicular directions. Thus
the notations k = k⊥ are appropriate. These relations
for k are often referred to as the ballooning formalism for
toroidal, field-aligned plasma modes75–80.

Using the given definitions, we have the algebraic re-
lation B = ∇ψ ×∇S and B2 = gψψgSS − (gψS)2. Using

these definitions we may then write ∇⊥φ̂ = ik⊥φ̂ and

∇2
⊥φ̂ ≈ −k2

⊥φ̂, where an i∇ · k⊥φ̂ term has been ne-
glected.

The eikonal form for φ̂ is closely related to a coordinate
transformation into field aligned coordinates81,82, where
(ψ, θ, ζ) → (ψ, S, η), with η = ζ, and S as previously
defined. In these coordinates B has the clebsch form
B = ∇ψ ×∇S mentioned above. The parallel derivative

becomes B · ∇φ̂ = ∂φ̂/∂η/
√
g, where

√
g = (∇ψ · ∇θ ×

∇ζ)−1 is the jacobian, so that η takes the interpretation
of a coordinate that follows along an individual field line.
With the use of the field aligned coordinates and the
eikonal formalism, equation 2 is reduced from a PDE to
ODE problem, with the domain following the path of an
individual field line.

Applying the coordinate transformation to the parallel

derivative yields the linear operator, k2
‖, where ∇2

‖φ̂ =

−k2
‖φ̂ and the operator is given by

k2
‖φ̂ = − 1

√
g2B2

[
∂2φ̂

∂η2
−
(

1
√
g

∂
√
g

∂η
+

2

B

∂B

∂η

)
∂φ̂

∂η

]
.(4)

Under small aspect ratio ordering for a circular torus,
the final terms that go like the first derivative can be
shown to vanish exactly to first order. This suggests the
operator is typically dominated by the second-derivative
term. In this paper we always neglect the contribution
from the first derivative term in the analytic modeling.

We next introduce a normalized frequency ω̂ = ρω/cs,
where ρ is a reference length scale, and a reference mag-
netic field strength B0 so that we can write a thermal
gyroradius parameter ρth = cs/Ω̂i, where Ω̂i = eB0/mi.
Introducing a definition for the density gradient scale
length, Ln, we have L−1

n = −B0ρ0
n

dn
dψ and similarly

ω∗e = −kα Tee
n′
i

ni
= kα

ρLn

c2s
Ω̂i

= kαρth
ρLn

cs.

Then, we introduce reference length scale parameters
L‖, Lk, Ld, so we can write normalized geometric factors
as

B̂ = B/B0 (5)

k̂2
‖ = L2

‖k
2
‖ (6)

ω̂d = L2
dωdi/kαB̂ (7)

k̂2
⊥ = L2

kk
2
⊥/k

2
αB̂

2. (8)

The kα coefficients are divided out as a notational choice,
since kα is a dimensionless constant and we do not wish
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it to influence the magnitude of the normalized geometric
factors.

Defining a coefficient A and a coefficient W which rep-
resents the strength of the temperature gradient drive,
A = 1+ 5

3τ , W = 1
τ (ηi− 2

3 )− 5
3 (1+ 1

τ ) ρ
Ld

Ln
Ld

ω̂d
B̂

, and using

all the formalism just described, we can write equation 1
in the form of a cubic polynomial in ω̂,

ω̂3(1 +A
k2
αρ

2
th

L2
k

k̂2
⊥)φ̂− ω̂2 kαρth

Ln
(1 + (

5

3
+Aτ)

Ln
Ld

ρ

Ld
ω̂d

−W k2
αρ

2
th

L2
k

k̂2
⊥)φ̂+ ω̂((

5

3
−Wτ)

k2
αρ

2
th

L2
d

ρ

Ln
ω̂d −A

ρ2

L2
‖
k̂2
‖)φ̂

−W kαρth
Ln

ρ2

L2
‖
k̂2
‖φ̂ = 0. (9)

We will also be interested in a simplification of 9 where
the temperature resonance in 2 is neglected under the
standard assumption ω̂d/ω̂ � 1. While the validity of
this approximation may be called into question, we find
(for the specific parameter regimes of our results) that
inclusion of the term makes little difference. It also allows
for useful simplification of the equation. We also take
W = 1

τ (ηi − 2
3 ), a very good approximation as long as

ηi � 1. These two approximations together give the
simplified form of 9,

ω̂3(1 +A
b

L2
k

k̂2
⊥)φ̂− ω̂2

√
b

Ln
(1 +Aτ

Ln
Ld

ρ

Ld
ω̂d −W

b

L2
k

k̂2
⊥)φ̂

+ω̂(−Wτ
b

L2
d

ρ

Ln
ω̂d −A

ρ2

L2
‖
k̂2
‖)φ̂−W

√
b

Ln

ρ2

L2
‖
k̂2
‖φ̂ = 0, (10)

where b = (kαρth)2.
Writing the ITG equation in the polynomial form in

ω̂ has several useful advantages. Firstly, it allows a clear
inspection of traditional ITG mode limits. The first of
these is the slab limit, given by balancing the adiabatic
electron response (the cubic order term in ω) with the
parallel dynamics term (zeroth order in ω). This is the
standard “negative compressibility” ITG solution. The
second limit is the balance of the electron response with
the toroidal curvature term that is first order in ω, which
gives the standard curvature driven mode.

We next introduce the results of an analytic gyroki-
netic model, following the treatment given in22. Using
the fluid limit of the model and the notations introduced
above, we arrive at the governing eigenmode equation
(equation 11 in22),

ω̂3(1 +
b

L2
k

k̂2
⊥)φ̂− ω̂2

√
b

Ln
(1 + 2

Ln
Ld

ρ

Ld
ω̂d

−WK
b

L2
k

k̂2
⊥)φ̂+ ω̂(−2WK

b

L2
d

ρ

Ln
ω̂d −

1

2

ρ2

L2
‖
k̂2
‖)φ̂

−WK

√
b

Ln

1

2

ρ2

L2
‖
k̂2
‖φ̂ = 0, (11)

where here the drive coefficient is modified as WK =
1
τ (1 + ηi).

We will also be interested in a limit of 11 where we
neglect the slab destabilization term (zeroth order in ω̂),
written here below for completeness,

ω̂2(1 +
b

L2
k

k̂2
⊥)φ̂− ω̂1

√
b

Ln
(1 + 2

Ln
Ld

ρ

Ld
ω̂d −WK

b

L2
k

k̂2
⊥)φ̂

+(−2WK
b

L2
d

ρ

Ln
ω̂d −

1

2

ρ2

L2
‖
k̂2
‖)φ̂ = 0. (12)

Except for the differences in prefactors, equations 10
and 11 have an identical structure. Note however that in
the kinetic model, no assumption was made on ηi, b was

assumed small, and the k̂2
⊥ term arises from the effect

of averaging over the gyroradius (the Bessel function) –
the so-called finite larmor radius (FLR) effects. Also, in
the fluid model, no assumption was made on the relative
magnitudes of ω/k‖ and vth (until going from equation
9 to 10). The structural agreement in the models gives
confidence in the cubic (or quadratic) nature of the ITG
mode dispersion problem.

C. Generalized analytic solution and implications

The ODE eigenvalue problem is Schrodinger type, but
general solutions are difficult due to the complex depen-
dence of the generalized potential on the eigenfrequency.
The solution approach employed here makes use of the
fact that the eigenmodes should be localized, a feature
not necessarily true for all modes (e.g., ideal MHD in-
terchange modes78) but which should be true for drift
modes. Therefore, we can define an average, which ap-
plied to a function f goes like

〈f〉 =

∫ b

a

dηφ̂∗fφ̂/

∫ ∫ b

a

dη|φ̂|2. (13)

Of course, for the method to be sensible, the eigenfunc-
tion must be localized within the (a, b) range or periodic
about it. Applying this average gives a characteristic
polynomial for ω̂ which can then be determined analyti-

cally by guessing a form for the eigenfunction φ̂.
The idea is that the eigenfunction can be approximated

as a gaussian centered around the point of worst curva-
ture. This is motivated by the recurring appearance of
gaussian type eigenmodes in numerical microinstability
studies. In this work the imaginary part of the eigen-
function is always assumed to be constant and neglected.
This eigenfunction modeling approach is somewhat sim-
ilar to a method used by Puztai et. al.83, which assumes
a generic form for the eigenfunction and then fits the
coefficients using a similar principle of integrability. The
authors know of at least one other case in the literature84

where such an approach of guessing the eigenfunction has
been used.

More specifically, we assume that the mode width is
determined such that the squared eigenfunction is con-
tained within one poloidal transit along the field line. So,



5

for example, for a mode centered at the outboard mid-

plane, with mode width σ1 so that for φ̂ ∼ exp(−η2/2σ2
1),

φ̂2 ∼ exp(−η2/σ2
1) = exp(−η2/2σ2

2), where σ2 = σ1/
√

2,

the full width quantity (∼ 6σ2) is set equal to the 2π/ι
(for θ = ιη on a given field line).

Applying the average here to equation 12 gives a closed
form, quadratic solution for ω̂ and γ = Im{ω̂},

γ(b) = ±

√√
b

Ln
(−1− 2ρLn

L2
d

〈ω̂d〉+WK
b
L2
k

〈k̂2
⊥〉)2 + 4(1 + b

L2
k

〈k̂2
⊥〉) · (2WK

bρ
L2
d
Ln
〈ω̂d〉+ 1

2
ρ2

L2
‖
〈k̂2
‖〉)

2(1 + b
L2
k

〈k̂2
⊥〉)

. (14)

Equation 14 is a simple but important result. It is quite
generally applicable since it is independent of the specific
guess for the eigenfunction. Since the signs of the terms
are now all manifest, in particular WK > 0 and for a

gaussian eigenfunction, k2
‖φ̂ > 0, it clearly indicates how

〈ω̂d〉 < 0 is a necessary condition for instability – thus
rigorously manifesting the phenomena of bad (negative)

curvature instability drive. Furthermore, the 〈k̂2
⊥〉 term

is seen to be uniformly stabilizing, with the growth rate

scaling roughly as 〈k̂2
⊥〉−0.5. As noted above, the k̂2

⊥ term
arises due to divergence of the ion polarization drift, or
the bessel term due to the finite larmor radius in the
gyrokinetic model. For that reason, we refer to it as the
FLR, or polarization term.

D. Spectral dependence and kinetic effects

One might expect that an ITG instability optimized
geometry should have fundamental alterations to its in-
stability spectra (its variation with b) as compared to an
unoptimized geometry. In this study, we emphasize the
maximum linear growth rate over the spectra, in order to
preserve focus, and considering the most unstable mode
as characteristic of the overall instability drive. Despite
this simplification, the spectral characteristics are an im-
portant feature of the ITG mode.

