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Abstract

The maximum achievable β in stellarators is thought to be due to equilibrium considerations, rather

than instability-induced disruption processes that limit tokamak operation. That is, the equilibrium

magnetic topology changes in response to increasing pressure, resulting in production of regions of

stochasticity that envelop the plasma rather than the growth of pressure-driven instabilities which

cause major disruptions. Furthermore, time-dependent effects can be important as the equilibrium

evolves. The primary aim of the present work is to investigate how the equilibrium evolves using

the self-consistent initial value MHD code NIMROD. Here the NIMROD code is used to investigate

two broad classes of 3-D magnetic topology evolution. In the first class, helically-symmetric straight

stellarator configurations are heated and the deterioration of flux surfaces is observed. These cases are

compared with their spoiled-symmetry counterparts. Especially interesting are cases where a pressure-

driven instability appears but nonlinearly saturates as the equilibrium magnetic structure evolves. Next,

in the second class of problems studied, current is driven by application of a toroidal loop voltage in a

model of the Compact Toroidal Hybrid. The resulting gradients drive island formation which depends on

the periodicity of the device and also on the rotational transform profile. In addition to these numerical

simulations, 3-D pressure-induced magnetic islands are analytically investigated in the context of finite

parallel thermal transport. The inclusion of finite parallel thermal transport has the effect of attenuating

pressure effects and neoclassical effects, but this additional physics does not affect island size driven by

Pfirsch-Schüter currents.
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Chapter 1

Introduction - Motivation for this

work

Developing sources for cheap, clean energy production is one of the greatest challenges facing society.

Thermonuclear fusion holds great promise to fill this need.

One possibility to contain a hot dense collection of ions and electrons (”plasma”) is the use of magnetic

fields. The present work addresses the stellarator concept to provide the required magnetic confinement

to achieve fusion. The stellarator, proposed originally by L. Spitzer in 1958, achieves confinement by

using an externally produced helical magnetic field.[1] This can be contrasted with the tokamak concept,

where the confining magnetic field is produced by current in the plasma. In a stellarator, no net toroidal

current is required for steady-state operation. This fact gives rise to several advantages of the stellarator

as compared with other magnetic confinement concepts:

• Confinement characteristics of a stellarator (assuming omnigeneity) are as good or better than

those of tokamaks of a similar size.

• Steady-state operation does not require net current to provide confinement.

• The stellarator is robust relative to tokamaks in terms of disruptions.

• The stellarator is economical to operate, especially if the external coils are superconducting.
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1.1 Motivation - the need for equilibrium and stability calcu-

lations

To achieve steady-state fusion, the plasma must be confined in a stable manner at sufficiently high

temperature and density. So, this problem can be decomposed into two broad areas:

• The study of the equilibrium properties of the magnetic confinement concept. Equilibrium studies

look for magnetic geometries where the resultant force on the plasma is zero and the hot plasma

is isolated from the walls of the container.

• The study of the stability properties of the magnetic confinement concept. Stability studies

investigate perturbations to the equilibria. When perturbed, if the system returns to the original

equilibrium, it is stable. If the perturbations grow in time, then that equilibrium is unstable.

One of the most basic and proven models for analyzing the equilibrium and stability of a magnetic

confinement concept is that of magnetohydrodynamics (MHD). MHD is a model which describes the

interaction of the forces within a conducting fluid. Ideal MHD describes plasmas without dissipation,

while non-ideal MHD describes plasmas which have dissipation, i.e. resistivity and viscosity. In the

fusion community there is general consensus that any proposed magnetic confinement concept must

satisfy the restrictions on equilibrium and stability predicted by MHD.

The equilibrium equations of MHD are:

J × B = ∇p (1.1)

µ0J = ∇× B (1.2)

∇ · B = 0 (1.3)

where J is the current density, B is the magnetic field, p is the pressure, and µ0 is the magnetic

permeability of free space. In the equilibrium defined by these equations, the magnetic force, J × B

is balanced by the force from the pressure gradient, ∇p. Any proposed magnetic confinement concept

with sub-Alfv́enic flows must satisfy these equations.

MHD stability studies investigate the result of perturbing the equilibrium equations, Eqs.(1.1-1.3).

MHD instabilities are some of the most dangerous instabilities that can affect a plasma since they
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typically occur on very short time scales and involve macroscopic changes to the plasma. Any pro-

posed magnetic concept must not only satisfy the above equilibrium equations, but also be stable to

perturbations to the equilibrium.

Magnetic configurations which are one-dimensional in nature, e.g. an infinite cylinder, can be

completely analyzed in terms of ideal MHD equilibrium and stability. The equilibrium for this 1D

case is described by the radial force balance. Non-dissipative magnetic configurations which are two-

dimensional in nature, e.g. an axisymmetric torus (“tokamak”), also can be completely described in

terms of ideal MHD equilibrium. For this 2-D case, the Grad-Shafranov equation is a single partial

differential equation which results from a reduction of the MHD equilibrium equations.

Finally, the complete mathematical description of 3-D toroidal MHD equilibrium is still an open

question. However, fully 3-D magnetic configurations are desirable for several reasons:

• Steady-state operation does not require a net current within the plasma.

• Since net-current is not required, fully 3-D configurations are not as prone to current-driven

disruptions.

• Since the 3-D magnetic configurations are created by external coils, there is a large degree of

control over the magnetic topology.

This is the prime motivation for studying 3-D, stellarator-like cases. The distinction between equilib-

rium and stability in 3-D configurations deserves additional comment. A feature that is apparently

a manifestation of the 3-D nature of stellarator configurations is the dependence of equilibrium and

stability on each other. These concepts cannot be so cleanly distinguished, since in 3-D configurations

the equilibrium is observed to evolve in response to appearing instabilities.[2, 3, 4, 5, 6] Investigation of

this interdependence is one of the core topics of the present work.

1.2 Motivation - plasma beta limits

Plasma beta, β, is the ratio of plasma energy to magnetic energy:[7]

β =
2µ0〈p〉
〈B2〉 (1.4)
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where p is the pressure (p = nT =the product of density and temperature), B is the strength of the

magnetic field, and µ0 is the magnetic permeability of free space. High values of β are desired for

steady-state fusion, but MHD equilibrium and stability calculations often can set a maximum limit on

β. For example, in a tokamak equilibrium, it can be shown that achievable β is limited by ballooning

modes, kink modes, and closely related instabilities.[8]

For tokamak-like equilibria, in 1985 Troyon performed a numerical optimization study to determine

what maximum achievable β is possible. Different pressure profiles and current profiles in tokamaks of

various shapes and sizes were investigated. A remarkably simple empirical relation was obtained for the

maximum achievable β (before the onset of MHD instabilities):[9]

βcrit ∼
µ0I

aB
(1.5)

where I is the total current, B is the toroidal magnetic field, and a is the minor radius of the plasma.

