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The effects of collisions are often neglected in theoretical analyses of low collisionality
plasmas where the collision rate v is smaller than the frequency of waves or other
physical processes being considered. However, small angle Coulomb collisions scatter
the velocity vector v of charged particles and produce slightly probabilistic rather
than fully deterministic charged particle trajectories in a plasma. These diffusive ef-
fects produce an effective collision rate veg ~ v/(|0v|/v)? > v for relaxation of plasma
responses localized to a small region dv in velocity space. In particular, they create
narrow dissipative boundary layers in the vicinity of resonant collisionless responses
of the plasma to waves which resolve these singular responses and create temporal ir-
reversibility. A new Green-function-based procedure is being developed for exploring
these low collisionality effects. This new procedure is first used to explore Coulomb
collisional scattering effects on the temporal evolution of the linear Landau damping
of Langmuir waves. On collision and longer time scales the relevant plasma kinetic
equation becomes an extended Chapman-Enskog type equation. Green function so-
lutions of this kinetic equation can be used to determine self-consistent closures for
fluid moment equations. A multiple time scale and systematic small gyroradius and
perturbation level analysis has been used to develop descriptions of toroidal mag-
netically confined plasmas in tokamaks on collision and transport time scales. Some
examples of low collisionality closures and their effects on the behavior of tokamak

plasmas are noted.
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I. INTRODUCTION

Plasmas are often thought of as collisionless media because Coulomb collision rates are
much smaller than typical wave frequencies and physical processes in them. However,
velocity-space scattering caused by small-angle Coulomb collisions causes temporal irre-
versibility and dissipative singular layers at resonances in plasma responses. Also, many
plasma applications involve investigations of phenomena on collision and longer time scales
— for example, electrical resistivity, viscosity-induced damping of flows, and radial transport
in magnetized tokamak plasmas such as those in ITER.! Finally, the rates at which plasma
entropy is increased directly by temporally irreversible collisional effects and in combination
with collective plasma phenomena (e.g., microturbulence) are important for determining
plasma behavior on time scales of order and longer than the collision time scale.

This paper briefly surveys some recent developments in studies of the effects of collisions
in “low collisionality” plasmas, which are defined here as ones in which the Coulomb colli-
sion rates are small compared to the characteristic frequencies of waves or other processes.
The following sections describe: Coulomb collisional processes in plasmas (II), the compre-
hensive plasma kinetic equation (PKE, III), a new Green function approach for solving the
linearized PKE (IV), exploration of Coulomb collision effects on Landau damping with this
procedure (V), fluid moment equations obtained from velocity-space moments of the PKE
(VI), procedures for obtaining closure moments (VII), low collisional closures in axisymmet-
ric tokamaks (VIII), and tokamak plasma transport equations (IX). Some recent examples
of closures for 3D fields in tokamaks and their effects are discussed in Appendix A. Section X

discusses open issues for low collisionality plasma descriptions and XI provides a summary.

II. COLLISIONAL PROCESSES IN PLASMAS

Coulomb collisions and collisional processes are qualitatively very different in a plasma
compared to those in a neutral gas. Electrically neutral molecules move on straight-line
trajectories between discrete collisional interactions when they come within a molecular force
field (~ 107'% m) of another molecule. Thus, neutral collision processes are often described

in terms of average collision frequencies and a “mean free path” between collisions.

The electrostatic Coulomb electric field around a charged particle decreases only as the



inverse of the distance squared, i.e., By, = =V, = (¢/{4mc0}) x/|x|> o< 1/|x|?. In a plasma
a “test” charged electron with charge ¢; = — e interacts via the electric field forces ¢;E; due
to all the “background” (subscript b) statistically independent charged particles within a
collective Debye shielding distance Ap = \/W in which 7T, and n. are the electron
temperature and density. Thus, a charged particle simultaneously experiences Coulomb
collisions with the (47/3)n A}, particles within a Debye sphere of it. The parameter n.\%,
is very large for many “weakly coupled” plasmas: ~ 10% in experimental tests of Landau
damping, 2 107 for fusion-related laboratory magnetic confinement experiments and often
> 10'° for space and astrophysical plasmas. Coulomb collisional effects are dominated not
by discrete collision events but by the cumulative effects of the ~ n A% > 1 simultaneous
collisions within a Debye sphere.

As a test charged particle moves past another charged particle it suffers a momentum
impulse m;Av = ffooo dt ¢;E, . Fokker-Planck coefficients for the average change in the
velocity (Av) and its square (Av Av) are obtained? by integrating this momentum im-
pulse over all the Coulomb collisions a test particle with velocity v experiences with all the
background charged particles within a Debye sphere. These Coulomb collision processes
produce a dynamical frictional force dv/dt = (Av)/At ~ —vv and diffusive scattering
d(vv)/dt = (AvAv)/At ~ vvv in velocity space at a given spatial position x, to within
the usually negligibly small Debye length. Here v is a characteristic Coulomb collision rate —
for collisional drag on the particle’s velocity v and for diffusion of its velocity vector. Thus,
in plasmas v is the rate for diffusive Coulomb-collision-induced scattering of a charged par-
ticle’s v through about 90° and consequent loss of its initially directed momentum. Hence,
in plasmas it is not appropriate to speak of a mean free path as in neutral gases; rather, one
speaks of a collision length A\ ~ v/v, for loss of momentum. In low collisionality plasmas
these effects cause charged particle trajectories to be straight lines to lowest order but to be

continually diffusing in velocity space due to Coulomb-collision-induced scattering.

IIT. PLASMA KINETIC THEORY

In the Klimontovich approach?® the microscopic species distribution function is represented
by the sum over all its charged particles, which are taken to be delta functions in the 6D

(x,Vv) phase space, along their particle trajectories. In the non-relativistic limit the particle
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trajectories are governed by Newton’s equations of motion. In addition, charged particles
suffer cumulative small-angle Coulomb collisions with all other charged particles within
a Debye shielding distance Ap. These collisions produce a Fokker-Planck (F-P) collision
operator? C{f} = — (0/0v) - [({AvV)/At) fs] + (1/2)(0%/dvOv) : [({(AvAV)/At) f,], which is
the small momentum transfer limit of the Boltzmann collision operator. The F-P collision
operator is a diffusion operator in velocity space. The plasma kinetic equation® (PKE) for
a distribution f, of a species s of charged particles with charge ¢; and mass my results from

equating the total time derivative of f; to the microscopic (|x| < Ap) Coulomb collision

effects on f,:
de(XJVJt) — afs v afs +& afs

dt G ox  m, OV -

C{fs}, plasma kinetic equation (PKE). (1)

Here, F; = ¢s(E + vXxB) is the Lorentz force induced by macroscopic (i.e., |x| > Ap)
electromagnetic fields on the s species of charged particles in the plasma. If collective plasma
instabilities cause the plasma dielectric to vanish for waves on the Debye scale length and
thereby yield long range electric fields around “dressed” test-particles that extend beyond
the Debye shielding distance, C{fs} can be amplified by “instability enhanced collisional
effects” and become larger than®® the usual Fokker-Planck collision operator.*

When collisions are neglected, the PKE is called the Vlasov® equation. The first order
partial differential operator in 6D phase space on the left hand side of (1) is known as
the “collisionless” Vlasov operator. Its characteristic curves are the deterministic particle
trajectories obtained by solving dx/dt = v and dv/dt = F; which yield x = x(xg, vo, t) and
v = v(Xg, Vo, t) at times t > ¢, for initial conditions xg and vq at time ¢y. Such trajectories
yield area-preserving mappings as long as there are no nonlinear effects that cause changes in
the topology of the 6D phase space (e.g., particle trapping in finite amplitude monochromatic
waves) and no dissipative collective plasma instabilities. Thus, solutions of the Vlasov
equation usually just propagate the initial distribution forward in time along its particle
trajectories (i.e., fs — fs[x(Xo,Vo,t), V(Xo, Vo,t),t)]) without any smoothing of fs; hence,
such solutions of the Vlasov equation do not increase the plasma entropy in stable plasmas.!?

In low collisionality plasmas inclusion of the F-P Coulomb collision operator causes the
PKE to become a (diffusive) parabolic second order partial differential equation. Physically,
this causes the particle trajectories (characteristic curves) to become slightly probabilistic

rather than fully deterministic. In the usual case where the Coulomb collision rate v is
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small (i.e., |C{fs}| < |dfs/dt| for most x,Vv), the PKE in (1) becomes a singular differential
equation. Coulomb collisions relax phenomena that are localized to small regions of velocity
space. They thereby create dissipative singular regions where |df,/dt| S |C{fs}| ~ Vet fs
in which veg ~ v(|v[?/|0v]?) > v is the effective collision rate for the small velocity-space
region 0v < v. Dissipative singular responses provide Coulomb-collision-induced temporal

irreversibility that increases the plasma entropy.

IV. GREEN FUNCTION SOLUTION OF LINEARIZED PKE

Many plasma physics studies explore effects of perturbations or inhomogeneity-induced
departures of the plasma from a homogeneous equilibrium state. The equilibrium state
is determined by setting df;/0t = 0 in (1). In an infinite homogeneous plasma with no
significant equilibrium electric or magnetic fields, the equilibrium kinetic equation becomes
C{fs} = 0. The solution of this collisional equilibrium is an isotropic Maxwellian distribution
fso = fus(v) = (nSO/WS/Qv%S) e~*/"%s in which vp, = \/m is the most probable thermal
speed of the s species. This lowest order equilibrium is also appropriate for equilibrium
electric Eg and magnetic By fields that are approximately uniform on the collision and
gyroradius scale lengths.