Although the characteristic spectra are well known,
they are not often explained. Since the polarization term
scales with b, the ITG mode stabilizes as b increases.
However, the curvature drive term ω̂d also scales with b,
so for small b the curvature drive leads to increasing in-
stability with decreasing b. Curvature drive increasing
with decreasing perpendicular wavelength is a feature
shared by the basic Rayleigh-Taylor type mode85 and
hence can be understood as a generic Rayleigh-Taylor
type effect. These two features together describe a canon-
ical spectrum for toroidal ITG mode instability, which
looks roughly like an inverted parabola centered in the
x-axis around kαρth ∼ 0.3, with the width of the parabola
roughly determined such that γ < 0 at kαρth = 0. Polar-

ization optimization via maximization of k̂2
⊥ should bias

and shift the spectrum to center at lower kαρth, which is
what is observed in the numerical results in section four.

It would be of interest to consider elementary kinetic
effects on the eigenmode, but such extensions greatly
increase the complexity of the analytic models. They
also lend fundamental complications to the spectral be-
haviour of the analytic results. Romanelli considers a
local kinetic limit (equation 19 and 20 in22) which is
the most straightforward way to incorporate kinetic ef-
fects into the analytic model. However, he does not in-
clude the J2

0 correction, which we find to be crucial via
the result of 14. Including this term, and then repeat-
ing the calculation by adopting the “grad-B model”86

vd = 1
Ωi

b̂× (∇ lnB + κ)(v2
⊥), and expanding the Bessel

function as before, we find the dispersion relation

(1 +
1

τ
) = ez

(
z(1− ηi

ω∗
ω̄d

) +
ω∗
ω̄d

(1− ηi)
)

×E1(z)(1 +
1

2

k2
⊥v

2
th

Ω2
i

z) +
ω∗
ω̄d
ηi

+
1

2

k2
⊥v

2
th

Ω2
i

(−z − ω∗
ω̄d

(1− z)), (15)

where z = −ω/ω̄d and E1 is an exponential integral,
E1(z) =

∫∞
z
dze−z/z. Asymptotically, for z � 1 and

Re{z} < 0, one can write E1(z) ≈ e−z/z(1−1/z+2/z2−
· · ·)− iπ, giving the Landau-like damping effect from re-
solving the contribution of a pole in velocity space.

Equation 15 is of considerable interest, but it is also
much more complicated than the model equations 10 and
12. First of all, the most tractable expansion limit z � 1
is opposite to the traditional fluid limit of the other mod-
els. Another complication is that the curvature terms,
FLR terms, and damping terms are multiplicatively cou-

pled. This coupling means that k̂2
⊥ effects will no longer

be uniformly stabilizing. This explains why fully kinetic
ITG calculations may demonstrate spectra with a “tail”
of instability at higher kαρth than the standard inverse
parabolic type spectra discussed above. To avoid these
complications, we do not pursue any further detailed ana-
lytic modeling or solution of the kinetic ITG effects. We
also work in gradient regimes expected to be far from
marginal levels, ηi = 10, so that kinetic threshold effects
are not expected to be significant.
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E. Summary

In summary, we have derived several expressions for
the ITG mode dependency on geometric coefficients. The
key geometric quantities are the polarization or FLR co-

efficient, 〈k̂2
⊥〉, and the curvature drift coefficient 〈ω̂d〉.

The basic objective for the geometry has been made clear,

i.e., to maximize 〈k̂2
⊥〉 without concern for sign, and to

make the curvature term 〈ω̂d〉 as positive (or least nega-
tive) as possible. For the purposes of the analytic model
results, presented below, the eigenfunction is assumed to
have a gaussian mode structure.

III. MAGNETIC GEOMETRY THEORY AND
MODELING

In this section we review the modeling of the toroidal
magnetic geometry. Firstly we introduce the local 3-D
equilibrium analytic formalism24 for modeling of a sin-
gle equilibrium magnetic surface. Next we describe the
formal relations between the geometry and the growth
rate solution presented above. Lastly we clarify some
subtleties involved in the technical step of specifying the
straight field line coordinate mappings.

A. Local 3-D equilibrium theory

In this work we apply the analytic theory of local 3-D
equilibrium for modeling and understanding of the mag-
netic structure. The theory consists chiefly in the formal
relations and constraints which describe and relate the
geometric properties of a magnetic surface. It is simple
enough that it can be relatively rapidly implemented by
computer, furnishing all the necessary geometric data for
solution of the instability models.

The local 3-D theory arose out of efforts to develop sim-
plified equilibrium models for flux surface shaping effects
in tokamaks, as in42 and references therein. In particular,
these models were motivated by the fact that the eikonal
formalism instability calculations (as presented in section
two) only require geometric information for a single mag-
netic surface. While global equilibrium solutions provide
this data for all the surfaces within an equilibrium, they
are both more expensive and difficult to analyze, given
the profuse amount of data involved. It should also be
emphasized that the general relations of local 3-D theory
are exact in the context of magnetostatic MHD equilib-
rium and therefore very generally useful for understand-
ing. Every global solution must satisfy the local theory
on every magnetic surface; the converse does not hold.

After the initial 3-D magnetostatic formulation24,
Boozer recognized its utility87 and Skovoroda realized its
place within classical differential geometry88–90, among
other intriguing relations. Unlike the 2-D local theory,
the local 3-D equilibrium theory has only rarely been ap-

plied to instability analysis (see e.g. references25,62,64),
so we provide a careful review of the theory here.

The basic idea of the theory is the following. In or-
der to model the effects of toroidal field shaping on mi-
croinstability, we must be able to write down the ex-
pressions for the magnetic field on an arbitrarily shaped
toroidal surface. For example, any parametrization of a
surface x(u1, u2) immediately furnishes coordinate curves
xu1

= ∂x/∂u1,xu2
= ∂x/∂u2 which could then be used

as the linearly independent basis vectors for a field B
on the surface. Once the field and the surface are cho-
sen, the currents may be calculated via Ampere’s law
∇×B = µ0J and we could then in principle perform any
desired equilibrium dependent calculation.

Crucially however, the magnetic field cannot be an ar-
bitrary toroidal vector field – it must be consistent with
the MHD equilibrium equations. Local equilibrium the-
ory satisfies exactly this requirement, i.e., it consists in
the set of relations for the most general toroidal surface
field consistent with the equilibrium equations.

A vital reason why the local theory works is because of
the appropriate application of coordinates, which elim-
inates the need to provide a radial parametrization of
the equilibrium, the constraints for which are signifi-
cantly more complicated than the constraints on a sin-
gle surface. For this reason we discuss the coordinate
parametrizations in much greater detail than the original
reference24, which included only selective calculations.

B. Analytic formalism

Next we give the analytic formalism, reviewing the re-
sults of24. The basic procedure may be described as fol-
lows, making reference to the formulas below.

Specifying the surface shape x(ψ0, θ, ζ), the straight
field line coordinates θ(r) and ζ(r) to be defined below,
and the transform ι, the magnetic field is calculated via
27. The curvatures may then be calculated directly, as
will be shown below. The self-consistent MHD jacobian
solution (if one exists) is determined via 28; this is the
primary constraint on choosing the shaping and equi-
librium parameters. Next, two of the three quantities
p′, ι′, σ are specified, and the third solved via 38. The in-
tegrated local shear of equation 33, crucial for the insta-
bility analysis, is then determined up to a constant. The
magnetic surface properties are then completely speci-
fied. In what follows, we elaborate this process in detail.

Assume that we have a closed magnetic flux surface
labeled by the toroidal flux, ψ, so that ∇p = dp/dψ∇ψ.

Define the unit tangent vector b̂ = B/B and unit normal

n̂ = ∇ψ/|∇ψ|. With curvature κ = b̂ · ∇b̂, then MHD

equilibrium J×B = ∇p implies B ·∇B = ∇(µ0p+ B2

2 ) =

B2κ+B(b̂ · ∇B)b̂ which can be rewritten as

∇B = Bκ+ (b̂ · ∇B)b̂− µ0p
′ |∇ψ|
B

n̂. (16)
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Since pressure gradients are often small compared to the
magnetic field, the gradient of the field strength is often
dominated by the field curvature.

The field curvatures as well as the curvatures of the
normal and binormal fields may be introduced as

(b̂ · ∇)b̂ = κnn̂ + κgb̂× n̂ (17)

(b̂ · ∇)n̂ = −κnb̂ + τnb̂× n̂ (18)

(b̂ · ∇)b̂× n̂ = −τnn̂− κgb̂. (19)

where these formulas implicitly define the curvature com-

ponents, e.g., κn ≡ n̂ · (b̂ · ∇)b̂, etc. The three unit vec-
tor fields define an orthonormal frame field on the sur-
face, with the normal curvature κn, geodesic curvature
κg, and normal torsion τn being the connection forms of
the magnetic vector field, a generalization of the Frenet
formulas for a curve91,92. On a cylinder, torsion is just
the measure of twisting of a field line around the central
axis, and normal curvature the measure of radial cur-
vature, whereas geodesic curvature is zero for a helical
curve on a cylinder, becoming nonzero when the cylinder
is wrapped into a torus. The normal curvature negativ-
ity (positivity) manifests the convexity (concavity) of the
surface with respect to the direction of the field. Posi-
tivity (negativity) in the torsion manifests the clockwise
(counterclockwise) rotation of the normal with respect to
the surface.

The magnetic surface current properties are con-
strained by the MHD equations. The MHD quasineu-
trality condition ∇ · J = 0 is given by

B · ∇(J ·B/B2) +∇ · (B×∇p/B2) = 0, (20)

with homogeneous and inhomogeneous solution

µ0
J ·B
B2

= σ + p′λ, (21)

where σ = µ0〈J · B〉/〈B2〉 is the flux surfaced average
current, with the property of the flux surface average
being B · ∇σ = 074.