A few points require emphasis. First, this β limit was derived through an MHD stability analysis.

In other words, above this critical value of β, MHD instabilities disrupt the plasma. Secondly, this

relation continues to be used to describe modern tokamaks. That is, tokamak-like equilibria have a

stability-determined β limit.

In contrast, recent work indicates that in fully 3-D magnetic configurations like stellarators, β may

not be limited by stability issues, but instead by equilibrium considerations. For any given stellarator

equilibrium, as β is increased, the equilibrium appears to change, limiting β from becoming larger.

Furthermore, attempts to operate at higher values of β do not necessarily result in an instability-caused

disruption. For example, in the Wendelstein 7-AS stellarator, β ∼ 3.5% has been achieved, even though

MHD stability calculations predict the onset of instability at β ∼ 1.5%.[2, 3, 4, 5, 6] For this case, an

MHD instability is observed as β is increased past 1.5%, however the instability non-linearly saturates

and does not disrupt the plasma, nor does it limit the achievable β. Similar results have been reported

in the Large Helical Device (LHD) stellarator.[10]

Important theoretical questions regarding β limits in fully 3-D magnetic topologies still need to be

answered: What maximum β is possible? What factors and physics limit achievable β? If instabilities

do not set a limit on achievable β, what equilibrium characteristics limit β? These questions provide

key motivation for the current work.
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1.3 Motivation - the need for good, nested, magnetic flux sur-

faces

Taking the projection of Eq.(1.1) along the magnetic field yields:

B · ∇p = 0 (1.6)

This implies that magnetic field lines lie on surfaces of constant pressure. These surfaces are referred

to as magnetic flux surfaces. In a similar manner, by taking the projection of Eq.(1.1) in the direction

of the current yields:

J · ∇p = 0 (1.7)

indicating that current lines also lie on surfaces of constant pressure. The current flow is constrained

within flux surfaces, and does not flow across flux surfaces. This fact is critical for good confinement;

as long as a flux surface does not intersect the wall of the device, the charged particles on that flux

surface will, to lowest order, remain on that flux surface. Note that other phenomena can cause particle

transport perpendicular to the flux surface, e.g. collisions which knock the particle off of its flux surface,

but these processes occur on longer transport timescales compared with the very short timescales of

MHD instabilities in which the present work is interested. For simple periodic cylindrical geometries,

the MHD equilibrium equations define flux surfaces which are cylindrical to lowest order and nested

within each other. Because charged particles are, to lowest order, constrained to stay within the flux

surface, nested flux surfaces like this are desirable for good particle confinement. The remainder of this

document will discuss only periodic cylinders or toroidal geometries.

There are three categories of magnetic field line trajectories.

• Irrational (or ergodic). These field lines trace out the entire flux surface without closing on

themselves.

• Rational. These field lines trace out part of a flux surface, closing on themselves after some finite

n toroidal (or axial) transits.

• Stochastic. These field lines fill a volume, rather than filling only a surface.
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Typically, good, nested flux surfaces defined by MHD equilibria consist of ergodic and rational surfaces.

Stochastic field lines are undesirable since Eq.(1.6) implies that the pressure profile will be flat in this

region. That is, stochastic regions have poor confinement.

Unfortunately, fully 3-D magnetic topologies are not guaranteed to have good, nested flux surfaces.[11]

This complicates the analysis of fully 3-D magnetic topologies. For simplicity, much work in the study

of fusion plasmas has assumed well-formed nested flux surfaces. Recent work, however, has indicated

that the key to understanding β limits in stellarators lies in understanding how magnetic flux surfaces

degrade as β is increased.[2, 3] These findings are motivation for the present work.

1.4 Motivation - magnetic island formation

In modern stellarator experiments, as β is increased, magnetic surfaces degrade, and stochastic regions

can form in the plasma. A related 3-D magnetic structure is the magnetic island. In axisymmetric

configurations, the magnetic island can be understood as the plasma’s response to an instability called

a tearing mode. Suppose that there is a toroidal equilibrium with nested magnetic flux surfaces. If the

system is ideal and has no resistivity, perturbations to this system result in no change the magnetic

topology, except to slightly distort the magnetic surfaces. However, if the system has a finite resistivity,

perturbations at a rational surface can result in a change to the magnetic topology; the flux surfaces

about the resonant surface can be broken into a chain of islands. A schematic of a magnetic island is

shown in Figure 1, where the rational surface is shown at x = 0. If this chain of islands grows in width

and overlaps with another chain of islands, a stochastic region will result.

As stated previously, fully 3-D magnetic topologies are not guaranteed to have good, nested flux

surfaces. Interestingly, one way that the magnetic field structures changes in 3-D is through the for-

mation of magnetic islands. That is, magnetic island formation can also occur in vacuum, because of

symmetry-spoiling perturbations to an otherwise symmetric (2-D) magnetic field. Vacuum magnetic

islands can form, because of the 3-D nature of the magnetic field structure. This formation of magnetic

islands in 3-D is further motivation for the current work.

As will be discussed in detail in Chapter 3, a singularity in current can exist at a rational surface. The

magnetic field resolves this singularity by forming a chain of magnetic islands at this rational surface.
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Figure 1: Schematic of a magnetic island with rational surface at x = 0. α is the helical angle along
the cylindrical flux surface.

In cases where the current is driven, perhaps Ohmically, the underlying physics is time-dependent

because of inductive effects. These time-dependent processes drive instabilities which trigger changes

in the magnetic field structure. An adequate analysis of this system requires that these time-dependent

effects be considered. Island formation at rational surfaces in response to driven current, as well as the

subsequent evolution of the magnetic topology will be treated in the present work.