When small electromagnetic field perturbations E(x, t) and B(x, ) are introduced in (1),

fs = fus + fs and the perturbed distribution f,(x,v,t) is governed by the perturbed PKE:

L£{f,} = S, in which (2)
r 8; aNS s a; r
iy = Lrov 2y by vy Oy, )
S = = a s s /T N 8;
S = —i—S(E+va)- gif - gl—s(EJrva)-a{f. (4)

Here, £ in (3) is a linear, second order partial differential operator in the 7 variables x, v, ¢
and S(x,v,t) in (4) is the inhomogeneous “source” which includes both linear and quasilinear
contributions. The formal solution of (2) is f, = £7'{S}. However, since no general inverse
operator £~! exists, inverse operators must usually be determined for specific applications.

Different approaches are usually used to solve the perturbed PKE in (2)—(4) for collision-
less and collisional studies. When collisions are neglected, the solution is obtained using the

first order characteristics (particle trajectories) determined from the equations dx//dt’ = v’
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and dv'/dt’ = (qs/ms) [Eo(X',t') + v/ XBy(x/,t')] with initial conditions x’ = x, v/ = v at
time ¢ = ¢. Equation (2) can then be written as df(x/,v/,t)/dt' = S(x',v',t'), which can be
integrated along the particle trajectories X', v/ to yield the “time-history integral” solution
R R t
fs(x,v,t) = fo(xX', v, '=0) —i—/odt’ S, v, ). (5)
The first term represents the initial condition mapped along unperturbed particle trajectories
and the second the response to E, B perturbations integrated from the initial to present time.
For many studies the linear operator in (3) is first averaged over fast particle trajectory time
scales (e.g., gyromotion on the cyclotron motion time scale, bounce motion in a periodic
electric or magnetic field) before solving for the longer time scale particle drift trajectories,
which are then the x’, v/ trajectories along which the mapping and integration in (5) occur.
Collisional studies usually assume collisional effects are dominant or are comparable to
bounce or drift time scales in a lowest order perturbed collisional equilibrium. In such cases
time-asymptotic solutions of (3) or averaged versions of it with df,/dt = 0 are obtained
analytically or numerically and then used to determine closures for the heat flux and stress
moments — see Sections VI-—VIII below. In low collisionality plasmas Coulomb collisional
scattering effects often resolve singular regions in the time-asymptotic plasma response.
A general solution of (2) that is analogous to the time history approach but allows for
collisional effects (in dissipative singular layers as well as more generally) can be obtained
using a Green-function-based approach.!!''? In this approach the first step is to obtain the

solution of the defining equation for the 6D phase space Green function:
L{G,} = d[x — x¢] d[v — vq| O[t — to]. (6)

Here, G,(x,V,t|xXg, Vo, to) represents the collision-influenced distribution function response
at x,v,t to a delta function source at xq, vo, tg. Also, d[x —xg| = d[x — zo] [y — yo| [z — 20]
and d[v — vq] are three-dimensional (3D) Dirac delta functions. The general Green function

solution of (2) is

fo(x,v,t) = fgdtofd%ofd?*vo G, S(x0, Vo, to) response to source
+ [d*o [do G, (ty=0) fo(x0, Vo, t=0) initial condition
t 621?8 5 aQGV
+/0dt0/deO- (/dSVO- G, v o fs Tv Ox ) boundary effects.  (7)




This is a generalization of the time-history integration in (5) which here includes the diffusive,
probabilistic Coulomb collisional scattering effects through the Green function G, .

To illustrate the nature of the Green function employed in (7), consider an infinite homo-
geneous plasma with no equilibrium electric or magnetic fields. Then, the linear operator
becomes L2{f,} = df,/0t + v-df,/0x — C{f,}. The lowest order characteristic curves
(particle trajectories) of this operator’s first derivatives are determined from dx/dt = v,
dv/dt = 0 with initial conditions x = xg, v = vq at t = o, which yield the straight-line real-
space trajectories x = Xg+Vv7, in which 7 = t—t3. The F-P Coulomb collision operator only
involves derivatives in velocity space. Thus, its diffusive effects are separable from these first
order straight-line trajectories in real space. For an isotropic (subscript i) collision operator
(e.g., for Brownian motion in velocity space) Gi{fs} = (v/2)V2f, = (1/2) (8/dv) - Of,/dv,
the short time (v7 < 1) probabilistic distribution for an infinite, uniform velocity-space (so
there are no boundary conditions) is'' e~ IV=vol”/(2v7%) /(271702)3/2. For long times (17 > 1)
the collisional response can be estimated using a Krook (subscript K) collisional damping op-
erator Ck{ fs} ~ — v f,, for which it is e 7. Thus, by construction, the Green function that
embodies both the lowest order straight-line particle trajectory and collisional scattering or
damping effects is

e~ Vol urig)) 2 rud)32, v < 1,
G = 0[x—xo—vor| H(T) X (8)
eV §[v—vyl, vt > 1,
in which H(7) = H(t—t) is the Heaviside step function. Since dH(7)/dt = d[7] and using
the fact that lim o+ e V=vol”/(v790)/(27p702)3/2 yields the delta function 8[v — o), this
Green function satisfies L2{G°} = §[x—x] 0[v—vy] d[t—t0], as desired.

Physically, a Green function is the “propagator” for motion of particles in the 6D phase
space. The propagator in (8) includes both the deterministic lowest order straight-line
particle trajectories in real space (via the first delta function) and diffusive scattering of the
velocity vector v through |[dv|/vy = |[vo—v|/vg ~ (2v7)Y/2 < 1 for short time scales at a
rate veg ~ 1/|0v/vg|* > v, or damping at a rate v on long time scales.

Unfortunately, the F-P Coulomb collision operator is anisotropic and more complicated
than the iostropic operator used to obtain (8). Also, for many problems the real and velocity
space characteristic curves are not separable. Finally, in v7 ~ 1 regimes, which are often

of interest, the Green function is more complicated because boundary conditions in velocity
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space become important. Nevertheless, the Green function procedure provides a systematic,
rigorous and complete solution of the perturbed PKE in (2) that includes Coulomb collisional

scattering and longer time scale collisional effects in low collisionality plasmas.

V. COLLISIONAL EFFECTS ON LINEAR LANDAU DAMPING

This new Green function procedure will now be used!? to explore Coulomb collisional
effects on the most fundamental issue in theoretical plasma physics — Landau damping. In
a classic theoretical physics paper!® Landau introduced causality into the determination of
the time-asymptotic linear plasma response to a wave by using a Laplace transform. This
produced Landau damping of Langmuir waves, which has been confirmed experimentally.!4
It is often thought of as a “collisionless,” entropy-producing process because: collisional
effects are not directly involved in the derivation; the damping rate is independent of the
collision rate; and the wave damping would seem to imply temporal irreversibility.

However, just after a wave is turned on its phase information is transferred to a perturbed
distribution of the plasmas’ charged particles. That this initial state information still exists
has been demonstrated by showing a second wave produces a plasma echo.'® But when
sufficient Coulomb collisions are introduced, the echo is damped.'®!” Thus, any temporal
irreversibility and entropy produced by Landau damping must be due to a collisional process.

Collisional effects on the time-asymptotic Landau damping have been explored previously

using various speed-diffusion-based model collision operators® 2!

which neglect the dominant
velocity-scattering effect of Coulomb collisions. And a physical interpretation of Landau
damping via (quasilinear) wave energy damping has been developed.?? Further, models of
Landau-type damping of a monochromatic large amplitude wave that traps charged particles
in its sinusoidal potential have been developed.?* 26 Prior Landau damping studies have
been summarized recently.?” Here, the new Green function procedure!? for incorporating the
diffusive effects of small-angle Coulomb collisional scattering of electrons on the temporal
evolution of a small amplitude Langmuir wave in a plasma will be discussed using a simple
Lorentz collision F-P collision operator.

Coulomb collisions of a charged particle with other charged particles in a plasma primarily

scatter the particle’s velocity vector v at nearly constant speed. This is especially true for

superthermal electrons on the tail of the Maxwellian distribution where experimental tests



of Landau damping were performed.'* The characteristic Coulomb collision scattering rate
v is usually much smaller than the Landau damping rate ;..

In spherical velocity space coordinates speed v = |v|, “pitch-angle” ¥ and phase angle
@, Coulomb collisions mainly diffuse the pitch-angle through a small angle 69 = ¥y —9 ~
Vvt < 1in a time t < 1 /v. The simplest Coulomb collision operator is that for the
Lorentz scattering model in which light electrons scatter off heavier background ions. The
Lorentz (subscript L) Fokker-Planck (F-P) Coulomb collision operator for electrons with

distribution f. is (for ¥ < 1 and neglecting ¢ diffusion not relevant for Landau damping)

1 0 . (9fe - v 0 afe
Cuife} =3 Lwa&( 000)]—%679[%19]’ (9)

in which the Lorentz model Coulomb collision rate is

_ Admneetln A In A (UT8>3' (10)

"= T =5 mnong
Here, A = A\p/bpin S 127 ne)\B’D is the ratio of the collective Debye shielding length to the
distance of closest approach by, during Coulomb collisions. The In A factor (typically < 10)
represents the cumulative effect of all the charged particle collisions within a Debye sphere.

1/2 is the Langmuir electron plasma frequency. Since in typical

Also, w, = (nee?/mee)
plasmas n.A\3, > 1, usually v ~ w,/(n.A}) < w,.