For arbitrary surface coordinates θ, ζ defined so that
x(θ, ζ) is periodic in [0, 2π], the flux surface average –
not to be confused with the eigenfunction average defined
above – of an arbitrary function f(ψ, θ, ζ) may be defined
as

〈f〉 =

∮
dθ
∮
dζ
√
gf

V ′
, (22)

where
√
g = (∇ψ · ∇θ × ∇ζ)−1 and V ′ = dV/dψ =∮

dθ
∮
dζ
√
g/(2π)2 = (

√
g)00, the zero-zero fourier har-

monic in an expansion for the jacobian, i.e.,
√
g = V ′(1+∑

(m,n)6=(0,0)(
√
g)mne

i(mθ+nζ)). The value of V ′ serves as

an overall normalization factor that can be dimensionally
estimated as V ′ ≈ R0/B0, assuming V ≈ R0ρ

2 (where
R0 is a toroidal major radius and ρ a minor radius) and
ψ ≈ B0ρ

2.
The quantity p′λ is called the Pfirsch-Schluter current

and λ the Pfirsch-Schluter coefficient. The coefficient λ is

determined from 20 and 21 by applying B·∇ and making
use of 16 and 17 to get

B · ∇λ = 2µ0
|∇ψ|
B

κg. (23)

We may also introduce the local shear, defined as

s = b̂× n̂ · ∇ × (b̂× n̂). (24)

The local shear is directly related to the current proper-
ties of the equilibrium and its torsional curvature prop-

erties. The currents may be written µ0
J·B
B2 = b̂ ·∇×b̂, so

that a purely algebraic or geometric relation may derived,

s = σ + p′λ− 2τn. (25)

Up to now we have said nothing about the functional
form of the surface coordinates ψ, θ, ζ other than that
they are straight field line coordinates, meaning they de-
fine the field via the expression

B = ∇ψ ×∇(θ − ιζ). (26)

Straight coordinates have been well reviewed1,74,87,93,94,
but can be somewhat obscured because the analytic map-
pings between straight coordinates and geometric coordi-
nates (cylindrical, toroidal, etc.) are rarely derived. One
example is47 where the mapping between a straight, heli-
cal stellarator and Boozer coordinates, a particular choice
of straight field line coordinates, is given. One of the dif-
ficulties in determining the mapping is that the relation
between the geometric radial coordinate and the straight
flux surface labeling coordinate is generally intractable,
even for simple, straight stellarators95. Another difficulty
is the determination of the surface transform ι, tractable
only at fixed radial distance values and therefore valid
only for very weak surface shaping30. We will discuss
how to parametrize these coordinates below.

The magnetic field expression 26 is formally equivalent
to

B =
1
√
g

(
∂x

∂ζ
+ ι

∂x

∂θ

)
, (27)

which is shown using the elementary theory of reciprocal
basis vectors or general coordinates1,74, crucial for the
local 3-D equilibrium theory.

The function ι = ι(ψ) is the rotational transform, rep-
resenting the average number of poloidal circuits a field
line makes for every toroidal circuit. The coordinates
θ, ζ are called straight because 26 implies ι = B·∇θ

B·∇ζ . In

local equilibrium, it is not possible to self-consistently
calculate the transform for a given surface shape, since
the transform depends on the external coil configuration
which is unspecified. Thus ι is treated as an input param-
eter. However, there is a strong correlation between the
extent of surface turning and the magnitude of ι (as dis-
cussed e.g. in reference30), such that solution of equation
28 depends on judicious choice of ι for any given shape.
The transform is thus functionally associated with the
number and extent of the field periods of the device (see
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e.g. reference96), as it would be for any global equilib-
rium solution method, despite being treated as a free
parameter in the local theory.

The MHD currents must lie within the surface. The
condition J · n̂ = 0 is then given by

∂

∂θ

gζζ + ιgζθ√
g

=
∂

∂ζ

gθζ + ιgθθ√
g

. (28)

With the surface parametrization x(θ, ζ), ι, and the co-
ordinate transformations (e.g. θ(r), where r is a position
vector) specified, this equation is viewed as a constraint
on the Jacobian. The remarkable feature of the con-
straint is that it does not depend on the global, radial
parametrization of the equilibrium.

The constraint 28 is quite general and must also be
satisfied for a vacuum surface. To see that, note in gen-
eral coordinates the curl of a vector field may be writ-
ten ∇ × B =

∑
k(∂Bj/∂u

i − ∂Bi/∂u
j)ek, so that in

vacuum, each component must separately vanish. The
vanishing of the first vector component k = 1 is then
given by ∂B3/∂θ = ∂B2/∂ζ, which is identical to 28. In
vaccuum one can decompose B = ∇V = ∂V/∂ψ∇ψ +
∂V/∂θ∇θ+ ∂V/∂ζ∇ζ, so trivially B2 = ∂V/∂θ and sim-
ilarly B3 = ∂V/∂ζ, and 28 is identically zero. However,
in practice, it is easier to parametrize the surface x(θ, ζ)
explicitly than to find appropriate harmonic parametriza-
tions for V , so 28 must still be imposed.

In the case of axisymmetry (taking ζ ∼ φ) the right
hand side of equation 28 is trivially zero and the jacobian
can be found analytically as

√
g = Cgζζ , where C is a

constant. In the results section of this paper we will gen-
erally be using numerical solution for the jacobian mak-
ing use of standard truncated finite fourier expansions,
and similarly for the Pfirsch Schluter coefficient and field
line quantities. Failure of an equilibrium shape to satisfy
28 is manifested by increasing divergence or sign change
in the magnitude of

√
g (and hence fundamentally B and

|∇ψ|), as well as striation in its surface distribution, as
the extent of the shaping is made increasingly inappro-
priate.

Once the jacobian is determined, B and ∇ψ may be
written down. Noting ∂ζeR(φ) = −∂φeR(φ) = sinφx̂ −
cosφŷ = −eφ, the curvatures may be explicitly calcu-
lated. Define coefficients related to the length and area
elements on the surface, L =

√
gζζ + 2ιgθζ + ι2gθθ, A =√

gθθgζζ − g2
θζ . Then the curvature expressions take the

form

κn =
1

AL2

×[RZθ(Rζζ −R) + (ZθRζ −RθZζ)(−2Rζ)−RRθZζζ
+2ι(RZθRθζ − (ZθRζ −RθZζ)Rθ −RRθZθζ)
+ι2(RZθRθθ −RRθZθθ)] (29)

κg =
1

AL3

×[((gζζ + ιgθζ)Rθ − (gθζ + ιgθθ)Rζ)(Rζζ −R+ 2ιRθζ + ι2Rθθ)

+(gθζ + ιgθθ)R(−2Rζ − 2ιRθ)

+((gζζ + ιgθζ)Zθ − (gθζ + ιgθθ)Zζ)(Zζζ + 2ιZθζ + ι2Zθθ)] (30)

τn =
1

A2L2

×[(gθζ + ιgθθ)(RZθ(Rζζ −R+ ιRθζ)

+(ZθRζ −RθZζ)(−2Rζ − ιRθ)−RRθ(Zζζ + ιZθζ))

−(gζζ + ιgθζ)(RZθ(Rθζ + ιRθθ)

+(ZθRζ −RθZζ)(−Rθ)−RRθ(Zθζ + ιZθθ))]. (31)

To relate the surface shear to the local shear, the radial
derivative at the surface may be calculated as

∂x

∂ψ
=

1

|∇ψ|
n̂ +

h

B
b̂ +D

|∇ψ|
B

b̂× n̂, (32)

where the components h,D are calculated via orthonor-
mal expansion, using the relations of general coordinates.

For example, we have xψ · b̂× n̂ =
√
g∇θ×∇ζ · B×∇ψB|∇ψ| =

√
g

B|∇ψ| (g
ψζB · ∇θ − gψθB · ∇ζ) = |∇ψ|

B
ιgψζ−gψθ
gψψ

, giving

the binormal expansion coefficient, D = ιgψζ−gψθ
gψψ

. The

D|∇ψ|/B term is closely related to the local shear, mea-
suring how much the flux surfaces are binormally dis-
placed. Equation 32 also shows that |∇ψ| represents
(roughly speaking) surface proximity or closeness, i.e. the
surfaces are ’close’ when |∇ψ| is large, and farther away
when it is small.

The wave-vector quantity introduced in section two,
S = θ− ι(ζ − ζk), the curvatures, and the local shear are
coupled by the integrated local shear, defined as

Λ =
∇S · ∇ψ

B
. (33)

To see that Λ represents the integrated local shear, we
use B = ∇ψ ×∇S and 33 in 24 to get

s = −g
ψψ

B2
B · ∇ΛB

gψψ
. (34)

In field aligned coordinates we then have

Λ = −g
ψψ

B

∫ η

ηk

dη
√
g
B2

gψψ
s. (35)

The integration constant ηk gives the value along the field
line where the integrated local shear is zero.

The integrated local shear is directly related to the
coefficient D. Using the expression for D and 33 a direct
calculation shows

ΛB

gψψ
= −D − (ζ − ζk)ι′, (36)

where ι′ = dι/dψ is the global shear (or simply shear).
Employing this expression in 34 yields

s =
gψψ

B2
(
ι′
√
g

+ B · ∇D). (37)
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Employing 37 in 25 and flux surface averaging, we find

ι′ =
V ′

4π2

(
σ〈 B

2

gψψ
〉+ p′〈λ B

2

gψψ
〉 − 2〈τn

B2

gψψ
〉
)
. (38)

Equations 25, 37 and 38 show that the field curvatures
are intimately related to the surface currents; the cur-
rents literally turn the field about the surface. The rela-
tion 37 shows that the local shear has a similar physical
interpretation as the global shear, except varying point
to point and with a sign difference. It also shows that
the integrated local shear behaves quantitatively like the
integrated global shear (on average).

C. Relation to instability quantities

We may use the identity B = ∇ψ×∇S to find the rela-
tions relevant for the instability modeling. By orthogonal
decomposition on the wavevector and using definition 33,
we have

k = kα
B

|∇ψ|
(b̂× n̂ + Λn̂). (39)

Thus, as an observer moves along a field line, away from
the point of minimum integrated local shear, the wave-
vector stretches out in the normal direction to the sur-
face, with an amount of stretching proportional to the net
(i.e., integrated) local shearing of the field. This stretch-
ing out of the wave-vector is evidently a wave dispersion
effect associated with the magnetic medium, impeding
propagation across the longer scales of a field line do-
main.

The instability analysis terms 7, 8 for use in 14 may
now be expressed using the manifestly geometrical ex-
pressions. Using 16 and 39 the vector parts of the ∇B
and curvature drift become b̂×∇B

B · ∇φ̂ = ikα( B
|∇ψ| (κn −

κgΛ) − µ0p
′

B )φ̂, b̂ × κ · ∇φ̂ = ikα( B
|∇ψ| (κn − κgΛ))φ̂. We

also have that k2
⊥ = k2

α
B2

gψψ
(1 + Λ2).

The normalized instability terms thus take the form

ω̂d = 2L2
dB0

κn − Λκg
|∇ψ|

− L2
dB0

µ0p
′

B2
, (40)

k̂2
⊥ = L2

kB
2
0

1 + Λ2

|∇ψ|2
. (41)

These are the rigorous versions of the oft-mentioned low-
beta scalings for a tokamak, where κn ∼ − cos θ, κg ∼
sin θ,Λ ∼ ŝθ, gives ω̂d ∼ −(cos θ + ŝθ sin θ) and k̂2

⊥ ∼
1 + ŝ2θ2.