A subtle point is the origination of this singular current at the rational surface when there is no

current drive (since in the stellarator no net current is required). Pressure-induced currents may de-

grade magnetic surface integrity. That is, finite-β strongly affects island dynamics. The full nonlinear

theory of pressure-induced and curvature-induced magnetic islands in tokamaks was originally done

by Kotschenreuther, Hazeltine, and Morrison (KHM) in 1985.[12] By treating the island region as a

boundary layer problem, they built on the previous work of Rutherford (who only considered island

formation driven by magnetic free energy) and also Glasser, Greene, and Johnson (who derived the lin-

ear theory of pressure-induced and curvature-induced modes).[13, 14] Reiman and Boozer were the first

to investigate the emergence of islands in 3-D MHD equilibria caused by Pfirsch-Schlüter currents, and

Cary and Kotschenreuther generalized the result of KHM to 3-D geometries, but at low β[15]. Further

refinements to this theory later were carried out by Hegna and Bhattacharjee, who advanced the theory

for higher values of β and to include bootstrap current effects.[16, 17] These theory extensions have

proved useful for interpreting observations in LHD, among other devices.
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These theories provides several motivating factors for the present work. First, additionally, island

formation at rational surfaces as a response to increasing plasma β is an important motivator. Since

the plasma’s response to increasing β is the formation of magnetic islands, perhaps this physics can

provide insights into how the equilibrium magnetic structure changes to limit achievable β. Also,

analytic island theories like these provide important input for numerical codes, since analytic theories

can provide insights into which physics must be included in numerical computations.

1.5 Motivation - the importance of finite parallel transport

Because MHD equilibrium implies that B · ∇p = 0, a magnetic island in equilibrium should have no

pressure gradient across it. This can be seen by looking at Figure 1. Since the same flux surface encircles

the entire island, and since pressure gradients are zero on flux surfaces, the pressure on both sides of

the island should be the same. However, in 1993, a temperature gradient across magnetic islands was

observed in the Rijnhuizen tokamak RTP.[18] In 1995, Fitzpatrick surmised that this effect was because

of finite communication along field lines in the vicinity of the island.[19] This effect can be understood

through the following thought experiment. First imagine a cylindrical configuration with good nested

flux surfaces everywhere, except for a chain of thin islands at some rational surface. As heat slowly

diffuses out from the center (perpendicular to the flux surfaces, because of say, collisions), temperature

equilibrates very quickly on flux surfaces. However, near the magnetic island chain, there is a race to

get to the other side of the island: perpendicular diffusion crawls slowly across the island vs. parallel

heat transport along field lines which is very fast, but must map out the separatrix of the island to

get to the other side. Also recall that at the X-point of the island (at the rational surface), the field

lines are not ergodic but rational. This competition between parallel and perpendicular heat transport

successfully explained the observed temperature gradient. Additionally, Fitzpatrick also found that this

effect modified the island width, if the island was sensitive to pressure effects.

Most previous work on magnetic island formation and flux surface deterioration has assumed in-

stantaneous communication along field lines; temperature equilibrates instantaneously on flux surfaces.

However, Fitzpatrick’s result indicates that finite transport along field lines is important near sufficiently

small magnetic islands. Furthermore, since this physical effect is important near magnetic islands, it
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most likely is also important in stochastic regions. Indeed, at high β on the stellarator Wendelstein

7-AS, a pressure gradient has been observed in stochastic regions of the plasma.[3] This point should

be emphasized: experimental results indicate that the stochastic region of a stellarator provides some

confinement and supports a pressure gradient. Obviously, study of situations like this should include

the physical effect of finite transport along field lines. Even so, numerical codes which can accommodate

features of 3-D equilibria (like magnetic islands and stochastic fields) do not include this physics. The

present work seeks to quantify the scale of this physical effect.

To model this parallel transport, there are two feasible possibilities:

• A diffusive transport model of the form,

q = −κ‖∇‖T − κ⊥∇⊥T (1.8)

where q is the heat flux, T is the temperature, κ‖ is the conductivity along field lines, and κ⊥ is

the conductivity perpendicular to field lines.[20] Although this model is strictly applicable to cold,

collisional plasmas, its application to high temperature plasmas has yielded qualitatively correct

results. As demonstrated by Fitzpatrick, this model certainly provides for more accurate results

than the assumption of infinite communication along field lines.

• A non-local transport model. The physics of long-collision-length along field lines is most accu-

rately described by a kinetic model, for which the velocity distribution of particles is accounted

in time (in addition to the position of the particles). However, computational power has not ad-

vanced far enough to conduct full kinetic simulations over transport time scales. To include kinetic

effects in the framework of a fluid model, a more computationally tractable hybrid approach is

adopted, which combines information from the fluid and the kinetic descriptions of the plasma.

This hybrid approach, or non-local closure, captures kinetic effects by integrating fluid variables

and closure variables along characteristics of the distribution function. In general, for cold, col-

lisional plasmas, the collisions have the effect of spatially localizing the integral expressions, and

this transport model reduces to the diffusive model given above.[21]

Finally, it is suspected that the degree of transport anisotropy influences island dynamics and the

destruction of magnetic flux surfaces. That is, the ratio of heat conductivities parallel and perpendicular



10

to the magnetic field, κ‖/κ⊥, may be important to understanding this physics. As stated above correct

analysis of this problem cannot assume that κ‖ is infinite.[19, 22] This motivates another question in

the present work: does a relation exist between κ‖/κ⊥ and maximum achievable β?

1.6 Motivation - fully 3-D self-consistent simulation

Little numerical analysis of fully 3-D time-dependent MHD processes with self-consistently calculated

field quantities in stellarators has been done to date. Until recently, limitations in computational power

have prevented this work from occurring, with much numerical work over the past 30 years instead

focusing on the search for equilibrium solutions. However, the NIMROD code, discussed in Section 2.4,

can tackle the fully time-dependent MHD problem. The original motivation for this code was the analysis

of tokamak plasmas, where the equilibrium magnetic field is axisymmetric. Consequently, the NIMROD

code is not designed to readily accept equilibria which are not axisymmetric. This has allowed the very

efficient and accurate analysis of tokamak plasmas, however the analysis of stellarator-like plasmas has

been limited with the NIMROD code. Furthermore, the NIMROD code has many options for defining

the physics of heat transport anisotropy; the NIMROD code is well-suited to analyzing problems where

anisotropic heat transport effects are important. This is further motivation for the current work, which

includes modification of the NIMROD code to allow the input of equilibrium stellarator magnetic fields

as part of the initial conditions.

1.7 Motivation - summary

As stated above the present work is motivated by the following:

• 3-D magnetic configurations are desirable for engineering reasons (no net current required), sta-

bility (less chance of current-driven disruptions), and controllability (fields are created by external

coils).

• In 3-D magnetic topologies, plasma β appears to limited by equilibrium considerations, not in-

stabilities.



11

• Understanding the mechanism of flux surface deterioration is key to understanding equilibrium β

limits.

• Good nested flux surfaces are not guaranteed in 3-D magnetic topologies. Stochastic regions and

magnetic islands can exist even in vacuum magnetic configurations.

• Current-driven instabilities can result in changes to the 3-D magnetic field structure. Understand-

ing how the equilibrium evolves in response to these appearing instabilities can provide insights

into flux surface destruction processes.