Landau damping is explored most simply in an infinite, uniform unmagnetized plasma
that has only a perturbed electrostatic electric field force: F, = —¢.V¢. Then, the per-
turbed distribution f.(x,v,t) is governed by the Landau (superscript L) linearized PKE:

3fe 0fe
" 0x

EL{fe} = - CL{fe} = __<V V(b)fMe (11)

Neglecting collision effects and assuming Fourier perturbations QNS(X, t) = gg(k, w)eltkrx—wt)

for ¢ and a similar form for f,, this equation yields

i _(qe/Te)(k'V)éfMe_e_éf u
e — w—k-v _Te Meu_V;,

(12)

which is singular for particles with v = k-v/k ~ V,, = w/k, the wave phase speed.
Since the solution in (12) is real, Vlasov? concluded there is no damping of wave-like
perturbations in low collisionality plasmas. Landau!® also neglected collision effects but

used a Laplace transform for the time domain to introduce causality in the definition of the
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singularity in (12) by deforming the inverse Laplace transform contour to always be below

the singularity in (12). Using u = (w+19)/k, Landau’s formalism yields the Plemelj formula

. U u .

Here, P is the (real) principal value operator and ¢[z] is the Dirac delta function.

The perturbed electron density induced by ¢ is obtained by integrating fe in (12) over ve-
locity space using (13). For V,, > vy, this yields®®® i, = [ d% fo = —neo (ed/Ty) [vF./2V] +
(3/4)vz./Vy + - +iym (V,,/vre)eVé/¥re]. The dispersion relation for kAp < 1 Langmuir
waves is obtained by substituting this n. into the perturbed Poisson’s equation —V2<;~5 =
Pq/€0 =~ —nee/ey in which the O{m./m;} smaller ion contribution has been neglected.
Solving this dispersion relation for w = wg + iy yields wg ~ w, [1 + (3/2)k*\}, + - - -] and
the Landau damping rate v, ~ — [w,/(kAp)?] (7/8)/2 e~/ @F*AH)=3/2  The imaginary delta
function in (13) produces the Landau damping rate 7., which is usually smaller than w,
(e.g., v /wp = 0.02 for kAp ~ 0.3 and V,,/vre >~ 2.7 in Ref. 14) but much larger than v.

In spherical velocity-space coordinates u = v cos®). Thus, if the collision operator in (9)
operates on the f, solution in (12), it yields C.{f.} ~ v sin?9/(u — V,,)?, which is even more
singular than fe itself. The Green function procedure will now be used to obtain a solution
of (2) that includes collisional effects and resolves the singular region where u ~ V.

The solution of (2) can be obtained in terms of a Green function G%(x,9J|xq,Jo;t — to)
that solves the equation LY{GLY} = 6[x — xo] §[(V — 99)*/2] §[t — to]. This Green function
represents the response at x, ¢, t to a delta function source at xg, ¥y, to. For situations where

the initial condition for f, vanishes, the infinite medium Green function solution of (11) is

t ™
fNe :/dto/d?’:co/sin ﬁod’l?o G}:(X, 19‘)(0, 190, t— to) TE |:(V 'V&)fMei| . (14)
0 0 e

x0,90,t0

As above, the lowest order deterministic particle trajectories are given by x = xq + voT
in which 7 =t — ¢y > 0. Pitch-angle scattering effects of the second derivative diffusion
operator Cr{ fe} in (11) are again separable. The probability distribution for infinite-domain,
short time scale (v7 < 1) Coulomb-collision-induced diffusion effects is e=(?=70)%2¥7) /(7).

By construction, the Green function for the differential operator £ in (11) is thus

o—(9—100)%/(2v7)

GE(x,9|xq, Vo; T) = S[x —X0—VoT] TH(T), . (15)

Using lim, o+ e~ (?=%)*/¥7) /(1) = §[( —1)? /2], operating on G¥ with the linear operator

LY shows G¥ satisfies the defining equation for this Green function for ¥y < 1, which will
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be sufficient here. Equation (15) is the propagator for charged particle trajectories which
includes both the deterministic motion x = xg + vo7 and probabilistic diffusion of the
velocity-space pitch-angle difference 69 = 9y — ¥ ~ v/2v1 induced by Coulomb collisions.
After substituting the Green function solution in (15) into (14), the d®r, integration can
be performed using the particle trajectory delta function to replace xy with x — vo7. Then,

using ty = t — 7 and omitting the common factor e!®*=%)7 the solution in (14) yields

Vod
:—fMe/dT/ S0 ;1) e, (16)

in which the effective wave-particle phase factor is i® = — i (k- vo—w)7 — (Jg —19)%/2v7. The
last term here is caused by collisional pitch-angle scattering. When this dissipative phase
is integrated over 9y and 1, in combination with the requirement ¥y < 1 they limit these
angles to max{ty, 9} ~ /vT < 1. Thus, k-vy = kvcosy ~ kv (1 —9%/2), ku = k-v ~
kv (1 —9%/2) ~ ku(1 + O{v7}) and siny ~ Jg. Then, the effective wave-particle phase is

(Do —0)2 02— ?

1P~ —i(ku—w)T— + i kut (17)

2uT

Here, w — ku represents the Doppler-shifted wave frequency, kur (93 — 9?)/2 is due to the
differences of k-vy and kv from ku caused by 9y, 9 # 0 and i (9 — )% (2v7) results from
Coulomb collisional pitch-angle scattering effects. The combined effects of the latter two

terms cause ® to become complex and yield a damped response for times longer than

1 1
Tdamp = ~ ,
damp vVvku VYW

12

Coulomb collision damping time. (18)

This leads to temporal irreversibility'* of all particles from the wave for ¢ > T4am, and

an effective collision rate of veg ~ v/69? ~ v/(VTqamp) ~ /vw > v. This Coulomb-

12

collision-induced damping causes™* a dissipative singular region where resonant particles

have |w — kt| Tgamp < 1. In (18) and below ku has been estimated by w because f, is highly
peaked at ku ~ w (1 4+ O{1/wTgamp }) = w (1 + O{y/v/w}).
Neglecting the O{9?, 92} corrections to the k-v in (16) and setting it to ku, (16) becomes

;e
e = — fMe 19
T, Jye (19)
kut 0o
IY(Ay, €, kut, 9) / dz i =i / VodBo —(9-0)% (2ex) iz(93-0%) /2 (20)
v us ) ) EZ .

11



Three dimensionless parameters have been defined in this I time history integral which

includes the effects of Coulomb-collision-induced pitch-angle scattering:

z = kur, 2w xnumber of wavelengths traversed, (21)
—w/k V.
A, = u—w/k =1— -2, relative speed, and (22)
u u
€ = ki’ small relative collisionality. (23)
u

The I¥ integral'? is simplest for 19 = 0, for which it can be integrated over 9 to yield

kut —1Ayz

1Y% = IX(Ay, e, kut, 0=0) = z/ dz <

. 2'
0 1 — ez

(24)

This distribution function response is oscillatory for |A,|/€'/? > 1 and in phase with the
Doppler-shifted wave at all A, for t < Tqamp. However, it is damped as 73, /t* for all A,
for times longer than the Coulomb collisional pitch-angle scattering damping time Tgamp.-

Coulomb collisional effects can be neglected by taking the e — 0 limit in (20) for which the
¥, integration yields unity since lim,_,o+ e~ (?=90)/(2¢) /(e2) = §[(1) — 199)? /2] = [ — D] /Vs.
Then, the IY integral yields

[1 — cos(kut A,)] + isin(kut A,)]
Ay

IY(e—0) = : (25)

When kut A, > 1, the average of the real part over its sinusoidal period 27 /(kut A, ), which
represents “phase mixing,” yields 1/A,. However, the un-averaged real part of (25) vanishes
at A, = 0 . The imaginary part of (25) is singular for speeds near the wave phase speed
(i.e., for A, < 1/kut). Since sin(kut A,)/A, is a correlation function, its kut > 1 limit is a
delta function: limp,;e sin(kut A,)/A, = 73[A,]. Thus, the phase mixed collisionless IZ
yields limg,; 00 75(620) = P{1/A,} + im §|A,], which is the Landau result in (13).

When Coulomb collision effects are included, key properties of I can be obtained for
times long compared to the damping time T4amp for which the upper limits of the 2 integrals
in (20) and (24) become infinite. In this limit successive integration by parts for large
|A,|/eY? yields I% = (1/A,) (1 + O{e/A2}) for t > Tqamp. More generally, it can be
shown'? that limgs.r,,. Io(ve < 1) = P{1/A,} + im 6[A,]. This result also applies to I};
for small ¥ # 0. Thus, the Coulomb-collision-based I% also yields the Landau result in (13).

The preceding Fourier-based analysis has shown that when a Green function approach

is used and Lorentz model Coulomb collisional scattering effects are included, the singular

factor u/(u — V,,) in (12) is replaced by the time history integral I. defined in (20). Both
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the phase mixed collisionless and long time collisional limits of I yield the Landau-based
prescription in (13) for resolving the u ~ V,, singularity. Thus, the Landau damping rate
1 obtained using (13) is also obtained using a Green function-based approach that in-
cludes Coulomb collisional pitch-angle scattering effects. Note that the Laplace transform
procedure is not needed here to introduce causality.