D. Straight field line coordinate modeling

Next we discuss modeling of the straight coordinates
θ(r), ζ(r). Instead of specifying x directly in terms of the
straight field line coordinates, we specify x(θ̄, ζ̄) where
θ̄ = θ̄(θ, ζ), and ζ̄ = ζ̄(θ, ζ) as a clarifying notational

choice. Equation 27 as well as the jacobian, etc. are
then computed using the chain rule. Formally, these co-
ordinate mappings are determined by the global MHD
equilibrium problem, with the transformation taking the
form θ̄ =

∑
mn θ̄mnsin(mθ−nζ) with θ̄00 = 1 to preserve

periodicity. As opposed to solving the global problem,
we would like to take a simple modeling choice such as
θ̄ = θ, ζ̄ = −φ, where φ is the standard toroidal coordi-
nate. This was the choice made in24 which we employ in
all the primary results and clarify below.

To make things more concrete, say we were to
parametrize x(θ, ζ) directly, i.e. as θ̄ = θ, ζ̄ = ζ,
such that x(θ, ζ) = (

∑
mnRmn cos(mθ − nζ))eR(φ) +

(
∑
mn Zmn sin(mθ − nζ))eZ , where eR(φ) is a toroidal

basis vector (eR(φ) = cosφx̂ + sinφŷ) and similarly
eZ = ẑ. In order to compute 27, the parametrization
φ(θ, ζ) must also be known. We can define the sur-
face itself as that collection of points {x(θ, ζ) s.t. θ, ζ ∈
[0, 2π]}. Any reparametrization of the surface x(θ̄, ζ̄) =
x(θ̄(θ, ζ), ζ̄(θ, ζ)) for which θ̄ and ζ̄ are periodic in [0, 2π]
will give the same collection of points x.

We can show that the initially arbitrary coordinates
θ̄, ζ̄ are trigonometrically constrained by the surface map-
ping, i.e. they become related to geometric coordinates
as soon as a shape is specified. Say we decompose the
surface mapping into the vector from the origin to the
magnetic axis, and the vector from the axis to a point on
the surface, x(θ̄, ζ̄) = xa+xs. Here, because xa only ref-
erences a curve, it may be parametrized by a single vari-
able, i.e, we may find a parametrization xa = xa(φ(ζ̄)).
(The magnetic axis mapping xa only consists in the
fourier harmonics of index (m,n) = (0, n).) A straight-
forward definition for the geometric cross sectional angle

θg = θg(θ̄, ζ̄) may be taken as tan θg = (x−xa)·eZ
(x−xa)·eR . As-

suming the mapping ζ̄ = ζ̄(φ) is specified, then this def-
inition immediately constrains the geometric meaning of
θ̄.

Take the example of an idealized circular cross sec-
tion tokamak. We may write x = (R0 + ρ cos θ̄)eR(φ) +
ρ sin θ̄eZ , and choose ζ = −φ. Then, using x in the pre-
vious definition, one finds θg = θ̄ + Nπ, where N is an
integer. Thus the initially suggested modeling choice of
θ̄ = θ actually corresponds to taking the straight field
line angle to be identical (for a circular tokamak) to the
geometric angle.

Without actually solving J × B = ∇p for the coor-
dinate transformations, we do not know how inaccurate
this guess turns out to be. In a high aspect ratio tokamak
geometry, it is possible to derive conditions on θ̄(θ), but
in a stellarator, is is generally analaytically intractable to
determine θ̄(θ, ζ) and ζ̄(θ, ζ). Thus for the remainder of
the paper we will mainly focus on the simplistic choice
θ̄ = θ, ζ̄ = ζ, understanding that this modeling conve-
nience must be kept in mind and potentially modified
in the future. Furthermore, we always take the conven-
tional choice ζ̄ = −φ, which avoids significant compli-
cations since the partial derivatives of eR with respect
to θ and ζ become trivial. In this notation, the field al-
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ways goes clockwise around the torus when viewed from
above, while twisting clockwise poloidally around it when
viewing along the field.

In axisymmetry, the coordinate transformation choice
for θ̄ is closely related to the variation in poloidal field
strength B = B(θ) and the surface proximity |∇ψ| =
|∇ψ|(θ). This is easy to see for the magnetic field
strength since (with 28 showing

√
g to be independent

of ∂θ̄/∂θ), the “poloidal” component of the magnetic
field from 27, ι∂x/∂θ/

√
g, scales linearly with the coordi-

nate transformation, ι∂x/∂θ/
√
g = ι(∂x/∂θ̄)∂θ̄/∂θ/

√
g.

The explanation is similar for the surface proximity since
∇ψ = (∂x/∂θ × ∂x/∂ζ)/

√
g.

This feature is similar to that of the the local 2-D for-
mulation of Miller et. al.42,45. There, the poloidal field
strength is written down first, consistent with the flux
surface shape and the equilibrium coordinates, and then
the radial shaping coefficients that arise are assumed to
be known, or estimated asymptotically. The difference
in the local 3-D formulation is that the covariant ba-
sis vectors for the field are employed instead of the con-
travariant vectors, so that the coordinate mappings that
arise have no radial parametrizations to be specified. In
both cases, freedom in the coordinate parametrizations
– either radial, in the case of 2-D, or straight field line
angle, in the case of 3-D – manifests itself as freedom in
the surface distribution of field strength B and surface
proximity |∇ψ|.

IV. MODELING VALIDITY

In order to determine the validity of the local equi-
librium (LEQ) modeling and input for the GENE/GIST
code, it was necessary to perform checks against other,
established equilibrium models, such as VMEC, the ŝ−α̂
model, and also single parameter shaping scans. These
checks are detailed below.

A. Comparison of VMEC and LEQ geometry

We first compare VMEC97 generated circular tokamak
equilibrium data with two analogous LEQ cases, with
the field line properties shown in Figure 1. The LEQ
cases are chosen with the same bulk geometry param-
eters (ρ/R0 = 0.2, ι = 1.48, ŝ = 1.34, α̂ = 0.025) as
the VMEC case but with two values for the straight
field line transformation, θ̄(θ). The first of these uses
θ̄ = θ+0.3 sin θ+0.03 sin 2θ+0.003 sin 3θ to give excellent
agreement with VMEC results. The second uses θ̄ = θ,
giving mostly good agreement except in the quantity g11

(top left of Figure 1). The necessity of parametrizing θ̄ to
give best agreement with the global equilibrium VMEC
calculation is evidently due to the fact that in the VMEC
calculation, the outboard poloidal field strength (and flux
surface proximity) must be increased roughly 30% from

the inboard, due to the well known effect of the Shafra-
nov shift; this effect is precisely what the change to the
θ̄ parametrization accomplishes.

B. Comparison of s− α and LEQ geometry instability

Next, growth rates (eigenvalues) were calculated for
the built-in GENE ŝ−α̂ model at code parameters shat,
amhd, trpeps, major R, q0 = {1, 0, 0.2, 1.0, 1.484}
and compared with a circular tokamak LEQ case with
similar parameters, ŝ = 1, α̂ = 0.05 ∼ 0, ι = 1/1.484 =
0.675, ρ/R0 = 0.2. The resultant spectra are shown in
Figure 2. The LEQ model and ŝ− α̂ model are substan-
tially different (the latter being much less generic) and
provide different geometric data for input to the GENE
calculations; for review of the ŝ− α̂ model, one may see
e.g.98,99. Figure 2 indicates good qualitative agreement
between the models considering these differences, enough
to establish the validity of the results.

The initial calculations for Figure 2 revealed that it
was crucial to choose the right normalization constants
for the normalized GENE/GIST inputs to benchmark
successfully with the ŝ − α̂ results. For the rest of the
paper, we employ the GIST normalizations which gave
comparable geometric element magnitudes (when viewed
in the GENE IDL diagnostic) to the built-in ŝ− α̂ model.

C. Elementary parameter scans

Next the results of several basic parameter scans are
presented for a circular tokamak surface and an ellip-
tical cross section surface, with parametrization R =
R0 + ρR cos θ̄, Z = ρZ sin θ̄, with ellipticity defined as
e = ρZ/ρR. Equilibria were generated and solved with
base parameters ε = ρ/R0 = .1, 1/Ln = 2, 1/LT = 10,
τ = 1, ŝ = 1, α̂ = 0.025, ι = 0.675, and then scans
were performed in aspect ratio, ellipticity, and also the
global shear parameter, with the last case being per-
formed with both VMEC and without the VMEC based
θ̄ parametrization. These results are shown in Figure 3.

The growth rates increase with aspect ratio in the
range scanned, and also with ellipticity. The shear can
be seen to be stabilizing, with negative shear being more
stabilizing than positive shear, and the case with VMEC
parametrization being more unstable than the case with-
out. The scaling of growth rates with ellipticity has been
studied on several occasions, and increasing elongation
has been found to have a stabilizing effect33. In contrast,
the increase in ellipticity here is destabilizing.

There are a number of ways to explain this discrepancy.
Firstly and probably most importantly, the poloidal field
strength parametrization θ̄ = θ is kept constant in our
scan, whereas in the Miller type scans as in33 it is ad-
justed simultaneously with the surface deformation. Fur-
thermore the shear scan in Figure 3 reinforces how the
field strength parametrization can have a nontrivial effect
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FIG. 1. Comparison of equilibrium data for a VMEC circular tokamak calculation with LEQ circular tokamak calculations.
The x-axis indicates a θ ∈ [−π, π] or η ∈ [−π/ι, π/ι] domain along a field line, centered at the outboard midplane. The green
curve shows an excellent match with the VMEC parameters for the θ̄ transformation given in the text, whereas the red curve
with θ̄ = θ does not well match the g11 element, but matches all the rest. All quantities here are normalized to one as their
absolute magnitudes are generally subject to independent normalization factors in the different codes.

on the growth rate scalings. The importance of the field
strength scaling with shape deformation has also been
noted in several other references34,39,100. We therefore
conclude that the neglect of this effect is what causes the
difference in the elongation scaling from prior results. In
any case, the difference in this trend should not be taken
to invalidate the present results, which are chiefly con-
cerned with understanding the instability’s relation to
the geometry – whatever that geometry may be.