• Pressure-induced currents at rational surfaces can result in changes to the 3-D magnetic equilib-

rium. Understanding the formation of pressure-induced magnetic islands can provide insights into

how the equilibrium magnetic field changes to limit β.

• The importance of finite parallel heat transport has been demonstrated to have significant effects

near sufficiently small magnetic islands. It is suspected that this physical effect also plays a

significant role in the degradation of flux surfaces and maximum achievable β. What is the

magnitude of this effect? Is there a relation between κ‖/κ⊥ and flux surface destruction processes?

• The NIMROD code has many options for studying the anisotropic heat transport.

These points provide motivation for the present work:

• Finite beta simulations of a straight stellarator using the NIMROD code. In these simulations, the

response of the equilibrium to emerging pressure-driven instabilities is examined. Several effects

are analyzed:

– Three different vacuum magnetic rotational transform profiles are investigated.

– Two general classes of these magnetic configurations are presented, those that are helically

symmetric and those which have spoiled symmetry.

– The effect of changing the ratio of κ‖/κ⊥ is investigated.

• The temporal evolution of discharges in the Compact Toroidal Hybrid is modeled using the NIM-

ROD code:
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– Three different strengths of Ohmic current drive are applied.

– Two different levels of viscous dissipation are applied.

– These results are compared with results from the experiment.

• The analytic theory of equilibrium magnetic island width in fully 3-D magnetic configurations is

extended to include finite parallel transport. This work is unencumbered by limits on plasma beta

or aspect ratio.

This work is organized as follows. Chapter 2 discusses relevant MHD theory and gives background

into prior work on the subject of 3-D MHD equilibrium. Prior work in the numerical study of 3-D

equilibria is highlighted, with discussion of opportunities for future analysis with the NIMROD code.

Additionally, challenges to modeling a stellarator in NIMROD are discussed. Chapter 3 discusses work

on analytical equilibrium island widths. Chapter 4 presents work on finite β evolution of equilibria and

their response to small 3-D harmonic additions to the vacuum field. Chapter 5 shows how NIMROD

can be used to analyze nonaxisymmetric toroidal devices like the Compact Toroidal Hybrid. Finally,

Chapter 6 gives a general discussion of the sum of this work.
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Chapter 2

Theory and Background

Here I will discuss the physics relevant to this work. This chapter is organized as follows. A review of

the MHD equations is presented in Section 2.1. An overview of previous analytical 3-D equilibrium work

is discussed in Section 2.2. In Section 2.3, a survey of previous numerical work is discussed. Finally, in

Section 2.4, an overview is given of the NIMROD code.

2.1 Review of MHD

Magnetohydrodynamics (MHD) is the model used to describe the behavior of conducting fluids, in-

cluding plasmas. This model has enjoyed great success, since it provides a good description of the

macroscopic phenomena in a plasma, and since it describes the most dangerous instabilities that affect

plasmas. One of the simplest MHD models commonly employed is that of ideal MHD. The equations

of ideal MHD are:[7]

∂ρ

∂t
+ ∇ · (ρv) = 0 (2.1)

ρ
∂v

∂t
+ ρ(v · ∇)v = J × B−∇p (2.2)

∂p

∂t
+ v · ∇p = −γp∇ · v (2.3)

∂B

∂t
= −∇× E (2.4)

E = −v × B (2.5)

µ0J = ∇× B (2.6)

where, in MKS units, v is the particle flow velocity, ρ is the mass density, J is the current density, B

is the magnetic induction, p is the scalar pressure, γ is the ratio of specific heats, E is the electric field,

and µ0 is the permeability of free space. This model is has no dissipation, but is successful because of
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its ability to predict dangerous instabilities. For more realistic MHD models, terms are added to these

equations to provide for dissipation, e.g. viscosity and resistivity.

As discussed in Chapter 1, a related, but simplified problem is to determine what stationary equi-

librium points are allowed within this configuration. In this case, the equations simplify to:

J × B = ∇p (2.7)

µ0J = ∇× B (2.8)

∇ · B = 0 (2.9)

Numerically, the study of 3-D equilibria is based on one of two techniques: 1) Determining the magnetic

field structure such that the total energy of the plasma is minimized, or 2) iteratively solving the above

equilibrium equations.

Before jumping right into the prior work on 3-D MHD equilibria, some basic vocabulary must be

developed: parameters of merit which characterize equilibrium and stability.

2.1.1 Parameters of merit which characterize equilibria and stability

There are several parameters of merit which characterize MHD equilibria and stability. These parame-

ters will be of use in the ensuing discussion.

• Plasma β. As discussed in Chapter 1, plasma β measures the efficiency of plasma confinement by

a magnetic field. Although β appears to be limited by stability in tokamaks, recent work suggests

that β is limited by the equilibrium magnetic field structure in stellarators.

β =
2µ0〈p〉
〈B2〉 (2.10)

• Rotational transform. Rotational transform provides a measure of the twist of the magnetic field

lines within a flux surface.[23]

 ι(ψ) ≡ dχ

dΦ
(2.11)

Here χ =
∫

B · dSpol is the poloidal magnetic flux, Φ =
∫

B · dStor is the toroidal magnetic

flux, and ψ is a marker for the radial coordinate. Magnetic flux surfaces which have rotational

transforms that have rational values,  ι = n/m, are susceptible to island formation. In tearing
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mode theory, a magnetic perturbation that resonates with this value of rotational transform will

trigger a change in magnetic topology and form a magnetic island. That is, perturbations of

the form δB ∼ B̃r sin(mθ − nζ) resonate with magnetic surfaces which have rotational transform

 ι = n/m, forming a magnetic island. Here, θ is the angle in the poloidal plane and ζ is the toroidal

angle. This situation is equivalent to harmonic perturbations to a 2-D equilibrium which result in

3-D magnetic topology. Thus, 3-D magnetic field structures can have magnetic islands in vacuum.

• Vacuum magnetic well. Vacuum magnetic well is a measure of the average curvature of the field

lines,[7]

W = 2
V

〈B2〉
d

dV
〈B

2

2
〉 =

V ′′(Φ)Φ

V ′(Φ)
(2.12)

where V is a label for the volume enclosed within a toroidal flux surface. Magnetic well gives a

measure of the stability of the device against interchange instabilities. W > 0 denotes favorable

curvature (”magnetic well”) while W < 0 denotes unfavorable curvature (”magnetic hill”). It

should be noted that periodic cylinder configurations have unfavorable curvature everywhere and

are prone to interchange instabilities.