Does Landau damping increase entropy? Addressing this question requires a quasilinear-
type analysis of the last term in (4) that is beyond the linear analysis discussed here. How-
ever, the instantaneous f, response in (19) and (20) is in phase with the applied potential for
all A, = (u—V,,)/u for times up until the Coulomb-collision-induced damping time Tgamp,
after which it is collisionally damped. This suggests entropy changes little for ¢ < 7qamp but
then increases primarily due to collisional scattering in the resonant velocity space region
|Ay| S V€ for t > Tgamp due to Coulomb-collision-induced temporal irreversibility.

When a wave is monochromatic and has a finite amplitude, nearly resonant electrons
are trapped in its sinusoidal potential. The “oscillation” frequency for such trapped elec-
trons is% 20 wo, = k (ed/me)/? = (kvre/v/2) (e¢/T.)"/2. This nonlinear trapping becomes
dominant when resonant electrons can complete a bounce period. Thus, the linear Coulomb
collision effects discussed here are applicable for times up to the minimum of Tgamp Or 27 /Wose.

In the preceding analysis a Lorentz pitch-angle scattering model was used. In general,
both speed diffusion and pitch-angle scattering effects induced by Coulomb collisions need
to be considered. A model that includes both these effects is presented in Ref. 12. The
results presented in this section are also obtained for this more complete model, with the
exception that the collision-induced damping rate is changed. For pitch-angle scattering at

rate v, and speed diffusion at rate v the effective collision damping rate is changed to'?
1/ Tdamp — Vet = (yLw/2)1/2 + (1/||a12/2)1/3 > b (26)

The key physical effect of Coulomb collisions in Landau damping is that they change the
lowest order deterministic charged particle trajectories into slightly diffusive, probabilistic
ones. This dissipative process is caused by Coulomb collisional scattering of the charged
particle velocity v and provides irreversibility in Landau damping for ¢ > 74amp. The novel
Green function procedure presented here for exploring short time scale collisional scattering
effects on the temporal evolution of responses to waves and wave-particle resonances in low

collisionality plasmas should also be useful for other plasma applications.
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VI. FLUID MOMENT EQUATIONS

For time scales on the order of or longer than collision times it is convenient to use fluid
moment descriptions of plasmas. The velocity-space moments [d* (1, v, v?) of (1) yield fluid

moment equations for the species density, momentum and energy for each plasma species s:

density: (0/0t+ V-V)ng=—n,V -V, (27)
momentum: mgng(0/0t + Vs-V)Vy=n.,(E+V,xB)—-Vp, — V-, +R,, (28)
energy:  (3/2) (0/0t+ Vs -V)p; = —=(5/2)psV -V =V -q, —w: VV,+ Qs (29)

Here, (ng, Vs, ps) = [d*v (1,v/ng, msv2/3) f, are the species (density, flow velocity, isotropic
pressure), T = ps/n, is the species temperature and (R, Q5) = [d% (myv, msv?/3) C{fs}
are the Coulomb-collision-induced (momentum, energy) exchange with other plasma species.
The R, term is the dynamical friction force density. In these definitions v, = v — V and
v, = |v,| are the “random” velocity and speed of particles relative to the species flow velocity

V,. The “closure” moments needed to complete these equations for each species are

conductive heat flux: q, = /d3v v, (msv?/2) f, (30)

stress tensor: Ty = /d3v ms(v,yv, — v21/3) f,. (31)

The macroscopic plasma quantities ng, Vg, T, ps are only physically meaningful for times
longer than the collision time scale 1/v. If appropriate closure moments for the heat flux
q and stress tensor 7 can be determined for specific applications, these equations are exact
and together with Maxwell’s equations provide a complete description of the plasma for
such applications. In many applications (e.g., for the collisional effects on Landau damping
discussed in the preceding section) Coulomb-collision-induced pitch-angle scattering causes
a larger effective collision rate: veg ~ /892 > v. For such applications useful closures and
plasma descriptions can sometimes be obtained for time scales shorter than or of order 1/v.

The fluid moment equations in (27)—(29) are the basis for magnetohydrodynamic (MHD)
type descriptions of plasmas. Summing these density and momentum equations and the
masses times them over species taking account of plasma quasineutrality (p, = >, nsqs = 0)

and the fact that the Coulomb collision operator is momentum conserving so » . R, =0
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yields, for the MHD model in the center of mass (really momentum) frame, the equations:

mass density: (0/0t+V-V)p, =—p,V:V (32)
charge density: V-J =0 (33)
plasma momentum: p,, (0/0t+V-V)V =JxB-VP -V.II (34)
Ohm’s law: B+ VxB = nJ 4 2B~ :p; — Ve m? <%+Ve-v>ve. (35)

Here, p,, = >, msns ~ myn; is the mass density, V.= > myn,V,/p, =~ V,; the mass-
weighted plasma flow velocity, P = ) (ps —msns\vs /3) the total isotropic plasma pressure,
and T = Y [, 4+ nsmy(V,V, — 1|V,]2/3)] the plasma stress tensor in which V, =V, - V.
In general, in addition the energy (or pressure) equations (29) for each species s are included
in the equations to be solved in a complete “extended MHD” description of plasmas. Note
again that these fluid moment equations provide an exact description of plasma behavior —
providing appropriate closure relations can be determined for the application of interest.
In the “ideal MHD” plasma model, all the dissipative processes (i.e., those that cause
R;, Qs, 75, qs # 0) are neglected in (32)—(35) and (29). Then, the energy equations yield an
isentropic plasma equation of state: (9/9t + V-V )(P/pL,) = 0 in which T' = 5/3 for three-
dimensional plasma applications. The ideal MHD model is valid and used for studying

plasma behavior on time scales shorter than the Coulomb collision time scale 1/vg.

VII. DETERMINATION OF CLOSURES

The most general and widely used closures are those employed in the “Braginskii” colli-
sional fluid moment equations® for the evolution of n,, V, and p, in magnetized plasmas.
They are derived using the Chapman-Enskog procedure®®3! for short collision lengths and
gyroradii compared to inhomogeneity scale lengths of the plasma and magnetic equilibrium.

The Chapman-Enskog Ansatz posits that the species distribution function can be de-
composed into two parts — a time-dependent Maxwellian fy;s, whose spatial and temporal
dependences come from its dependence on the fluid moment quantities ng(x, v,t), V4(x, v, t)
and T,(x,v,t), plus a kinetic distortion Fj (effects beyond those embodied in ng, Vg, T}):

f(x,v,t) = fus(x, v, t) + Fy(x,v,t), in which (36)
ne(x,t) e msv=Vs (%,1)]%/2T ()

st (X7 v, t) = st [ns(X, t)’ Vs <X’ t)’ I (X7 t>] - [27TTS (X7 t)/m5]3/2

(37)
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Substituting this Ansatz into the full PKE in (1) and using the fluid moment equations in

(27)—(29) yields an extended Chapman-Enskog equation for the kinetic distortion:3?:33
dF; _ OF; oF,  q, OF.,
o —C{F;} = 5 +v- I + E(Ejtva)- 5 — C{F}
m v? mgve 5 Jwis
= ?S <VTVT - §|> . VVS st - ( QTS - 5) A2 VTS TS
2
+ Vv, (V'ﬂ's — Rs) % - <ﬂ;iszz}r - 1) (V' qs — T :Vvs + Qs) fMS- (38)

Note that this is still an exact plasma kinetic equation since no approximations or truncations
have been introduced. Therefore, this equation for the kinetic distortion Fj is just a recast
plasma kinetic equation that has used the Chapman-Enskog Ansatz. Note also that, by
construction, the kinetic distortion F does not yield any density, flow velocity or pressure
contributions: f d®v (1,v, m4v?) Fy = 0. Thus, closures for the heat flux q, and stress tensor
7 obtained by the appropriate velocity-space moments of accurate Fs solutions of (38) are
guaranteed to be consistent with the fluid moment equations in (27)—(29).

3031 which is used in obtaining the closures

In the original Chapman-Enskog procedure,
for the Braginskii equations,? it is assumed collisions are dominant to lowest order so the
terms on the last line of (38) can be neglected. However, these terms often must be kept in
determining closures for low collisionality plasma applications where the Coulomb collision
rate is smaller than the frequency of waves or other physical processes being considered.

While closures used in the Braginskii equations are very useful and widely used for
collision-dominated plasmas, they are not always applicable. The main issue for many
low collisionality plasmas is that the collision lengths A ~ vy /v are longer than equilibrium
inhomogeneity scale lengths or distances to plasma boundaries. This is especially true in
magnetically confined laboratory plasmas where collision lengths are usually longer than the
length or toroidal circumference of the device. Also, in general, physical effects that occur
wherever plasma particles can reach in the time scale of interest should be included in the
plasma description. Since no general closures are available for low collisionality plasmas,
closures often must be developed for the specific process or application being addressed.

In fusion-related magnetically-confined plasmas the gyro- (or cyclotron) frequency w.s =
¢sB/mg in the magnetic field is large compared to frequencies and damping rates of interest.
Thus, the d/dt operator in (1) and (38) is often averaged over the gyromotion angle ¢, whose
effect is represented by (gs/ms)(VvXB)+ (0fs/0V) = —wes Ofs/J¢p in (1) and (38). When the
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particle’s gyroradius ¢ = v/w. is also much smaller than all gradient scale lengths perpen-
dicular to the magnetic field [i.e., 0. = (vps/wes)(dInp/dx,,dIn B/dx,) ~ os/L, < 1], the
natural velocity-space variables are the magnetic moment p = myv? /2B and guiding cen-
ter energy €, = msvﬁ /2 + puB + qs¢. Then, using for the spatial coordinate the particle’s
gyromotion-averaged guiding center position x, and velocity-space coordinates pu,€,, the

gyromotion-averaged (overbar) df,/dt and resultant “drift-kinetic” equation® become

de<Xg,[l,, ggvt) — afs
7 = BN + (V|| + Vd) .