V. RESULTS AND ANALYSIS

In this section we present the results of calculations and
analysis using the combined modeling framework given
above. First we investigate selective geometry variations
across three separate sequences of configurations. The
first set consists of 2-D configurations, whereas the sec-
ond and third set are 3-D. The parametrizations of these
shapes are placed in a separate appendix. We first dis-
cuss the motivation behind these choices. Secondly we
discuss how the geometry properties can be best under-
stood, given the profuse amount of geometric data in-
volved. Next we show how the analytic models of section
two give reasonable agreement with results from GENE
in the maximum linear growth rates. We discuss how
the curvature and polarization terms control the growth
rates in accordance with the analytic theory. Finally we

comment on the interesting numerical and analytic mode
structure features. Lastly, we discuss general qualitative
and quantitative features evident from study of the in-
stability properties of the different geometries, and how
they may be understood.

The linear growth rate spectra for each of the se-
lected geometries were calculated using GENE, as well
as the analytic model of equation 14 using the gaussian
eigenfunction methodology discussed in section two. The
GENE spectra were calculated over the range kαρth ∈
0.1, 0.2, . . . , 1, and the analytic spectra in the range
kαρth ∈ 0.01, 0.02, . . . , 1. The input parameters for
the calculation were: L−1

n = 2, L−1
T = 20, such that

ηi = 10 and the cases are far from marginality, γ ∼ O(1).
The temperature ratio was set as τ = 1. The res-
olutions used in the GENE calculations are minimally
[nspec,nx0,nky0,nz0,nv0,nw0]=[1, 16, 1, 64, 32, 16] for the
2-D cases, with the parallel resolution nz0 increased to
128 for the 3 − D cases, which have much more varia-
tion in the parallel spatial direction. Resolution scans
indicated that the all cases were sufficiently resolved for
convergent results.

We recall the flux tube method of solution via GENE
which we employ here involves periodic boundary condi-
tions on a finite domain, typically θ ∈ [−Nπ,Nπ], where
N = 1 in this study, rather than WKB-like boundary
conditions on an extended domain, as is typically used
in direct ballooning formalism calculations. The reason
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FIG. 2. Comparison of GENE results using built-in ŝ − α̂
model and LEQ input (using the VMEC matched θ̄ mapping)
into GIST. The parameter settings are 1/Ln ∼ omn = 1,
1/LT ∼ omt = 6, τ = 1, with adiabatic electrons. The
spectral dependence shows the well known inverted parabola
type behaviour as discussed in section two. The quantitative
differences between the two curves are reasonable considering
the differences between the ŝ−α̂ and LEQ models – interested
readers may consult similar comparisons in40.

why the geometric coefficients are the same in the two
approaches was well discussed by Beer et. al.81. In the
analytic calculations presented here, the domain is cut off
at finite length by the choice of the finite length eigen-
function. The validity of the flux-tube approach is an
interesting yet often complicated subject and has been
considered in multiple references49,79,80,82,101.

A. Selection of specific geometries

In this section we present three sets of configurations,
with equilibrium parameters summarized in table I and
with α̂ = 0.025, sufficiently small to disregard pressure
gradient effects. The shaping parametrizations for these
cases are given in the Appendix. The shaping sequences
are selected so that the length scale constant L⊥ (mi-
nor radius) remains constant within the sequence, with
the exception of case t3, which has a somewhat enlarged
aspect ratio. Otherwise, it would not be possible to dis-
tinguish differences in the shaping from differences in the
aspect ratio or gross configuration parameters.

The geometries were selected to pick out diverse fea-
tures of 2-D and 3-D shaping. An attempt was made
to include canonical or simple cases, reflecting common

Case L⊥/R0 ι ŝ N

t0 .2 .67 1.34 –

t1 .2 .67 1.34 –

t2 .32 .67 1.34 –

t3 .2 .67 1.34 –

t4 .2 .67 1.34 –

sa0 .14 0.9 -.27 6

sa1 .14 0.9 -.11 6

sa2 .14 0.9 -.27 6

sa3 .14 0.9 -.77 6

si0 .16 0.9 -.14 5

si1 .16 0.9 -.033 5

si2 .16 0.9 -.036 3

TABLE I. Table of basic parameter settings for equilibrium
cases, including the case label, transform, global shear, and
field period. The first five cases labeled with a ‘t’ are ax-
isymmetric cases, whereas the cases labeled with ‘s’ are non-
axisymmetric.

features, as well as shapes with modifications to those
essential features, and shapes with modifications in es-
sential analytic geometric qualities, such as whether the
cross section merely rotates (in 3-D) in the toroidal di-
rection, or both rotates and deforms; the more technical
nature of these terms will be discussed below. Some care
was also taken to select geometries with ι ∼ 1, as for
ι � 1, the shaping tends to be unrealistically strong,
whereas for ι � 1, the field line samples many |B| wells
on the outboard side of the torus, leading to effective
dominance of trapped ion modes in GENE calculation
results, outside the scope of the present study.

The tokamak cases were selected as follows. Cases t0
and t1 are standard circular torii, but case t0 uses a co-
ordinate parametrization θ̄ = θ + 0.3 sin θ + 0.03 sin 2θ +
0.003 sin 3θ selected to match an analogous equilibrium
generated from VMEC. All other cases use the simpli-
fied assumption θ̄ = θ. Case t2 employs a D-shaped
parametrization with elongation and triangularity, rel-
evant to theoretical and experimental shaping in cases
like the spherical tokamak. Case t3 has been shaped to
become concave outboard, whereas case t3 is concave in-
board. The cross sections are shown with their geodesic
curvature distribution in Figure 4. Note how the last
two cases take on a doubled period of geodesic curvature
variation due to the introduction of a concave region.

In selecting the stellarator cases, the procedure was
generally to fix the geometry to a convergent solution to
equation 28, and then modify ŝ such that σ ≈ 0, such
that the equilibria were genuinely stellarator-like. The
stellarator cases sa0-sa3 consist in a simple scan over
triangularity, with the triangularity parameter fixed as
ρ3 = {ρ2/10, 0,−ρ2/10,−2ρ2/10}, respectively; case sa1
has only pure elongation shaping.
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FIG. 3. Scans of elementary shaping parameters on circular and elliptic tokamak LEQ cases.

FIG. 4. κg (geodesic curvature), cases t0,t1,t2,t3,t4. Direction towards the inboard is to the left.

These cases are examples of ‘rotational’ 3-D shaping
in that the cross sections only rotate poloidally about
the magnetic axis along the toroidal direction. Purely
rotating geometries may be seen as canonical cases for
the stellarator, similiar to the canonical circular toka-
mak cases t0 and t1. Purely rotational shaping cases
may be contrasted with those involving ‘deformational
shaping’, where the cross section changes both orienta-
tion and shape in the poloidal plane.

To be more concrete about the meanings of rotation,
deformation, and translation, we discuss how they are
parametrized. If the surface is parametrized e.g. as
R =

∑
Rm,n cos(mθ−nζ) and Z =

∑
Zm,n sin(mθ−nζ)

(e.g., see Appendix), then translational shaping harmon-
ics are those of R0,n, Z0,n. Rotational harmonics are
those consisting in Rm,n, Zm,n = −Rm,n, however, with
the necessary condition R1,0, Z1,0 > Rm,n. Harmonics
with integer multiples, e.g. R2m,2n, Z2m,2n do not ro-
tate at the same rate or with the same shape, it should
be noted. Deformational shaping is induced by combina-
tions of different rotational harmonics with unmatched
rates of toroidal rotation. For purposes of completeness

we also note that the R0,0 and Z0,0 = 0 (without loss of
generality) reflect the major radius, and the Rm,0, Zm,0
are just those that categorize the 2-D poloidal shaping.

The cross sections of cases sa0, sa1, sa2, sa3 are very
simple and omitted. The cross sections of cases si0-si2
are shown in Figure 5. These were selected to contribute
increasing amounts of deformation; case si2 actually has
a reduction in field period from case si0 and si1 in order
to keep the rotational transform fixed as the poloidal
shaping was increased.

B. Analysis of geometric properties

A great deal of geometric information is associated
with each case. In this section we elaborate how the
geometric data may be most fully but also concisely un-
derstood. In principle, all the information relevant to
the instability is contained within the surface quantities
of B, |∇ψ|,√g, κn, κg, τn, as well as the equilibrium pa-
rameters of ι, p′, and the currents σ, which can be crucial
to the local shear. Some simplifications are possible here;
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FIG. 5. τn (normal torsion), cases si0,si1,si2. Direction towards the inboard is to the left. Three cross sections are shown from
half of a field period.

for the stellarator cases σ ≈ 0 by construction, meaning
the local shear is simply related to the torsion (equation
25). We also find in general in the present study that

√
g

and B have a lesser role than the other quantities.

We analyze the geometric data using four principal
methods. The first is by field line geometric plots, which
are most directly quantitatively relevant to the drift and
polarization coefficients (which determine the instability
properties, as described in section two). These are shown
for the tokamak cases in Figure 6. The plots contain the
geometric data in one poloidal circuit (centered about
θ = 0 on the outboard midplane), the same as the mod-
eled gaussian eigenfunction full-width.

For 2-D configurations, the field line plots are effec-
tive at characterizing the entire geometry, since a single
field line is representative of the entire toroidal circum-
ference. The normal curvature is typically always simply
bad (negative) on the outboard, and the torsion gener-
ally always positive, since the nonzero net currents turn
the field in a uniform direction. The geodesic curvature,
on the other hand, is subject to modification depending
on surface convexity or concavity (with respect to the
field). For 3-D configurations, the field line plots tend to
be more complicated, and characterized by many more
zero crossings, as for say ι ∼ 1 and a moderate field pe-
riod, say N = 5, there will be at least 5 oscillations in
the sign of the normal curvature, as the field line passes
over the helical ridge (assuming the helical curvature is
dominant).

Furthermore, at least two points on the outboard mid-
plane must be used to fully characterize the instability
properties of a 3-D surface. For the case labeled ‘si’, we
choose the toroidal positions on the outboard midplane
where κn is most negative, and where κn is least nega-
tive, i.e. at the beginning and middle of a field period
(ζ = 0 and ζ = π/N with R ∼ cos(θ − Nζ)). The lat-
ter, ‘oblate’ cases are appended with the letter ‘b’, e.g.
si0b, si1b, si2b. The field line properties vary continu-
ously when moving between such extremals, so that these
points are then broadly characteristic of the outboard ge-
ometry. For the simpler cases sa0, sa1, sa2, sa3, we only
analyze the instability properties at the oblate outboard
points.

Secondly, it proves helpful to use 3-D geometric surface
plots for 3-D configurations, with the field line (flux-tube)
trajectory overlaid. These aid interpretation of the geo-
metric causation of the field line plot information. For
example, Figure 7 shows the field line geometry for the
purely rotational stellarator cases sa0-sa3; the 3-D geo-
metric surface plots in Figure 8 show that the oscillatory
patterns in the data are simply due to the field line tran-
scribing helical ridges over the surface.