• Magnetic shear. Magnetic shear measures the change in pitch of a field line from one flux surface

to the next. As a general rule, high values of shear promote interchange stability.[7]

s(V ) = 2
V

 ι

d ι

dV
(2.13)

Many of the modern stellarator experiments are designed to exploit specific regimes of the above

parameters. For example, Wendelstein 7-AS was designed to minimize shear throughout the plasma.[10]

The Large Helical Device (LHD) was designed to have large values of shear.[24]

2.2 Brief overview of previous stellarator analysis

In this section, an overview is given of analytical attempts to understand stellarator-like equilibrium

magnetic field structures. First, the model for a straight stellarator in vacuum will be presented. In cases

where straight stellarator configurations are described by only a single harmonic, the finite β equilibrium

for a straight stellarator can be described by a helical Grad-Shafranov equation. Next, analysis of the
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equilibria of toroidal stellarators in terms of various expansions will be described. This work comprised

much of the early analytical work on stellarators, but relied on the assumption of the existence of good

nested flux surfaces.. In Section 2.2.4, a discussion is given of how the 3-D equilibrium problem has

been analyzed using boundary layer theory. Notable here is the relaxation of the requirement of good

nested flux surfaces.

2.2.1 The straight stellarator in vacuum

The simplest model of a stellarator is that of a straight stellarator in vacuum, i.e. a stellarator where

toroidal curvature is ignored and the conducting boundary which encloses the plasma is a periodic

cylinder. This model provides one of the simplest cases where fully 3-D effects can be investigated.

That is, this model allows for magnetic islands and stochasticity in vacuum. A disadvantage of this

model is that it does not include the interchange-stabilizing effect of toroidal curvature. However,

because of its simplicity in terms of geometry and analytical form, and because it describes a true 3-D

magnetic field, this model is a good starting point for numerical simulation using the NIMROD code.

In vacuum there are no currents, ∇×B = 0, so the magnetic field can be represented as the gradient

of a scalar potential, B = ∇φ. Since the magnetic field is solenoidal, ∇ · B = 0, the resulting Laplace

equation, ∇2φ = 0, can be solved in this periodic cylinder:[25]

φ = B0

[
Rζ +

∑

m

ǫm
Rm

n
Im

(nr
R

)
sin(mθ − nζ)

]
(2.14)

where B0 is the uniform guide field in the axial direction, ζ is the axial coordinate distance, m and n

are the poloidal and axial (”toroidal”) mode numbers respectively, ǫm is the strength of mth harmonic

relative toB0, r is the radial distance from the geometric center, θ describes the distance in the azimuthal

direction, Im is the modified Bessel function of order m, and R provides a measure of the length of the

periodic cylinder where L = 2πR.

Eq.(2.14) can represent vacuum magnetic fields for any combination of harmonics, m,n. However,

this equation does not give insight into how finite pressure alters the magnetic field. For cases where φ

in Eq.(2.14) consists of a single m,n harmonic (and multiples of that harmonic), finite β MHD equilibria

can be described by a helical Grad-Shafranov equation.
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2.2.2 The helical Grad-Shafranov equation

A special subclass of solutions for MHD equilibria is the case where all physical quantities depend on

only two coordinates. For this case, the MHD equilibrium equations can be reduced to a 2-D nonlinear

partial differential equation, the Grad-Shafranov equation. So, finite β effects on the MHD equilibrium

can be described for the straight stellarator as long as the magnetic field is a function of only two

parameters (”helically symmetric”),

B = B(r, u) (2.15)

where u = lφ+hz, φ is the azimuthal (”toroidal”) coordinate, z is the axis of rotation in a right-handed

cylindrical coordinate system. Note that a poloidal plane is described by coordinates (r, z) with constant

φ. Also, the pitch of the helical symmetry is described by h/l. Now, recall that MHD equilibrium implies

that magnetic field lines and current lines lie on surfaces of constant pressure, or flux surfaces. Now, let

these surfaces be labeled with ψ = ψ(r, u). Here, ψ is the ”helical flux function.” It gives a measure of

the flux through a helical ribbon of constant u from r = 0 to r. For this case, if one knows the pressure

profile, the equilibrium can be completely described with a helical Grad-Shafranov equation for ψ:[26]

Lψ =
2lh

l2 + h2r2
f − ff ′ − (l2 + h2r2)p′ (2.16)

where f = f(ψ) = lBz − hrBφ describes the helical magnetic field, p = p(ψ) describes the pressure

profile, primes denote differentiation with respect to ψ, and L is the generalized Laplacian:

L ≡ l2 + h2r2

r

(
∂r

r

l2 + h2r2
∂r +

1

r
∂uu

)
(2.17)

So, if one has knowledge of the boundary conditions and the profiles of p(ψ) and f(ψ), then a unique

solution for ψ can be found. Thus, the shape of the magnetic topology is known. Note that the case

l = 0 corresponds to axisymmetry while the case h = 0 corresponds to plane symmetry. The above

equations can be used as a check for subsequent numerical analysis. That is, if a vacuum magnetic

structure that is defined by only one harmonic (and multiples of that harmonic) in Eq.(2.14) is heated,

numerical simulation of this problem should match solutions to Eq.(2.16).
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2.2.3 Early analytical theory of 3-D MHD equilibria: the assumption of

good nested flux surfaces

Although complete theories exist for 1D and 2-D MHD equilibria, the analytical theory of 3-D MHD

equilibria is still an open question. Early analytical attempts to describe 3-D MHD equilibria assumed

the existence of good nested flux surfaces, and various expansions and approximations were made based

on this topology. Magnetic islands and stochasticity were not allowed for in these theories. As a result,

attempts to derive limits for achievable β were based on stability analyses of these equilibria, much

like in tokamak theory. Since these stability analyses were done on equilibria which did not allow for

changes in the topology of the magnetic field, the predicted MHD instabilities often have not been

seen to cause disruption and limit plasma β. As established in Chapter 1, the magnetic topology does

indeed change in response to increasing pressure. However, to provide context for the present study,

the general categories of previous 3-D MHD equilibria analysis which are based on the assumption of

good nested flux surfaces, are listed here. It should be noted though, unlike the straight stellarator

theory above, these theories provide a lowest order estimate of the stellarator magnetic field structure

in toroidal geometry. As a result, these theories may provide a starting point for future fully 3-D

numerical analysis (which allows the evolution of of the magnetic topology) in toroidal geometry.