Of, , dudf.  dz, OF.

ox, Tt op o o, CU o (39)

Here, v = (B-v)B/B is the parallel velocity, vq = > F;xB/q,B? is the order g, smaller
drift velocity caused by the forces F, on the particle’s guiding center due to ¢;E, — pVB
and — msvﬁm forces in which k = (B/B) - V(B/B) is the magnetic-field-curvature vector.
The magnetic moment  is usually a good adiabatic invariant so dyu/dt is typically negligible.
Finally, de,/dt ~ q,0¢/0t+ 1 0B /0t +qs(v|+va) - E in which d/dt = /0t 4 (v|+va) - 0/0%,.
As indicated by the overbar, the Fokker-Planck Coulomb collision operator C{f,} is also
averaged over the gyromotion. When the gyromotion-averaged drift-kinetic and Coulomb
collision operators are used in the extended Chapman-Enskog equation for the gyro-averaged
kinetic distortion Fj in (38), the right side of this equation (last two lines) is also averaged
over the gyromotion.3%33

For magnetized plasmas the most comprehensive formalism for the d/dt operator in the
plasma kinetic equation (1) is the gyrokinetic formalism.?® It expands the drift-kinetic for-
malism by allowing for perturbations with perpendicular wavelengths on the order of the
gyroradii g of the charged particles. Gyro-averaged forms of the Fokker-Planck Coulomb
collision operator have been developed.?® To date no kinetic version of the gyro-averaged
Chapman-Enskog version of the perturbed kinetic equation has been developed for the gy-

rokinetic formalism.

VIII. LOW COLLISIONALITY CLOSURES, EFFECTS IN TOKAMAKS

Tokamaks with their topologically toroidal magnetic field geometry provide an important
paradigm for developing useful closures for magnetically confined plasmas because: 1) they
are 2D (toroidally axisymmetric) to lowest order; 2) there are many tokamak plasma ex-

periments worldwide; and 3) the international magnetic fusion experiment ITER! currently
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being built employs this geometry. Tokamaks plasmas are low collisionality plasmas since
collision lengths of charged particles traveling along their helical toroidal magnetic field lines
are usually longer than the tokamak’s toroidal circumference. However, radial excursions of
particles from the lowest order toroidally axisymmetric nested magnetic flux surfaces due
to gyromotion and drifts off the flux surfaces are much smaller than the tokamak’s minor
radius (i.e., 0. < 1). Also, electromagnetic field and distribution function perturbations
are similarly small. Thus, a systematic small gyroradius and perturbation expansion can
be used to develop®”*® tokamak plasma descriptions on successively longer time scales that

ultimately extend to plasma confinement on time scales much longer than collision times.

The fastest time scales in tokamaks are those for plasma oscillations (Langmuir waves)
and gyromotion. However, since the lowest order distribution functions are Maxwellians,
these phenomena usually do not produce any instabilities or other problemmatic effects.
Plasma oscillations enforce charge neutrality (p, = 0 so V-J = 0) and the gyromotion can
be averaged over. The next shortest tokamak time scales are those for Alfvén waves, which
are governed by ideal MHD. Since ideal MHD macroinstabilities®® grow on the very short
Alfvénic time scales (o ~ L/ca S 1077 s), their stability boundaries produce important
constraints (limits on toroidal current in the plasma relative to the magnetic field strength
and plasma pressure relative to the magnetic field energy density) on operational regimes in
tokamaks. Inideal MHD stable tokamak plasmas, compressional Alfvén waves perpendicular
to the magnetic field enforce the plasma radial force balance JoxBy = V Py = VP ().
Together with the Maxwell equations VXBy = pugJg and V-By = 0 this yields the 2D
Grad-Shafranov equilibrium?®® for the axisymmetric nested toroidal equilibrium magnetic
flux surfaces ¥ (x) which satisfy By V1 = 0. They also enforce radial ion force balance for
each ion species (0 = V- [n;q;(Eg + V;xBy) — Vp;]) and incompressible flows within a
flux surface.

Many interesting phenomena arise in tokamak plasmas on the longer collision time scales
— collisional equilibration toward Maxwellian distributions, distinctions between the be-
havior of particles that are trapped and untrapped [in the |Bg| ~ By(1 — € cos #) magnetic
field wells along the helical magnetic field lines], shear-Alfvén, resistive and diamagnetic-
flow-driven (“drift”) waves and instabilities etc. On this time scale equilibrium flows are a
factor of p, smaller than their thermal speeds and incompressible (V-V, = 0), and flow only

within magnetic flux surfaces. Thus, from a combination of radial force balance equations
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and flow incompressibilities they can be written in terms of their components parallel to (]|)

and cross (A, perpendicular to but within a flux surface) the equilibrium magnetic field:
Vs = ‘/||BO/B0 + V/\7 ‘/|| = BO'VS/BOa V/\ = BO XV(I)O/BS + BO X Vps/(”stBg) (40)

Since Eg = —V®; = —e,d®,/dp the first contribution to V, is the EgxXBy flow. The last
contribution is the “diamagnetic” flow caused by the radial pressure gradient of species s.
The effects of collision-induced closures on parallel electron and ion flows are discussed next.

Flux-surface-averages (FSA, (...)) of key plasma equations are relevant in low collisionality
tokamak plasmas because the electron collision length (A, = v /ve ~ 10°m) is usually much
longer than the toroidal circumference (2, 10 m). The FSA of the parallel (to By) equilibrium

electron force balance in (28) yields the tokamak parallel Ohm’s law:37:38

<B0'V-7Te||>

0= (By-[-neE* = V-7 +R.]) = (Bo-Jo) = aﬁP (Bo-E4) + —

. (41)

Here, EA = — 9A /0t ~ — (0¥ /0t)V( is the inductive electric field induced by temporal in-
creases in the magnetic flux ¥ in the Ohmic transformer, aﬁp is the Spitzer parallel electrical
conductivity® induced by the collisional friction force Rej = —meneve(Ve— Vi) ~ needy/ Uﬁp
and (By- V-7, is the “neoclassical” parallel viscous force closure?® induced by parallel stress
in the electron fluid. It is caused by collisions of the untrapped electrons which carry FSA
flows along field lines with trapped particles.

The electron closure produces viscous drags at a rate . S v, on the E" and diamagnetic-
flow-induced electron flows. Thus, the (Bo-V-m,) equilibrium (¢ > 1/v. ~ 107°s)
closure®® reduces the electrical conductivity and yields a neoclassical parallel resistivity
ni¢ = (14 pe/ve)/ aﬁp. It also causes a plasma diamagnetic-flow-induced “bootstrap” cur-
rent (Bg«Jps) o — (tte/ve) dPy/dtp. Time-dependent effects in the tokamak Ohm’s law for
t < 1/v. have been explored using a dynamic closure for — (By-V-mr,|) that was obtained!
by solving the Chapman-Enskog drift-kinetic equation (38) for the untrapped electron distri-

bution function distortion F** using a procedure analogous to the Green-function approach

(with velocity-space boundary conditions) discussed above.

Because of the greater mass of the ions (y/m;/m. > \/mp/me ~ 60), the ion collision
time scale (t; ~ 1/v; ~ 1073s) is a factor of 100 longer than the electron collision time scale,

but still much shorter than the transport time scale (75 ~ s). The FSA of the lowest order
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parallel component of the total plasma momentum equation (34) yields®"38

d(BoV)))

Pm ot ~ —Z<B0-V°7TSH> ~ —<B0-V°7Ti||>. (42)

S

As indicated at the end, the electron parallel viscous force is much smaller [~ (m./m;)"/? <
1/60] than the analogous ion force and can be neglected. The lowest order parallel ion viscous
force closure has no effect on the ion flow in the toroidal direction (¢, long way around the
torus) — because of the lowest order toroidal axisymmetry of tokamaks. However, since par-
allel flow along field lines is composed of both toroidal and poloidal (6, short way around the
torus) ion flows, the parallel ion viscous force closure (Bo:V-7;) ~ pppi(V;-V0/Bg V)
damps the poloidal ion flow at a rate u; S v; to an ion-temperature-gradient-driven value.*?
Time-dependent effects on the parallel (poloidal) ion flows have been explored using a dy-
namic closure for (By-V-m;) analogous to that developed for the electrons.*! Combined
with the MHD-enforced radial ion force balance, on time scales longer than the ion collision
time (i.e., for ¢ > 1/1;) this yields the equilibrium FSA toroidal ion flow rotation frequency

o= o - (@) e e ) O

The first two terms on the right hand side here are caused by the equilibrium E,x By and

ion diamagnetic flows while the last term is due to the residual poloidal ion flow (¢, S 1.17
is a collisionality-determined numerical coefficient*’) enforced by the closure — (By-V-7ry).
The result in (43) relates the plasma toroidal rotation frequency €2 to the radial electric
field, but does not determine either of them. Equation (46) below provides a transport
equation that can be solved for €, which then determines the radial electric field via (43).
Unstable resistive MHD modes*? and drift waves*? also develop on the electron and ion
collision time scales. These instabilities typically have small amplitudes and short radial
correlation lengths compared to the plasma radius. The main effects of these fluctuations
(quantities denoted by tildes over them, e.g., gz~§) are to produce microturbulence that creates
longer time scale “anomalous” transport whose effects will be taken into account below.
MHD-like e/(m#=7¢=«) tearing modes cause J+-By # 0 and hence BV # 0 which
produces resistivity-driven reconnection of field lines at rational flux surfaces where ¢(¢) =
By :V(/B(-V60 = m/n (ratio of integers). Unstable tearing modes with low m/n (e.g., 2/1)
can bifurcate the magnetic field topology by introducing 3D magnetic island structures at