We thirdly make use of two-dimensional cross section
plots, as already shown in Figures 4 and 5. These are
indispensable for understanding the way the cross section
changes toroidally. Overlays of the curvatures or other
geometric elements also greatly clarify how the signs of
the curvatures are determined by the geometric shape.
Lastly, we also sometimes make use of 2-D surface plots
of the geometric data. These can be useful for picking
out qualitative features of the geometry which are not
apparent from the other methods, as particularly for case
si2 in the present study.

The field line geometric properties for rotational and
deformational stellarator cases si0, si1, si2 are shown in
Figure 9 and for si0b, si1b, si2b in Figure 10. The field
line plots for the case with the most rotation and de-
formation (si2), Figures 9, 10, show geodesic curvature
and torsion with unusual behavior, which remains almost
single signed for the entire poloidal field period. This is
partly simplistic, due to the reduced field period of case
si2 compared to si0 and si1 (N = 3 compared to N = 5),
but more surprisingly, it also controlled by the specific
shaping. (However, the effects cannot be fully separated
since it is the increase in the shaping which allows N to
be reduced (keeping ι fixed), while retaining a convergent
equilibrium solution.)

The grossness of this effect is identified from examina-
tion of the 2-D surface data, as shown in Figure 11, com-
paring the 2-D surface distributions of κg for cases si0,
si1, si2. As shown there, the helical curvature is notably
tuned out for the shaping parametrization of case si2.
That case’s qualitative geometric behavior is arguably
more like a tokamak than a traditional stellarator, since
the symmetries are almost up/down and left/right.
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FIG. 7. Field line geometric plots, cases sa0, sa1, sa2, sa3.

C. Linear growth rate calculations

The maximum linear growth rates from the four sets of
equilibria (two outboard points for cases ‘si’) are shown in
Figure 12. Before discussing the results in detail, we men-

tion some features which are generally apparent. First,
the spectra from the analytic model are generally much
more simple than the spectra calculated in GENE. They
appear (roughly speaking) as an inverted parabola cen-
tered around kαρth ∼ 0.3− 0.5. The GENE spectra typ-
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FIG. 8. κn, κg, τn (left to right), three dimensional geometric plots for case sa3.
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FIG. 9. Field line geometric plots, cases si0, si1, si2. The field line domain shown here originates from the point on the outboard
midplane with maximal radial excursion (the prolate point).

ically extend to higher kαρth and show more elaborate
structure. Secondly, the analytic model consistently over-
predicts the GENE results. This may suggest that the
kinetic effects are overall stabilizing when incorporated
into the calculations. Despite these differences, based on

the results shown in Figure 12 and in many other sets of
calculations, the analytic model results show consistent
agreement in trend with the GENE calculations. Agree-
ment between the analytic model and GENE lends sub-
stantial justification to the argument that the drift and
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FIG. 11. κg (geodesic curvature), cases si0b, si1b, si2b. Geodesic curvature in a typical, rotating cross section stellarator like
si0b switches sign along any given fixed toroidal angle. For case si2b, the geodesic curvature breaks this symmetry and is
most often single signed. The sign distribution is primarily top/bottom and left/right, as in a tokamak. A field line trajectory
(ι = 0.9) on the surfaces is shown.
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polarization coefficient, and more precisely, their specific
form of dependence on their subsidiary terms, are what
chiefly control the magnitude of the instability, at least
in this parameter regime far from marginal stability.

The general agreement in trend is well shown in Figure
12. For the 2-D cases (top left), the only place where the
trend of the analytic model does not match the GENE
trend is between cases t0 and t1, but there, the difference
in analytic growth rates is slight. On case t3, the growth
rate in the analytic model significantly over predicts the
GENE growth rate, but this is an exception to most of
the results seen in the investigation. It suggests the possi-
bility of unusually strong kinetic effects for case t3, which
may be plausible due to the highly enhanced polarization
behavior of that case (see Figure 6, top right) forcing the
mode to become more localized. For all other cases ex-
cept case sa0 and sa2, the trends are also matched, and
for cases sa0 and sa2 the difference in predicted growth
rates is again very slight. Case t4 is predicted to be to-
tally stable in the analytic model and nearly stable in
GENE. This is due to the greatly reduced negativity of

ω̂d and enhancement of k̂2
⊥ (as with case t3).

Given the geometric data plotted in Figures 6, 7, 9, 10,
the results are somewhat self-explanatory with reference
to the analytic model. However, a number of particu-
lar observations may be made on the detailed effects of
the geometry. Firstly, in understanding the drastically
improved polarization behavior and hence reduced insta-
bility of cases t3 and t4, the explanation is clearly due
to the increase in the magnitude of Λ, which is in turn
caused by a large increase in the magnitude of the lo-
cal shear (not shown in Figure 6). This increase is not
reflected uniformly in the torsion, suggesting it must be
due to an increase in net currents, which indeed turns out
to be the case. The reason why the currents are much
larger for these cases will be clarified below.

Case t4 is distinguished from case t3 by a much more
positive curvature drift coefficient ω̂d. The reason for this
is partly due to the increased magnitude in Λ, but also
chiefly due to the reversal in the typical geodesic curva-
ture polarity (sign) near θ ∼ π/2, which is achieved at
the same position where Λ switches sign, thereby making
the−Λκg contribution highly stabilizing. The fundamen-
tal alterations in the geodesic curvature distributions are
well shown by Figure 4.

Rotational 3-D cases sa0, sa1, and sa2 have nearly the
same stability, whereas case sa3 is significantly more sta-
ble. This is due to the improved polarization behavior
(Figure 7, black curve), due to increased magnitude of
Λ, which is essentially due to an increase in the average
torsion or global shear (see Table I). Thus these cases
reveal a typical global shear effect and not a particularly
improved effect due to the local shaping. The increase
in local shaping, however, is what itself allows the global
shear to be higher, via relation 38, as will be discussed
below.

Next we discuss the rotational and deformational shap-
ing cases si0, si1, and si2. The points on the oblate loca-

tion of the outboard midplane with minimal radial excur-
sion, designated ’b’, are more unstable than the prolate
points. This is a common characteristic seen in stellara-
tor calculations in this investigation, which is surpris-
ing considering that the oblate points have better (more
positive) normal curvature κn than the prolate points
(si0, si1, si2). This could be caused by the simplified
straight coordinate modeling approach but it could also
well be a general characteristic. Regardless, it is notable
that case si2 with the increased shaping (compared to
si0, si1) manages to enhance the stability at the oblate
point, while leaving the stability on the prolate point es-
sentially unchanged. This demonstrates the possibility
of changing the shaping to overall reduce the maximum
instability level at not just one location, but the entire
geometry.

On that note, it should also be noted that cases t3
and t4 were scanned for instability at the highly pro-
late poloidal positions near θ ∼ π/2, and found to have
reduced instability there compared to the outboard mid-
plane, meaning the standard picture of ballooning type
modes peaking at the point of worst normal curvature κn
may be shown to be oversimplified. The large degree of
torsional (and hence polarization) shaping at those points
compensates for the worsening in the normal curvature.

The improvement in stability of case si2b compared
to si0b, si1b is clearly due to an improved polarization
effect, not a curvature coefficient improvement. The po-
larization improvement is in turn due to increased mag-
nitude of the integrated local shear. This itself is due to
an increased connection length in the local shear, due to
the notable single sign biasing of the torsion, as discussed
in the previous subsection with respect to the geodesic
curvature. However, it should also be noted that the
minimum in |∇ψ| is substantially reduced for case si2b,

which can play a significant role in k̂2
⊥ due to the denom-

inator going as |∇ψ|2.
For completeness, the numerical spectra are shown in

Figure 13. The stellarator spectra show more structure
than those for the 2-D cases. The cases that are more
stable have their maximum growth rates at lower b; po-
larization stabilization, when strong, forces the modes to
longer wavelengths where they are less unstable.

D. Observations on mode structures

It is interesting to note that agreement in analytic and
numerical results is achieved despite a simplistic analytic
assumption of a gaussian mode structure. Yet through-
out the numerical results, with the exception of the 2-
D cases, the modes in general are not observed to have
a simple gaussian form. Furthermore, we note that al-
though we make use of domains of single poloidal circuit
width for the purposes of the results shown, we find that
when the numerical GENE domain lengths are extended
(by variation of the npol parameter and the geometry in-
put), up to as many as 3 poloidal circuits, we find little
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FIG. 13. Numerical linear growth rate spectra from GENE
for cases scanned.

difference in the magnitude of the growth rates, to within
approximately ten percent. (This occurs in spite of the
fact that the mode amplitudes are often finite within
these extended domains.)

We show an example of the extended eigenfunction for
case sa1 in a domain length of three full poloidal cir-
cuits in Figure 14, plotted separately against the unit

normalized ω̂d and k̂2
⊥ coefficients. It can clearly be seen

how the peaks and troughs in the eigenfunction ampli-

tude correspond to the troughs and peaks of ω̂d and k̂2
⊥

– neither one is sufficient by itself to explain the distri-
bution. This behavior is clearly apparent throughout the
eigenfunction results.

One may ask the question of what happens when the
width of the mode is increased or decreased in the an-
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FIG. 14. Linear eigenfunction for case sa1, compared to un-
averaged, unitary normalized drift and FLR coefficients.

alytic model, e.g., do the growth rates converge in that
model, similarly to how they converge in GENE? In some
cases, this is observed. The reason this occurs is that
the analytic spectra eventually shift to such large wave-

lengths (small b), due to strong k̂2
⊥ damping at larger

b (as the polarization coefficient is always multiplied
by b), that the polarization effect is sufficiently dimin-
ished to balance the drive. (This naturally only occurs

for cases with small ŝ, ŝ < 1; since k̂2
⊥ scales with ŝ2,

when ŝ > 1 then the stabilizing magnitude of k̂2
⊥ will in-

crease quadratically with the increase in the mode width,
whereas the drift coefficient |ω̂d| only scales linearly with
ŝ (through its dependence on Λ) and hence does not over-
come this effect.)) Overall this suggests the rule of thumb
that systems with ŝ � 1 will have ITG modes typically
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confined in one poloidal circuit width.
What happens when the analytic gaussian width is de-

creased from one poloidal circuit length is that the most
unstable mode is the one with the smallest width, cen-
tered only in the curvature wells where ω̂d is most neg-
ative (i.e., the most unstable mode is a delta function).
This type of mode is never seen in the numerical results;
presumably the kinetic effects overwhelmingly force the
mode to be extended. In fact, this appears a plausible
explanation for the enhanced stabilization of cases t3 and
t4, which have such a short well in the polarization (t3)
and curvature and polarization terms (t4) as to plausibly
induce kinetic stabilization effects.