• The stellarator approximation. The stellarator approximation was employed by Johnson, Greene,

and Weimer in the 1960s. This method is based on an expansion in the helical field amplitude, with

a strong guide field.[27] This work was revisited in the 1980s and generalized to obtain higher orders

of accuracy.[28, 29, 30] Key results for this analytical approach include tractable expressions for

calculating simple toroidal equilibria and stability. Based on stability analyses of these equilibria,

an expression for critical pressure was produced for high aspect ratio configurations. This critical

pressure is defined as the pressure at which the Shafranov shift of the plasma becomes infinite.

Unfortunately, since this stability analysis was based on equilibria that did not allow for changes

in magnetic topology, these predictions have not come to pass. However, it should be noted that

there is renewed interest here, where this work has been generalized to include toroidal effects at

the same order as helical effects, allowing the calculation of equilibria with multiple helicities and

a non-planar magnetic axis.[31]
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• Expansion in powers of the distance from the magnetic axis. The second approach to computing

3-D MHD equilibria is an expansion in powers of the distance from the magnetic axis, with

expansion parameter nr/R, employed by Mercier.[32] For large aspect ratio devices, this approach

allows analysis of configurations with arbitrary amplitude of the helical field. However, key to

this approach is explicit knowledge of the magnetic axis. So, if the magnetic axis distorts as the

configuration evolves this approach is not of great utility, even if the magnetic topology does not

change. If the magnetic topology does change by say, the formation of magnetic islands, this

theory is not applicable.

• Expansion in the curvature. The third approach to study 3-D MHD equilibria is an expansion

in the curvature, as used by Shafranov. A solution which assumes good nested flux surfaces is

found for a straight stellarator (periodic cylinder), and is used as a zeroth order approximation

for the toroidal case. As a result, this approximation technique is useful only for configurations

where cylindrically symmetric magnetic surfaces exist to lowest order. That is, this technique

would not be suitable for analyzing configurations where stochasticity and magnetic islands are

present.[33, 34, 35]

In addition to these theories of 3-D MHD equilibria, theories which specifically address confinement

in stellarators have been developed. Several classifications exist to describe stellarators within this

framework:

• Omnigenous. In an omnigenous magnetic field, the bounce-averaged radial drift of all particles

averages to zero in time.[36]

• Quasisymmetry. A magnetic field that is quasisymmetric has variation of B on a flux surface

which can be expressed as a linear combination of Boozer angles. Quasisymmetric fields are a

subset of omnigenous fields.[37, 38]

It has been shown that a perfectly omnigenous field, i.e. one where the bounce-averaged radial drift

of all particles averages exactly to zero, must be quasisymmetric, although nearly omnigenous fields can

be constructed which are far from being quasisymmetric.[39, 40] Quasi-helically symmetric magnetic

fields, in a toroidal configuration were discovered to exist in 1987.[37] Configurations with helically
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symmetric fields, which are closely related to toroidally quasi-helically symmetric fields, are simulated

in Chapter (4).

2.2.4 Analytic theories to handle singularities in the magnetic topology

If the magnetic topology consists of good nested flux surfaces, the above theoretical attempts are

good for describing the resulting 3-D MHD equilibria. However, since the magnetic topology changes

in response to increasing β, these theories are rendered inapplicable to the question of determining

allowable β limits.

To see why the restriction of good nested flux surfaces is unphysical for increasing pressure, it is

instructive to calculate the so-called Pfirsch-Schlüter current at a rational surface. First, assume that

an equilibrium exists which obeys Eqs.(2.7-2.9). Now, far from the rational surface, we will assume

that the magnetic field lines lie on good nested flux surfaces. The coordinates for the calculation will

be Boozer coordinates,(ψ, θ, ζ), where 2πψ is the toroidal flux, θ is the poloidal angle coordinate, and

ζ is the toroidal coordinate.[41] Thus the magnetic field in Clebsch form is given by:

B = ∇ψ ×∇(θ −  ιζ) (2.18)

and the Jacobian is given by:

J =
1

∇ψ · ∇θ ×∇ζ (2.19)

The Jacobian is now expanded in a Fourier series of θ and ζ:

J =
∑

m,n

Jmn(ψ)eimθ−inζ (2.20)

Next the current is found the from the quasi-neutrality relation (high-frequency behavior is neglected):

∇ · J = 0 (2.21)

J = J‖ + J⊥ = QB + J⊥ (2.22)

where the current has been split into parallel and perpendicular components and Q is the magnitude

of parallel current. Additonally, Q is decomposed as a Fourier series:

Q =
∑

m,n

Qmn(ψ)eimθ−inζ (2.23)
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And, the perpendicular current can be found from J× B = ∇p:

J⊥ =
B×∇p
B2

= p′J∇ζ ×∇ψ (2.24)

This allows Eq.(2.21) to be represented as:

B · ∇Q = −∇ · J⊥ (2.25)

Finally, this equation can be solved to obtain the magnitude of the parallel current:

Qmn =
−p′Jmn

 ι− n/m
+ Q̂mnδ(ψ − ψmn) (2.26)

where the first term on the rhs is the inhomogeneous solution, ψnm is the value of ψ at the m,n resonant

surface, and the second term on the rhs in the homogeneous solution. At the rational surface, both terms

are singular. These singularities are a generic feature of the 3-D MHD equilibrium problem, and arise

from the imposition of good nested flux surfaces. The topological constraint of good nested flux surfaces

leaves no where for this current singularity to escape. To make further progress in understanding how

the plasma responds to increasing β, this topological constraint must be relaxed; the magnetic field

structure will resolve this singularity by forming magnetic islands.

The first attempt at an analytical description of a 3-D plasma equilibrium which allowed for magnetic

islands was that of Reiman and Boozer in 1984.[15] In this work, they used an expansion in β, with a

subsidiary expansion about the magnetic axis to obtain an approximate equilibrium. Additionally, they

found that magnetic island formation from resonant pressure-driven current arises from two sources:

variation in
∮
dl/B in the vacuum field, and variation in

∮
dl/B that results from the presence of finite

β. This work was completed with the assumption that temperature equilibration along field lines is

instantaneous.