the rational surfaces. Plasma transport in the vicinity of such islands flattens the T, profile
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there, short-circuits transport in this region and reduces plasma confinement in proportion to
the width of the island.** There are two types of tearing modes. Classical*? tearing modes
are derived using resistive MHD, which adds resistivity effects to the ideal MHD model.
They are driven unstable by a large enough radial gradient of the toroidal current density.
Neoclassical tearing modes (NTMs) are derived from the neoclassical MHD equations®®
which add the parallel viscous force closures — (B-V-ry)) to resistive MHD. They are driven
by a sufficiently large bootstrap current produced by the radial plasma pressure gradient
and, if not controlled, can produce significant additional limits on the plasma pressure that

can be achieved in tokamak plasmas.*6:47

IX. TOKAMAK PLASMA TRANSPORT EQUATIONS

Plasma transport in tokamaks takes place “radially” across the nested magnetic flux
surfaces ¢ in MHD stable plasmas. However, in the fluid moment equations (27)—(29) all
quantities are evaluated at laboratory positions x and the partial time derivatives are at
constant x. Thus, the fluid moment equations need to be transformed from laboratory to
magnetic flux coordinates. The axisymmetric magnetic field in a tokamak can be written
as B =V XA with A = ¢, V8 — 1,V in which 27 ¢y (x,t) and 27 1,(x,t) are the toroidal
and poloidal magnetic fluxes. The tokamak equilibrium magnetic field is written as By =
B; + B, = IV(+ V(xV, = VixV[q(¢)0 — (]. In tokamaks the toroidal magnetic
flux is relatively constant in time since it is determined mainly by steady currents flowing

in toroidal magnetic field coils; thus, 0v;/0t|x ~ 0. In contrast, the poloidal magnetic flux

can change on the transport time scale relative to the nearly stationary toroidal flux:37:4°
. oYy, oV nﬁ‘c
= 2 =D, ATy, — S Sy, = P By Jys). 44
7\/)p @t " n djp Pp s Yp 82(/_ + I<R_2> < 0 b> ( )

Here, D, = 77|I|1C/ o is the magnetic field diffusivity caused by the parallel neoclassical resis-
tivity, A" is a second order cylindrical-like differential operator in p and S, represents the
sources of poloidal magnetic flux produced by the Ohmic transformer and bootstrap current.

Collision-induced neoclassical (drift-orbit-induced) plasma transport®#® in tokamaks is
calculated relative to poloidal magnetic flux surfaces — because to lowest order the canonical
toroidal angular momentum p; = e¢ - (msv + gsA) = msR?v-V({ — g51, ties the particles

to a particular poloidal flux function value 1, to lowest order in p, < 1. Here, e, =
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R*V( = Ré is the (covariant) toroidal angular base vector. Microinstabilities in the
plasma and the transport they induce are also calculated relative to v¢,. Thus, in order to
describe radial plasma transport in tokamak plasmas, the moment equations in (27)—(29) are
first transformed3”384% from laboratory coordinates to poloidal magnetic flux coordinates.
However, because the toroidal flux is nearly constant in time, the radial coordinate that is
used is the toroidal-flux-based average minor radius p = \/4;/7 By (m) in which By is the
toroidal magnetic field strength at the center of the plasma (magnetic axis). After adding
sources of density S,, momentum S,, and energy Sg and taking the FSA, the tokamak
transport equations for the plasma density n and total toroidal angular momentum density

Li = pm(R?) Q, and species pressures py are®®

: 10 , . 0(n) 10 —
. 19 an L9 4
density Vi B ¢I<)n>V + Py, 9 + v ap(V ) = (S,), (45)
3, , 0L, 10 _ o
tor. mom.: f;tv +hug, + ! o ap(v M) = (e (IXxB—-V-II+8,,)), (46)
3. .0 , lp) 10 S
eneray: (1) G| IV ST G V) (V) = Qo (00

Here, V' = dV/dp (m?) is the radial derivative of the volume V(p) (m?) of the p surface.
Further, V'(n)dp and V' Lydp are the number of plasma particles and plasma toroidal angular
momentum between the p and p + dp flux surfaces. Both are adiabatic (isentropic) plasma
properties that are conserved in the absence of closures and transport time scale sources.
Similarly, In (p,)V'®/3dp is the collisional entropy density between the p and p + dp flux
surfaces, which is also a conserved quantity in the absence of closures and sources. Further,
Py, = — 1/}p /), in which ¢ = 01, /0p = RB,, takes account of ¢, surface motion relative
to the -based radial coordinate p.

The closure and source contributions to the tokamak plasma transport equations in (45)—
(47) will now be be discussed sequentially — first those in the density, then toroidal rotation
and finally energy equations. The preceding discussion has considered the radial and parallel
components of the species momentum equations. The linearly-independent third component
considered will be the toroidal component. The species s force balance equation in (28)
can be written in the form 0 = nyqs Vs XBg + Zj F,;. The toroidal (e;) component of this
equation shows force densities F; that have toroidal components induce radial density fluxes:
gsec*VsXBg = ¢snsVs -V, = —ec- Zj F,;. Thus, a FSA toroidal torque density Ty =
(ec-F,) = (Ré; - F,) induces a FSA radial density flux I'y = (n,V, -Vp) = — Ty /qs1);,.
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There are a large number of force densities F; in tokamak plasmas that have toroidal
components and hence induce radial density fluxes. Electron and ion torques per unit
charge that are equal in magnitude but opposite in sign produce equal density fluxes and
hence no radial current in the plasma; these are intrinsically ambipolar fluxes I'?. Eight in-
trinsically ambipolar density fluxes have been identified:*” 7 collision-based ones (classical,?®
neoclassical 31948 paleoclassical®™*? etc.) plus that caused by microturbulence-induced fluc-
tuating ExBy flows (F%Vp — 7, ExBy/B2-Vp) (see Erratum in Ref. 37) in which the
overline indicates an average over the toroidal symmetry angle (. Unequal electron and
ion torques per unit charge produce non-ambipolar density fluxes I'7*. Eight nonambipolar
density fluxes caused by toroidal torques induced by microturbulence-induced Reynolds and
Maxwell stresses, polarization flows from toroidal rotation transients, momentum sources
due to neutral beam injection etc. have been identified.?”

The FSA plasma toroidal rotation equation in (46) results from®” setting the net radial
current induced by all the nonambipolar fluxes to zero. Solving this equation for the plasma
toroidal angular momentum density L; determines the plasma toroidal rotation frequency
Q2™ and thus from (43) the radial electric field E3™ = — d®§™ /dp required for net am-
bipolar transport in the plasma. The electron and ion density fluxes become equal for this
ambipolar radial electric field. Thus, the total plasma ambipolar density flux I" in (45) is
given by3"

[ =T¢+ TP (E™) = Tf + T7(E™). (48)

Note that the FSA plasma density (n) in (45) is either the electron density (n.) or the total
ion density (), n;), which are equal because of the ambipolar transport constraint. The
FSA source (S,) on the right of (45) represents the net ambipolar particle source in the
plasma produced by ionization, neutral beam injection etc.

For this fluid-based model the radial flux of plasma toroidal angular momentum in (46)

induced by the Reynolds stress closure caused by microturbulence is?”

I, = Zﬁspc, Tspc = Ms(ng) (Vp V.V, cec) +(Vp-Trsec). (49)

As before, the overline indicates an average over the toroidal angle. The 7, term represents
the (collisionless) gyroviscous stress.*” A microturbulence-induced contribution (e - J XB)
to the right hand side of (46) produces the corresponding Maxwell stress effect; an externally-

induced magnetic flutter contribution to (e, - J XB) is discussed in Appendix A. Finally, the
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(e -V-TI) and (e, - S,,) terms on the right of (46) represent effects of toroidal viscous forces
(examples are discussed in Appendix A) and externally supplied toroidal momentum sources.
More details about the toroidal momentum equation (torque balance) are given in Appendix
A which discusses the primary torques caused by 3D magnetic fields in tokamaks.>°
Determining the closure contributions to radial energy transport is straightforward be-

cause there is no ambipolar constraint involved. The heat flux for each species is

o= (a4 (6/2)0m) TV ) - Vo) + (5/2)(T) T (50)

Here, (q, - Vp) represents mainly the FSA classical,?? neoclassical,?*4%48 and axisymmetric

paleoclassical®® radial heat fluxes. The term with Tsvs in it is caused by microturbulence.
The other two terms in (50) represent the convective heat fluxes caused by the ambipolar
density flux I'. The final transport contribution to (47) is caused by resonant helical (sub-
script *) paleoclassical transport processes and has a non-standard transport operator:*°

. M, 0? — 3 3. O{ps
(Voqly) = — s (V Dy 5 <ps>) + 5 by ép> (51)

Here, M, < 10 is a factor representing the distance, relative to the poloidal periodicity
length, over which the electron temperature is equilibrated as it diffuses radially with the
helical magnetic flux v,. In most tokamak plasmas M; is small;*® thus, this paleoclassical
ion contribution usually can be neglected. Also, py, = — (D, /Dp) /¢ reflects p motion

to stay on the same v, surface during poloidal flux transients.?%4°

The Q,,.; term on the right hand side of (47) represents the sum of all the FSA energy
sources and sinks for the s species — electron-ion collisional energy transfer, ohmic heating,
and auxiliary, externally supplied heat sources (Sg) introduced via energetic neutral beams

and radio frequency waves, radiative energy losses etc.