E. Principles of geometry optimization

We have shown that the analytic estimates for the
growth rates provide reasonable agreement with the nu-
merical solutions; thus we are able to outline, based
on the analytic models and results, the general prin-
ciples involved in improving the geometries. It is
clear from inspection of equation 14 that the growth
rate scales roughly with the geometry factors as γ ∼
|〈ω̂d〉−sign〈ω̂d〉/〈k̂2

⊥〉|0.5 (where sign(x) = 1 when x > 0,
sign(x) = −1 when x < 0). Thus a rough form of
the proxy function for the growth rate may be defined

as χ = |〈ω̂d〉−sign〈ω̂d〉/〈k̂2
⊥〉|0.5. There are essentially

three distinct mechanisms for minimization of χ. Refer-
ring to equations 40, 41 and ignoring the pressure term
and constant normalization factors, these are minimiza-
tion of 〈κn/|∇ψ|〉, 〈−Λκg/|∇ψ|〉, and maximization of
〈(1+Λ2)/|∇ψ|2〉. Optimization of the first two targets is
equivalent to the ‘K1 boosting’ discussed in9. The first
mechanism represents curvature drive minimization, the
second similarly but with a different physical manifesta-
tion, and the third the shear, FLR, polarization effects.
The reason why these effects are distinct is because con-
trol of one does not necessarily have any bearing on con-
trol of another. For example, keeping the major radius
R fixed, but taking the aspect ratio ε = ρ/R→ 0, ι→ 0,
then κn → −1/R while κg → 0. In other words, the nor-
mal and geodesic curvatures are bounded independently
of one another. Similarly, consider a helical curve on a
cylinder. Then, in the limit ι → ∞, κn → −1/ρ, while
τn →∞, and recall that Λ ∼

∫
(2τn − σ).

Since the instability mechanisms are distinct they ne-
cessitate distinctive consideration; in what follows, we
discuss each of the relevant factors in turn. First we men-
tion that the general surface parameters of the transform
ι and global shear ŝ have been shown to play an impor-
tant role. The transform plays a strong generic control on
κn, whereas the magnitude of ŝ correlates strongly with Λ
and hence the polarization stabilization. The |∇ψ| term
is another evident way in which the the curvature and
polarization terms may be controlled. It acts as an enve-
lope factor, making the curvature worse as it is reduced,
but the polarization better. It is particularly important

for the polarization term, as can be seen from Figure 10,

case si2b, where k̂2
⊥ is large even where Λ ∼ 0, which can

only be due to the envelope effect of the surface proximity
factor.

Next we make some general remarks concerning the
bad curvature drive. 3-D shaping may reduce the con-
nection length for κnL more than 2-D shaping; in 2-D,
the connection length depends on the fixed outboard sur-
face area, whereas in 3-D, the rotation or deformation
of the surface may actually reduce the outboard surface
area over which the field line must pass. Nevertheless,
the presence of bad (negative) normal curvature cannot
generally be eliminated. Furthermore its gross magni-
tude scales similarly in 3-D as in 2-D. For this reason, we
focus the remaining discussion on the other mechanisms.

Maximization of k̂2
⊥ is related to maximization of tor-

sion and hence local and global shear. Roughly speak-
ing, the more shaping a system has, the larger will be
the torsion, since the poloidal field tends to be strong
near prolate features or cusps. However, the torsion is
also bounded by the level of global shear. To under-
stand this, we revisit equation 38. First we introduce the
definitions of the MHD shear and pressure parameters,

ŝ = −B0ρ
2ι′/ι and α̂ = −2µ0ρ

2p′

ι2B0
. Using these parame-

ters equation 38 may be rewritten

−ŝ(4π2

V ′
)
ι

ψ0
= σ〈 B

2

gψψ
〉 − α̂〈 B

2

gψψ
λ〉 ι

2B2
0

2µ0ψ0
− 2〈 B

2

gψψ
τn〉(42)

where ψ0 = B0ρ
2 is used. At fixed ι and the low beta

α̂ � 1 limit, equation 42 becomes a linear relationship
between the shear parameter ŝ, the ‘averaged torsion’ due
to field shaping τ̄n, and the net parallel currents σ,

σ = −νŝ+ 2τ̄n (43)

where ν = 4π2ι/(V ′ψ0)/〈B2/gψψ〉 > 0 and τ̄n =
〈B2τn/g

ψψ〉/〈B2/gψψ〉. The coefficient τ̄n reflects the
strong correlation between surface shape or torsion and
surface current, and thereby via Λ to instability effects,
as discussed in33 and references therein. Equation 43
clearly shows how the torsion is constrained by the mag-
nitude of the global shear. The proxy suggests that an
optimal shaping should maximize the ratio of the torsion
(or more precisely, Λ) to the bad curvature.

In tokamaks the torsion tends to be everywhere sin-
gle signed, and the magnitude of τ̄n (or σ) has consider-
able manipulability due to shaping; in 3-D, the torsion
changes sign depending on the local position on the sur-
face. A plot of the non-dimensionalized averaged torsion
versus net currents is shown for the 2-D cases (t0, t1, etc.)
in Figure 15. Though they all have the same transform
and global shear, the shaping changes have a substan-
tial effect on the quantity τ̄n. The reason why cases t3
and t4 have so much higher net torsion is because the
poloidal shaping induces extremely large local torsion at
the tapered points at the roughly ±π/2 locations. This
effect is much stronger for t4 than t3 because the tips
are located on the inboard, at smaller radius of curva-
ture. The very large torsion and current is what makes
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FIG. 15. Comparison of non-dimensionalized net torsion ver-
sus net currents.

the local shear undertake much greater variations than
the other 2-D cases, even at fixed global shear, in turn

making k̂2
⊥ much larger and enhancing stability.

Finally, we consider the −Λκg mechanism. Making use
of equation 43 in 35, we can write the integrated local
shear – geodesic curvature term as

−Λκg = −νκg ŝ
gψψ

B

∫ η

ηk

dη
√
g
B2

gψψ

+2κg
gψψ

B

∫ η

ηk

dη
√
g
B2

gψψ
(τ̄n − τn). (44)

for tokamaks or systems with net currents. This relation
frequently aids interpretation of the −Λκg behavior in
the field line geometry plots for the 2-D cases. In systems
where the net currents are negligible, as in the 3-D cases
presented here, we can simply write

−Λκg = −2κg
gψψ

B

∫ η

ηk

dη
√
g
B2

gψψ
τn. (45)

Thus, attaining stabilization of this term in 3-D is closely
related to the simple condition κg · τn < 0 for η > 0 (and
vice versa for η < 0). The sign dependence may be phys-
ically interpreted. When τn > 0, the field line twists
clockwise (facing along the field) around the surface.
When κg > 0, the field line leads the surface geodesics
behind it. When the field line simultaneously leads the
surface while twisting into it, it is in a continuum buck-
ling state, which yields a destabilizing Rayleigh-Taylor
contribution. In contrast, a stabilizing effect occurs when
the torsion opposes the geodesic curvature, and the field
line is in a state of tautening. A similar interpretation
can be made for the first term of 44, representing the
global shear effect which goes as −κg · ŝ. This term is
destabilizing when the field lines lead ahead of the sur-
face, but are radially sheared in the opposite direction.

The results of cases t3 and t4 show the geodesic-shear
(−λκg term) can be made to dominate the normal cur-
vature. It has also been noted that the geodesic-shear
term is related to beneficial effects of negative shear in
tokamaks (see e.g. reference23). Insofar as 3-D geometry
has a potential to have a locally stabilizing effect, inde-

pendent of global factors such as ι or ŝ, the curvature-
shear term may be an important control. Thus this effect
compels detailed consideration as a potential tool for op-
timization.

In attempting to understand optimization of the −Λκg
term, a few concepts naturally arise and prove useful.
Firstly, this is the concept of the polarities of the cur-
vatures, i.e., their sign along the field line away from a
particular point (e.g., κg going −/+ about η = 0 on the
outboard midplane of a circular torus), as this determines
what sign the torsion should take to make −Λκg stabi-
lizing – or vice versa. Similarly, it is necessary or at least
helpful to understand the concept of the symmetries of
the curvatures, i.e., in what regions of the surface they
take what sign, depending on the geometry. This deter-
mines how long or to what extent the term will remain
stabilizing.

In what follows we outline how these concepts may
be qualitatively and semi-quantitatively understood.
Firstly, this is via relation to the generalized toroidal
‘edges’ of the surface. The generalized edges can be de-
fined as the locations where either one or both of the
surface distance functions, R(θ, ζ), Z(θ, ζ), take their ex-
tremal values. These are the locations of interest for the
instability studies, as they include the points of worst
normal curvature. The polarity changes are often cen-
tered about the edges. Some simplified analysis about
the edge points may be accomplished via Taylor expan-
sion of the curvature formulas. For example, expanding
about the point (θ0, ζ0) where R and Z are extremal,
i.e. Rθ = 0, Rζ = 0, and similarly for Z, and denot-
ing the function values at these points with a hat, i.e.
R̂ = R(θ0, ζ0), we can taylor expand the normal curva-
ture to find the relatively simple relation

κn =
1

AL2
× [R̂Ẑθw

+∆θ∆ζ(R̂θζẐθ(w − 4R̂ζζ) + 2(Ẑζ − ιẐθ)(R̂ζζR̂θθ + R̂2
θζ))

+(∆θ)2(
1

2
R̂θθẐθw + 2(R̂θθẐζ − R̂θζẐθ)(R̂θζ + ιR̂θθ))

+(∆ζ)2(
1

2
R̂ζζẐθw + 2(R̂θζẐζ − R̂ζζẐθ)(R̂ζζ + ιR̂θζ))],(46)

where the parameters A and L are those given above, and
w = −R̂+R̂ζζ+2ιR̂θζ+ι2R̂θθ. Note that the ∆θ = θ−θ0,
∆ζ = ζ − ζ0 terms vanish at x0.

The symmetries may be understood by aid of consider-
ing the curvature null lines, the (independent) lines where
κn = 0, κg = 0, τn = 0. The curvatures flip when a
field line crosses a curvature null line (by definition), and
the intersections of the null lines therefore determine the
curvature symmetries or symmetry regions. In a 2-D sys-
tem, the edges and null lines are toroidally fixed, so that
the symmetry regions can be deduced from inspection of
a single cross section. In 3-D systems, the situation is
complicated by the fact that the cross section may either
translate, rotate, or deform. If the cross section merely
rotates, then the edges simply rotate with the cross sec-
tion; thus the null lines mostly simply rotate. In the case
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FIG. 16. Cross sections of a canonical 2-D case, a circu-
lar tokamak (first row), and a canonical 3-D case, a purely
rotating cross section (second row), with normal curvature,
geodesic curvature, and torsion shown in the columns, respec-
tively. The direction to the outboard is towards the right. The
curvature null lines are highlighted in yellow, and the posi-
tive and minus signs emphasize the symmetry distributions
between them. The field points out of the page, and the net
direction of surface and field line rotation is counterclockwise.

of deformation, what happens is that the edges both van-
ish and reform as one moves in the toroidal direction; the
null line behavior is therefore more complicated as well.