Significant progress was made in this area with the important work of Cary and Kotschenreuther

(CK), who in 1985, gave an analytic theory of the nonlinear dynamics of magnetic islands which included

curvature and pressure for full 3-D magnetic field structures.[16] In their work, they recognized that

techniques used by Kotchenreuther, Hazeltine, and Morrison[12] to analyze current sheets in tokamaks

could be used to analyze the current sheet physics in 3-D which occur at the rational surface. That

is, CK viewed the 3-D MHD stellarator equilibrium problem as a 2-D equilibrium with a symmetry-

breaking perturbation at the rational surface. Specifically, they used an asymptotic matching technique
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to solve for the plasma equilibrium in the region exterior to the island and in the region interior to

the island. They then matched the results from these calculations to determine the magnitude of the

current singularity. They found that, in a low-β approximation, the presence of a magnetic hill or

magnetic well strongly influenced the island growth. Although the results of CK were only for very low

β situations, their solution strategy for the problem paved the way for much deeper understanding of

the problem. One final point on the work of CK should be noted: their work assumed that temperature

equilibration along field lines is instantaneous. As discussed in Chapter 1, it is now known that near

sufficiently small magnetic islands, finite communication parallel to the field is an important piece of

physics that should be included the analysis.

The work of CK was extended in 1989 by Hegna and Bhattacharjee (HB) who carried out a similar

calculation, but were able to obtain results for larger values of β, which are more relevant for modern

stellarator experiments.[17] For this β range, island width was found to depend on E+F from Glasser,

Greene, and Johnson’s resistive interchange stability theory.[14] In fact, this arises because as pressure

increases, the magnetic well effect found by CK is augmented by corrections from diamagnetic and

Pfirsch-Schlüter current effects. As above in the analysis of CK, this work assumed that the temperature

equilibration along field lines is instantaneous.

In 1995, Bhattacharjee, et al, built on the 1989 work of HB. HB considered pressure-induced islands;

Bhattacharjee’s 1995 work allowed for magnetic islands in the vacuum magnetic field structure. This

generalization showed that, if the device was optimized to have a negative resistive interchange param-

eter, DR, magnetic islands could actually reduce in size with increasing β. This phenomenon is referred

to as ”self-healing.” Again, it should be noted that this work assumed temperature equilibration along

field lines to be instantaneous.[42]

The next major relevant development in understanding the dynamics of islands was provided by

Fitzpatrick in 1995 for collisional tokamak plasmas, and generalized to high-temperature tokamak plas-

mas by Gorelenkov in 1996.[19, 22] Fitzpatrick found that below a critical island size, a competition

between parallel and perpendicular heat transfer occurred in the island region, changing the pressure

and temperature profile, and thus the island growth rate. That is, κ‖ cannot be considered infinite.

This effect significantly influenced the growth of the island and the equilibrium size of the island. Nu-

merically, this effect has been studied for tearing modes in tokamak plasmas by Lütjens, Luciani, and
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Garbet. Indeed, their work matched the results of Fitzpatrick quite nicely, showing that the effects

of resistive interchange are attenuated for islands smaller than a critical width.[43] Since one of the

key assumptions in the 3-D MHD equilibrium analytical work of CK and HB was that temperature

equilibrated instantaneously along field lines(κ‖ ∼ ∞), their analysis needed to be modified.

One of the subjects of the present work is to extend the above analytical island work to fully 3-D

magnetic topologies. That is, the previous analytical island work of HB is revisited, but now with the

assumption that parallel heat transport is finite in the island region.

2.2.5 Evolution of magnetic field structure with changing beta

One strategy in determining β limits is to use linear stability calculations to determine when finite

pressure effects will trigger an MHD instability. Linear stability calculations have been quite successful

for understanding and predicting the performance of tokamak plasmas. However, these calculations do

not adequately describe β limits in stellarators. In fact, linear stability calculations have underestimated

the performance of both Wendelstein 7-AS and the LHD.[10] These calculations have predicted that

neither W7-AS nor LHD should have been able to reach high values of β, since they would need to

traverse through conditions which are MHD unstable. While calculations like these predict that the

plasma should be unstable for β as low as 1.5% for W7-AS, values as high as β ∼ 3.4% have been

achieved.[44] In fact, as W7-AS passes through the low β range on the way to high β regimes, the

predicted MHD activity was observed to saturate at non-destructive levels, before disappearing as β

increased. As a result, in W7-AS apparently it is the Pfirsch-Schlüter currents which seem to define the

β limit. That is, pressure-induced currents which can become singular at rational surfaces and trigger

the formation of magnetic islands are key to understanding how plasma β is limited; changes to the

equilibrium magnetic magnetic topology seem to define the β limit. Therefore, the next generation

of stellarator at Wendelstein, 7-X, is being designed to provide equilibrium magnetic topologies which

minimize the Pfirsch-Schlüter currents.

Experimental results: equilibrium beta limits in Wendelstein 7-AS

Wendelstein 7-AS is a medium-sized (∼ 1m3) five period (n=5) stellarator which was in operation until

2002. It has been partially optimized to have reduced Pfirsch-Schlüter currents and lower neoclassical
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transport. The magnetic field can be adjusted up to 2.5 T, and the rotational transform can be

varied from 0.25 to 0.65. The low shear of W7-AS avoids low order rotational transform resonances and

produces a magnetic well which covers the entire plasma. W7-AS has reached maximum β of 3.4% which

existed for more than 100 energy confinement times. Weller, et al, estimate the achievable equilibrium

β limit based on the historical convention: determine the value of beta at which the magnetic axis is

shifted halfway toward the wall, ∆/a = 1/2 (although it should be noted that β limits calculated in this

manner provide only a crude estimate). Then, the magnitude of the Shafranov shift can be estimated

from a low-β, large aspect ratio approximation:[4]

∆

a
≈ R

a

〈β〉
2 ι2

(2.27)

This resulted in a predicted β limit in W7-AS that agreed fairly well with the experimental results that

have been achieved to date, β ≈ 3.4%. However, the measured Shafranov shift was clearly below 1/2

(only about 1/3), indicating that this is only a coarse estimate of achievable β.

Recently, for W7-AS, a numerical study was conducted which combed through hundreds of equi-

libria, optimizing in terms of maximum β (where maximum β was defined through this Shafranov

shift).[10] The equilibria were constructed using VMEC, a code used to determine 3-D MHD equilibria

by minimizing the total energy in the plasma (see Section 2.3.1). There were several important results.

First, the highest β was achieved with a specific value of rotational transform. Experimentally it was

found that, below this value of  ι confinement time was reduced, and even with additional heating, a

plateau in β was observed. Above this value of  ι the edge islands became quite complex and could

not be compensated by the W7-AS control coils. This dependence of β on  ι suggests that maximum

achievable β is strongly influenced by the details of the equilibrium. This assertion has been investigated

by Zarnstorff, et al, and also by Reiman, et al, using the PIES code.[3, 2] Details of the PIES code are

given below in Section 2.3.1.