X. OPEN ISSUES

There are four classes of open issues regarding development of fluid-moment-based de-
scriptions of low collisionality plasmas. This first class concerns the need for temporally
evolving Green functions that include collisional effects in combination with the lowest order
deterministic particle trajectories — beyond the “simple” Landau damping Green function

presented in Section V. For example, Green functions would be useful for: more complete
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Fokker-Planck Coulomb collision operators, longer time scales, plasmas in uniform magnetic
fields, the drift-kinetic equation, the gyrokinetic equation and relativistic plasmas.

Second, closures need to be obtained by taking velocity-space moments of the general
low collisionality Green function solution given in (7). The distribution function to be used
in this evaluation should be the kinetic distortion F§ obtained from solving the perturbed
extended Chapman-Enskog plasma kinetic equation in (38). Closures obtained from such
comprehensive Green function solutions would be useful for linear Landau damping, and
Chapman-Enskog versions of the drift-kinetic and gyrokinetic equations. These closures may
also be useful for developing comprehensive “extended MHD” descriptions of magnetically
confined toroidal plasmas that can be solved numerically.

Third, it would be useful to develop appropriately averaged fluid moment equations
through transport time scales for other applications. For example, they could be developed
as modest extensions of those that have been developed for tokamaks (Section VIII) for
plasmas in stellarators and reversed field pinches, which are also closed toroidal magnetic
field systems. In addition, it would be useful to develop plasma transport equations for
plasmas confined in open-ended magnetic systems such as magnetic mirrors, plasmas in the
earth’s magnetosphere, and most generally space and astrophysical plasmas.

Fourth, it would be helpful if rigorous procedures for including effects that are often
thought to be outside the realm of fluid moment equations could be developed. Or, if that is
not feasible, develop criteria for regions of plasmas where a fluid moment description is not
feasible and procedures for interfacing the fluid moment description to those regions. An
example of such effects is the need for descriptions within a collision length of sheath-type
boundaries where magnetic fields intersect limiting surfaces or between regions with vastly
different plasma parameters. Other examples include bifurcated island structures in the
magnetic field (or in a phase space of higher dimensionality), mixtures of magnetic islands,**

flutter® 3 and stochasticity,>* and perhaps regions characterized by fractal dimensions® or

localized perhaps avalanche-type behavior.?¢

XI. SUMMARY

A new general framework for developing comprehensive fluid moment descriptions of low

collisionality plasmas has been proposed in this paper. The first step in this procedure
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is to obtain a Green function solution of (6) for the application-specific linear operator £
that produces the appropriate lowest order deterministic plus Coulomb-collision-induced
probabilistic charged particle trajectories. The kinetic source function S for (2) should be
determined from the extended Chapman-Enskog form of the plasma kinetic equation in
(38) for the kinetic distribution distortion Fs — to ensure closure relations obtained from
these kinetic solutions are consistent with the fluid moment equations. Then, the initial
value solution of the perturbed plasma kinetic equation in (2) or (38) is determined by the
Green function solution in (7). Finally, this perturbed kinetic distribution solution is used
to calculate the closure relations for the heat flux qs and stress tensor 7, defined in (30)
and (31). [Since the closure relations qs and 7y also appear as sources in the extended
Chapman-Enskog kinetic equation (38), the closure relations obtained from (30) and (31)
may depend on qg and 7. Thus, these implicit closure equations for qs and 74 may need to
solved to obtain the net closures, as was done, for example, in Ref. 41.] The resultant closure
relations are used in the then exact fluid moment equations for ns, Vg and ps in (27)—(29),
which can be used to develop comprehensive extended-MHD-type plasma descriptions on

ideal MHD, collisional and transport time scales for specific applications.

This first steps in such a procedure have been illustrated in Section IV by exploring the
effects of Coulomb-collision-induced velocity-space scattering on linear Landau damping in
an infinite, homogeneous, unmagnetized plasma. The relevant Green function that includes
lowest order straight-line particle trajectories and diffusive pitch-angle scattering is given
in (15) and the resultant perturbed distribution function in (19)—(23). This solution shows
that the perturbed response is in phase with the applied potential perturbation up to the
collision-induced damping time in (18) Tqamp ~ 1/1/vw, after which the response dissipatively
decorrelates from the initial perturbation and becomes irreversible. This collision-based
solution reproduces the usual Landau prescription in (13) for resolving the u ~ V,, singular
response for both short time scales via a phase mixing approximation and long time scales
via collisional scattering effects, without the equations needing to be Laplace transformed.

A multiple time scale analysis of a systematic small gyroradius and perturbation level
expansion has been used to obtain equations governing tokamak plasmas on ideal MHD,
collisional and transport time scales. In ideal MHD stable plasmas this yields: determination
of the axisymmetric equilibrium magnetic flux surfaces and an ion radial force balance

equation (43) on the Alfvén time scale, electron-collision-induced parallel Ohm’s law (41)
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and ion collisional damping (42) of the parallel/poloidal flow on collision times scales, and
finally radial transport equations (45)—(47) for the FSA plasma density and toroidal angular
momentum (torque) density and species pressures on time scales long compared to collision
times. For complete self-consistent transport time scale solutions these (n), Ly = p,,(R?)
and (ps) equations all need to be solved simultaneously — not just for (n), (ps) relying
on experimental measurements of €);. The “mean field” effects of microturbulence on the
parallel Ohms law, poloidal ion flow, density fluxes, and toroidal momentum and energy
transport are all included self-consistently in the comprehensive version of these tokamak
transport equations.?® Closures for including the effects of various 3D magnetic field on
tokamak plasmas are discussed in Appendix A.

The widely used Braginskii closures®

are applicable for all collision-dominated plasmas
and widely used for them. And they are often approximately “adapted” for low collisionality
applications. The novel Green function solution procedure developed in this paper provides
a comprehensive, rigorous framework for including Coulomb collisional effects in low col-
lisionality plasmas, and determination of useful closures and the resultant long time scale
transport equations. Hopefully the development of this new framework for including low
collisionality effects will spur development of new Green functions, closures and transport

equations for additional applications beyond the Landau damping and 3D field tokamak

applications discussed here.
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Appendix A: Closures for 3D fields And Their Effects

The magnetic field structure in tokamaks is never purely 2D axisymmetic. Small three-
dimensional (3D) field components are introduced by a variety of effects — finite toroidal
field coils, field errors due to misalignment of coils during assembly, tearing instabilities (e.g.,
NTMs?7) externally imposed fields etc. A recent topical review paper®® discussed the
effects of various types of 3D magnetic perturbations on tokamak plasmas. An annotated
version of the general torque balance equation in (46) that emphasizes the effects of the
various possible gyroradius-small 3D fields (§B*”/ By < 1072) on the plasma toroidal angular

m;n;(R*V; -V () which yields Q;(p, t) = L;/pn(R?) is

momentum density L; =)

ions

oL _ S _ 1 0 —
a—tt >~ —<ec'V'7T?|]|)> + <e<' (SJX(SB> - (eC-V-ﬂ'u} — Va_ (V,ﬂ-ip§> + <eC‘ZsSsm>-
N———— ~~ 7N ~~ P S——
inertia NTV from 6B FEs, flutter cl, neo, paleo N mom. sources

Reynolds stress

(A1)

In the absence of 3D field effects, in the hot core of tokamak plasmas the toroidal momen-
tum induced by unidirectional tangential energetic neutral beams that are often used to heat
tokamak plasmas is usually balanced by the diffusive radial transport of toroidal momentum
caused by the microturbulence-induced ion Reynolds stress 7;,¢ which is defined in (49). The

140,48 and

perpendicular ion viscosities 7;; caused by collision-induced classical, neoclassica
paleoclassical?” %4 processes are usually small in the core but can be important in the lower
ion temperature region near the plasma edge.

Most non-resonant 3D fields cause toroidal drags on the plasma toroidal rotation. These
effects are represented by closures of the form (eC-V-ﬁ'f‘]‘)). One low collisionality, long-
time-scale 3D closure whose effects have been tested experimentally is neoclassical toroidal
viscosity (NTV, see Ref. 50 for references), which is induced by Coulomb collisional scattering

of radial drifts of the “banana” trajectories of trapped ions caused by 3D-fields:?%57:58

—{e¢- V-miP) = — pje(Q) (0B°%/ Bo)? pm(R?) (O — ). (A2)

Here, p(€%) (6B*P/By)? is a viscous damping frequency caused by the toroidal (3D) vari-
ation of |B| along field lines and €2 ~ [1/(g:¥;,)](dT;/dp) is a (typically negative) “offset”
rotation frequency. This NTV torque contributes to the — (e, V-TI) term on the right
hand side of (46) and is the first term on the right hand side of (Al). Experimental tests

of it have validated® the §B*P-induced damping of the toroidal torque L; and rotation
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frequency € to the offset frequency €, and the peak in fy,(€2) at the {2y where the corre-
sponding radial electric field [see (43)] nearly vanishes and thus no longer limits the radial
excursions of the 3D-field-induced drifts of the bananas. The magnetic field ripple caused by
the discrete number of toroidal field coils has similar effects and has been similarly validated
experimentally.®

Magnetic field errors introduce low n resonant components which induce dissipative
torques (ec+6Jx0B) in thin layers around ¢ = m/n rational surfaces.”® When the field er-
rors are small or the very low resistivity plasma rotates toroidally very rapidly and thereby
prevents “penetration” of the field error to the rational surface, these effects are negligible.
However, for large enough field errors and low enough toroidal plasma rotation, the pene-
tration threshold is exceeded and the tokamak plasma bifurcates (in a few ms) to a state
with no rotation at the rational surface and a growing “locked mode” is induced which often
leads to a “major disruption” (collapse of the plasma toroidal current on a very fast time
scale ~ ms). The latest theory for and experimental tests of the penetration criteria are
discussed in Ref. 50.