To illustrate an example of the symmetry behaviors,
a canonical 2-D and 3-D case are shown in Figure 16.
There, it can be seen how the 2-D system has symme-
try distributions which are predominantly left/right and
up/down, whereas in 3-D, the symmetry distributions be-
come dominated by the presence of the edges. (However,
since ι ∼ O(1) the normal curvature still tends to be bi-
ased negative on the outboard; thus a partially left/right
distribution is retained.) Another key difference between
the 2-D and 3-D systems is in the torsion, as in the toka-
mak, the current tends to drive the field all one way (i.e.
counterclockwise in the Figure 16) around the poloidal
cross section, whereas in 3-D, the torsion is geometri-
cally negative on the prolate edges and positive on the
oblate locations, albeit constrained to be zero or negative
on average due to relation 43. Thus in a 3-D system, the
sign of the torsion somewhat mimics the sign of the nor-
mal curvature. The null lines of the geodesic curvature
tend to be π/2 out of phase with the normal curvature
in a canonical 2-D system, whereas in a canonical 3-D
system, the phase shift is decreased due to the presence
of additional generalized edges; in the 3-D case of Figure
16 the phase shift is roughly π/4.

We may demonstrate the utility of this conceptual
framework by making analysis of the curvature-shear be-
havior in three different, fundamental cases (see field line
geometry plots above). Firstly, in the case of the simplis-
tic 2-D system (e.g. case t0), with the field line starting
from the outboard midplane, κg clearly has polarity −/+
about η = 0 and since τn is everywhere positive, the
curvature-shear is destabilizing about the center of the

flux tube. For case t4 presented above, the key control
is that the geodesic curvature polarity is flipped about
θ ∼ π/2, stabilizing the overall term. In the 3-D case,
starting from the outboard midplane at the prolate lo-
cation (case si0), the geodesic curvature has a reversed
polarity, +/− about η = 0. This polarity change ap-
pears to be a general difference between 2-D and 3-D sys-
tems, at least under the approximations of these results
(θ̄ = θ, etc.). The torsion is at first negative, then posi-
tive after roughly π/4 radians off of the edge, such that
the curvature-shear is at first destabilizing. Lastly, in
the 3-D case starting from the outboard midplane at the
oblate location (case si0b), the κg polarity is −/+, and
the torsion is positive, making the contribution desta-
bilizing again. However, viewing the field line data for
case si0 versus si0b, it is clear that the curvature-shear
for case si0 is qualitatively superior than for the oblate
position, si0b. This is evidently due to the fact that the
null lines of the torsion are closely centered around the
prolate edge, so that on the prolate location, κg · τn has
a shorter connection length than for the oblate location,
as well as overall better phasing, which makes the con-
tribution more stabilizing.

The point of these examples is that the curvature-shear
contribution may be sensibly analyzed and in principle,
the mutual phases of κg and τn (as well as e.g. |∇ψ| and
Bp(θ, ζ) as necessary) should be open to optimization in
a numerical scheme. Furthermore, the discussion sheds
light on the utility of the deformation effect. This is be-
cause it is clear that a purely rotating geometry can only
do so much to alter its distribution of curvatures, because
the null lines and symmetries essentially merely rotate
with the cross section (albeit with some typical persis-
tence of an inboard/outboard normal curvature symme-
try). However, in a case including deformation, as shown
in the results, the symmetry (null) lines are not fixed to
mere rotation, and thus the phases of the curvatures may
be selectively tailored. The null lines may be forced to
rotate faster than normal or even to counter-rotate from
the usual direction, as e.g. case si2 in Figure 11, where
the helical curvature component is clearly reduced. We
note that these principles may be just as useful for un-
derstanding minimization of κn wells or optimization of

the torsional distribution for k̂2
⊥.

VI. CONCLUSIONS

In conclusion, we have investigated a modeling frame-
work of analytic ITG theory, numerical computation, and
local 3-D equilibrium theory for understanding minimiza-
tion of maximum linear growth rates of ITG modes in
toroidal geometries. The analytic model for the growth
rate is given in equation 14, scaling roughly as χ =

|〈ω̂d〉−sign〈ω̂d〉/〈k̂2
⊥〉|0.5. The analytic growth rate gives

reasonable agreement in trend with the comparable re-
sults from numerical solution over a wide range of 2-D
and 3-D geometric cases.
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The geometric cases explore differences in shaping
principally due to the alteration of concavity, and in 3-D,
the differences between cross sectional rotation and de-
formation. One case (t0) also employs a modified field
strength distribution, whereas all other cases use the sim-
plistic straight field line coordinate assumption θ̄ = θ.
The geometries are analyzed using field line geometric
plots, 2-D cross sectional plots, 3-D surface plots, and
2-D surface plots. Certain geometries are stabilized by
enhancement of the FLR coefficient (such as case t3),
whereas others are stabilized via both drastic positive
biasing of ω̂d via the integrated local shear - geodesic
curvature term and boosting of the FLR coefficient (such
as case t4). The stellarator cases studied show improve-
ments within their sequences primarily due to increased
global shear (higher net torsion) and improved behaviors
in the FLR and/or curvature-shear term. The outboard
midplane prolate location appears generally more stable
than the oblate location.

While it seems clear that in general, bad normal cur-
vature may be reduced via 3-D shaping, the complemen-
tary effects of the shear-curvature and FLR terms are ar-
guably the tools of most interest, as the presence of bad
normal curvature cannot generally be eliminated. Im-
provements to the curvature-shear term relies on manip-
ulation of the curvature polarities and symmetries. These
in turn may be fruitfully characterized using the notions
of the surface edges and curvature null lines. These con-
ceptual tools greatly facilitate understanding how the
shape of an arbitrary surface relates to its overall geo-
metric and instability properties; they should prove use-
ful for guidance and analysis of numerical optimization
results.

There are a few most important ways in which the
present results might be extended or applied. Firstly, the
results would benefit from a closer comparison or mutual
understanding with neoclassical optimization targets, not
considered in the present study. These targets also de-
pend crucially on the curvatures (and global B field dis-
tribution) and hence the curvature coefficients. Secondly,
the results could be extended by making a further effort
to elucidate the possible optimization over kinetic ITG
effects, which are not considered here. Thirdly, the im-
portant metrics from the present study (e.g. the aver-
aged normal curvature, geodesic-shear, the FLR term;
their symmetries, magnitudes, and distributions) could
be used to make a more targeted classification of the
general shaping space explored in numerical optimization
routines.
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VIII. APPENDIX: SHAPING PARAMETRIZATIONS

In this appendix we list the shaping parametrizations
used in the results; first we give the parametrizations,
and then the specific parameters used. Selection of
parametrizations was heuristic and guided by inspec-
tion of toroidal cross sectional slices during construc-
tion. Care was taken to avoid unrealistic features, such
as sharp edges or cusps, which might be expected to gen-
erate large electric fields similar to ordinary conducting
surfaces102. For more intricate 3-D shaping the (0, n)
harmonic (axial translation) was often found to be im-
portant for maintaining a convergent equilibrium solu-
tion, though its overall affect on the shaping is slight.

1. t0, t1

R = R0 + ρ cos θ̄

Z = ρ sin θ̄.

{R0, ρ, V
′}={5, 1, 1}

2. t2

R = R0 + ρd cos(θ̄ + κ sin θ̄)

Z = ρZ sin θ̄.

{R0, ρd, κ, ρZ , V
′}={5, 1, .51, 2.2ρd, 1}

3. t3, t4

R = R0 + ρR(ρ3 cos θ̄ + s cosh(ρ4 sin θ̄/ρR))

Z = dρZ sin θ̄.

t3: {R0, ρR, ρ3, s, ρ4, ρZ , V
′}={4.4, 0.6, 1, 1, 1, 1.5, 1}

t4: {·, s}={·,−1}

4. sa0, sa1, sa2, sa3

R = R0 + ρ0 cos θ̄ − ρ2 cos(θ̄ −Nζ̄)− ρ3 cos(2θ̄ −N2ζ̄)

Z = R0 + ρ0 sin θ̄ + ρ2 sin(θ̄ −Nζ̄) + ρ3 sin(2θ̄ −N2ζ̄).

sa0: {R0, ρ0, ρ2, N, ρ3, N2, V
′}={6.5, 1.05, ρ0/3, 6, ρ2/10, 9, 1}

sa1: {·, ρ3}={·, 0}
sa2: {·, ρ3}={·,−ρ2/10}
sa3: {·, ρ3}={·,−2ρ2/10}
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5. si0, si1, si2

R = R0 + ρ0 cos θ̄(1 + ρ6 cos(N4(ζ̄ − o1))2)

+ρ2 cos(θ̄ −N(ζ − o1))(1− ρ4 sin(N4(ζ − o1))2

+ρ3 cos(2θ̄ −N2(ζ̄ − o1)− o2) sin(N/2(ζ̄ − o1))

+ρ5 cos(Mθ̄ −N3(ζ̄ − o1)) sin(N/2(ζ̄ − o1))2

+δ cos(N(ζ̄ − o1))

Z = ρ0 sin θ̄(1 + ρ6 cos(N4(ζ̄ − o1))2)

−ρ2 sin(θ̄ −N(ζ − o1))(1− ρ4 sin(N4(ζ − o1))2

−ρ3 sin(2θ̄ −N2(ζ̄ − o1)− o2) sin(N/2(ζ̄ − o1))

−ρ5 sin(Mθ̄ −N3(ζ̄ − o1)) sin(N/2(ζ̄ − o1))2

+δ sin(N(ζ̄ − o1))

Note: putting o1 as π/N, 0 controls whether η = 0
lies at the oblate outboard midplane point or pro-
late outboard point; the parameter o2 has a similar
control with parameters 0, π/2.

si0: {R0, ρ0, ρ6, N4, ρ2, N, ρ4, ρ3, N2, ρ5,M,N3, δ, V
′}

={6.5, 1.05, 0, .5N, .4ρ0, 5, 0, 0, 1.5N, 0, 3, 2N, 0, 1}
si1: {·, ρ4, ρ3, ρ5} = {·, .15, .225ρ2,−.2ρ3}
si2: {·, ρ4, ρ3, ρ5, ρ6, δ} =
{·, 0, .5ρ2,−.2ρ3,−.2, .2ρ0}
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