Recently, externally applied 3D fields have been used® to stabilize ideal MHD “peel-
ing ballooning” (P-B) instabilities which cause deleterious, repetitive edge localized modes
(ELMs) in the pedestal at the edge of tokamak plasmas. A new “magnetic flutter” model
has recently been developed®?36! to explore plasma transport effects induced by the non-
resonant component of the 3D fields which can change profiles of plasma parameters in
the pedestal and thereby stabilize P-B instabilities. In this model the radial component
0B, = 0B -Vp # 0 of the 3D fields in the pedestal plasma cause non-resonant radial flutter
of magnetic field lines between rational surfaces. This causes 3D modifications of the parallel
flow and heat flow of barely passing (untrapped) electrons. On the transport time scale,
these 3D-flutter-induced effects cause a FSA nonambipolar radial electron density flux FgB”,
a FSA toroidal Maxwell-stress (e, m> and a FSA radial electron heat flux 127"
Since the flutter-induced toroidal torque can be quite significant in tokamak pedestals, it is
important to determine the increase in the radial electric field it induces and the consequent
changes in the total density flux in (48) and electron heat transport.5! Validation tests of

the magnetic flutter model are just beginning; they are promising so far.5253.61.62

29



REFERENCES

'R. Aymar, V.A. Chuyanov, M. Huguet, Y. Shimomura, ITER Joint Central Team and
ITER Home Teams Nucl. Fusion 41, 1301 (2001); http://iter.org.

2B.A. Trubnikov, “Particle Interactions In a Fully Ionized Plasma,” in Reviews of Plasma
Physics, edited by M.A. Leontovich (Consultants Bureau, New York, 1965), Vol. I, p. 105.

3Yu.L. Klimontovich, The Statistical Theory of Non-Equilibrium Processes in a Plasma
(M.I.T. Press, Cambridge, MA, 1967).

4M.N. Rosenbluth, W.M. MacDonald, and D.L. Judd, Phys. Rev. 107, 1 (1957).

°D.C. Montgomery and D.A. Tidman, Plasma Kinetic Theory (McGraw-Hill, New York,
1964).

°D.E. Baldwin and J.D. Callen, Phys. Rev. Lett. 28, 1686 (1972).

’S.D. Baalrud, J.D. Callen, and C.C. Hegna, Phys. Plasmas 15, 092111 (2008).

8S.D. Baalrud, J.D. Callen, and C.C. Hegna, Phys. Rev. Lett. 102, 245005 (2009).

9A. Vlasov, J. Phys. (U.S.S.R.) 9, 25 (1945).

OM.N. Rosenbluth, “Microinstabilities,” in Plasma Physics authored by U. Ascoli-Bartoli
et al. (International Atomic Energy Agency, Vienna, 1965), p. 485 et seq.

UF. Bouchut, J. Funct. Anal. 111, 239 (1993).

12].D. Callen, “Coulomb collision effects on linear Landau damping,” report UW-CPTC
13-3, November 18, 2013 (to be published).

13L.D. Landau, J. Phys. (U.S.S.R.) 10, 26 (1946).

14J H. Malmberg and C.B. Wharton, Phys. Rev. Lett. 6, 184 (1964).

157 H. Malmberg, C.B. Wharton, R.W. Gould, and T.M. O’Neil, Phys. Fluids 11, 1147
(1968).

16D R. Baker, N.R. Ahearn, and A.Y. Wong, Phys. Rev. Lett. 20, 318 (1968).

ITC.H. Su and C. Oberman, Phys. Rev. Lett. 20, 427 (1968).

18S.P. Auerbach, Phys. Fluids 20, 1836 (1977).

S E. Parker and D. Carati, Phys. Rev. Lett. 75, 441 (1995).

2C.S. Ng, A. Bhattacharjee, and F. Skiff, Phys. Rev. Lett. 83, 1974 (1999).

21J. Zheng and H. Qin, Phys. Plasmas 20, 092114 (2013).

2] M. Dawson, Phys. Fluids 4, 869 (1961).

2V.E. Zakharov and V.L. Karpman, Soviet Phys. JETP 16, 351 (1963).

30



24T M. O’Neil, Phys. Fluids 8, 2255 (1965).

2W.E. Drummond, Phys. Plasmas 12, 092311 (2005).

?6C. Mouhot and C. Villani, Acta Math. 207, 29 (2011).

2’D.D. Ryutov, Plasma Phys. Control. Fusion 41, A1 (1999).

28D.R. Nicholson, Introduction to Plasma Theory (John Wiley & Sons, New York, 1983).

S 1. Braginskii, “Transport Processes In A Plasma,” in Reviews of Plasma Physics edited
by M.A. Leontovich (Consultants Bureau, New York, 1965), Vol. 1, p. 205.

30S. Chapman and T.G. Cowling, The Mathematical Theory of Non- Uniform Gases (Cam-
bridge University Press, Cambridge, 1939).

31K. Huang, Statistical Mechanics (Wiley, New York, 1967), Chapt. 7, p. 103-109.

327, Chang and J.D. Callen, Phys. Fluids B 4, 1167 (1992).

33].P. Wang and J.D. Callen, Phys. Fluids B 4, 1139 (1992).

31R.D. Hazeltine, Plasma Physics 15, 77 (1973).

%5A.J. Brizard and T.S. Hahm, Rev. Mod. Phys. 79, 421 (2007).

36A.J. Brizard, Phys. Plasmas 11, 4429 (2004).

37].D. Callen, A.J. Cole and C.C. Hegna, Phys. Plasmas 16, 082504 (2009); Erratum 20,
069901 (2013).

38].D. Callen, C.C. Hegna and A.J. Cole, Phys. Plasmas 17, 056113 (2010).

39].P. Freidberg, Ideal Magnetohydrodynamics (Plenum, New York, 1989).

105 P. Hirshman and D.J. Sigmar, Nucl. Fusion 21, 1079 (1981).

41A L. Garcia-Perciante, J.D. Callen, K.C. Shaing, and C.C. Hegna, Phys. Plasmas 12,
052516 (2005).

2H.P. Furth, J. Killeen and M.N. Rosenbluth, Phys. Fluids 6, 459 (1963).

3P.C. Liewer, Nucl. Fusion 25, 543 (1985).

47, Chang and J.D. Callen, Nucl. Fusion 30, 219 (1990).

451.D. Callen, W.X. Qu, K.D. Siebert, B.A. Carreras, K.C. Shaing and D.A. Spong, “Neo-
classical MHD Equations, Instabilities and Transport in Tokamaks,” in Plasma Physics
and Controlled Nuclear Fusion Research 1986 (IAEA, Vienna, 1987), Vol. II, p. 157.

467. Chang, J.D. Callen et al. Phys. Rev. Lett. 74, 4663 (1995).

47R.J. LaHaye, Phys. Plasmas 13, 055501 (2006).

8F.L. Hinton and R.D. Hazeltine, Rev. Mod. Phys. 48, 239 (1976).

19J.D. Callen, Phys. Plasmas 12, 092512 (2005).

31



59J.D. Callen, Nucl. Fusion 51, 094026 (2011).

51].D. Callen, Phys. Rev. Lett. 39, 1540 (1977).

2].D. Callen, A.J. Cole, C.C. Hegna, S. Mordijck and R.A. Moyer, Nucl. Fusion 52, 114005
(2012).

53].D. Callen, A.J. Cole, and C.C. Hegna, Phys. Plasmas 19, 112505 (2012).

51 A.B. Rechester and M.N. Rosenbluth, Phys. Rev. Lett. 40, 38 (1978).

5D. del-Castillo-Negrete, Phys. Plasmas 13, 082308 (2006).

°@G. Dif-Pradalier et al., “Spatial propagation of turbulence and formation of mesoscopic
structures in GK simulations,” oral presentation at 2013 TTF meeting May 9-12 in Santa
Rosa, CA USA; http://tt£2013.ucsd.edu/TTF Meeting/Home.html .

5"R.J. Goldston, R.B. White and A.H. Boozer, Phys. Rev. Lett. 47, 647 (1981).

58K.C. Shaing, Phys. Plasmas 10, 1443 (2003).

R. Fitzpatrick, Nucl. Fusion 33, 1049 (1993). For more details, see
http://farside.ph.utexas.edu/papers/lecture.html.

60T E. Evans T.E. et al., Nature Phys. 2 419 (2006).

61J.D. Callen, C.C. Hegna and A.J. Cole, Nucl. Fusion 53, 113015 (2013).

62P T. Raum, S.P. Smith, J.D. Callen, N.M. Ferraro and O. Meneghini, “Modeling of mag-
netic flutter induced transport in DIII-D,” report GA-A27559, July 2013 (submitted to

Nuclear Fusion).

32