Experimental results: equilibrium beta limits in the Large Helical Device

LHD is a large (∼ 30m3) ten period (n=10) heliotron, which was built to provide large rotational

transform with high shear. Indeed, the vacuum rotational transform ranges from 0.35 on axis to 1.5 at

the edge. LHD is quite flexible - the magnetic axis can be moved up to 0.7m and many controls exist for
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plasma shaping. The vacuum configuration does not have a magnetic well, but a magnetic well forms

in the center as β is increased. LHD has reached maximum β of slightly more than 5% which existed

for more than 100 energy confinement times. Weller, et al, in comparing LHD to W7-AS, estimated

the achievable equilibrium β limit as above using Eq.(2.27). The prediction again agreed fairly well

with the experimental results that have been achieved to date, β ≈ 5%. As in the case for W7-AS, the

measured Shafranov shift was clearly below 1/2 (only about 1/4), indicating that Eq.(2.27) provides

only a rough estimate of achievable β.[4]

Plasma β limited by pressure-induced deterioration of the flux surfaces

In 1984, Reiman and Boozer attempted to analytically estimate a β limit by assuming that island

overlap would lead to stochasticity and loss of equilibrium. They reasoned that island growth is a

monotonically increasing function of β. And, as β is increased, islands grow and may overlap. When

significant overlap occurs so that the field lines are stochastic over much of the plasma volume, the

equilibrium β limit has been reached.[15] Although this work laid the foundation for future work in

understanding magnetic island formation, the degradation of flux surfaces is more complicated than

just the overlap of magnetic island chains. Indeed, modern devices commonly have large regions of

stochasticity while maintaining β levels of several percent over hundreds of confinement times.

In 2004, Zarnstorff, et al, investigated the processes that limit achievable β values in W7-AS.[3] He

noted that β was limited by confinement and heating power, but also was sensitive to the magnetic

configuration. Zarnstorff, et al, also investigated the equilibrium flux surface topology using the PIES

code. PIES is a code which calculates 3-D equilibria by starting with a guess at the field quantities and

iterating the MHD equilibrium equations. Significant about PIES is that fact that it does not make the

assumption of nested flux surfaces, however, the user must prescribe the pressure and current profiles

(see Section 2.3.1). Notably, Zarnstorff, et al, observed that the pressure profile had to be modified to

have a finite pressure gradient in the stochastic region, in order to match the experimental observations.

This implies that transport along field lines cannot be considered infinite.

In 2007, Reiman, et al, extended the 2004 work by Zarnstorff, et al, to study the magnetic field

structure in the stochastic region.[2] Again, they used the PIES code to investigate the relation between

allowable β and the magnetic field topology. Additionally, improvements were made to the PIES code to
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allow more careful comparison with experiment. Like the 2004 study, the equilibria were calculated for

differing β, and again the shape of the pressure profile was kept fixed in PIES. Recall that the pressure

profile is a user-prescribed quantity in the PIES code. Also, again the stochastic edge region had a finite

pressure gradient, indicating that transport along field lines cannot be considered infinite. In fact, when

a flat pressure profile was assumed in the stochastic region for the PIES code, the width of the stochastic

region would continue to increase as the code iterated, until the equilibrium was lost. In this round of

observations, behavior was observed which indicated that the flux surfaces were largely intact, except

where they were broken near the outer mid-plane of the device. They propose an equilibrium model

which handles both the areas of good flux surfaces and the stochastic region. This model separates the

magnetic field into two pieces: a piece with good flux surfaces and a perturbation that produces chaotic

field line trajectories. This has important consequences for the B · ∇ operator and the quasineutrality

equation in regions near the outer mid-plane of the device. The resulting equation is compared with and

solved as a 1D Vlasov equation in the presence of turbulence, resulting in the phenomenon of resonance

broadening.

In contrast with the above work, Chapter (4) presents calculations where pressure and temperature

profiles are determined self-consistently as the magnetic topology evolves with increasing plasma β.

2.2.6 Evolution of magnetic field structure in fully 3-D configurations with

increasing driven current

As discussed above, net toroidal current is not required for steady-state plasma confinement in fully 3-D

configurations. However, hybrid devices which use a combination of driven current and external coils

to create the confining magnetic field may offer a path toward steady-state high-β operation. Several

experimental endeavors have explored this concept, but little analytical and numerical work has been

attempted.

Early hybrid experiments attempted to determine if externally generated vacuum rotational trans-

form could mitigate or eliminate the current-driven disruptions. [45, 46, 47] In fact, a minimum vacuum

rotational transform for these devices was found which allowed complete avoidance of current-driven

disruptions. However, in W7-AS, it was found that a rapidly-driven Ohmic current was observed to
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trigger disruption at either  ι(a) = 1/2 or 2/3. [48]

The Compact Toroidal Hybrid (CTH) has been constructed to further investigate these phenomena.

[49] In this device, Ohmic current is driven on outer flux surfaces and penetrates toward the core as

time passes. As this current penetrates, it locally alters the rotational transform. Magnetic islands are

observed to form, and flux surface destruction ensues. This device’s operation is treated in detail in

Chapter (5), where the NIMROD code is used to model current-driven magnetic flux surface destruction.

This work is the first to consider current-driven instabilities in a stellarator plasma starting from a 3-D

vacuum state.

2.3 Survey of previous numerical analyses of stellarator plas-

mas

2.3.1 Equilibrium codes

In the late 1970s, finite difference methods and finite element methods were used to find ideal MHD

equilibria. Notable among these codes was the BETA code, developed by Bauer, Betancourt, and

Garabedian.[50, 51, 52, 53] These codes succeeded by minimizing the total plasma energy. While

moderately successful, these methods suffered from slow converegence. Then, in the mid-1980s, the

employment of spectral methods to find MHD equilibria resulted in rapid numerical convergence for

these problems.[54] Significant in this arena are VMEC, BETAS, NSTAB, and subsequently SIESTA.

VMEC will be discussed below, although the strategy employed by the others is very similar to that in

VMEC.

Note that the above methods (with the exception of SIESTA) assume the existence of good flux

surfaces. To lift this restriction, in 1986 Reiman and Greenside proposed a code (PIES) which iteratively

solves a magnetic differential equation to obtain a solution.[55] Alternatively, the HINT code proposed

by Harafuji, Hayashi, and Sato, utilizes a different technique to allow the calculation of 3-D MHD

equilibrium without assuming good flux surfaces: a relaxation method is employed to calculate how the

non-ideal MHD equations evolve in artificial time.[56]

Although advances have been made to lift the restriction of well-formed flux surfaces in determining
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the equilibrium field structures, the user must still provide input to constrain the current and pressure

profiles. There is no general agreement on the proper algorithm for constraining these profiles for

general magnetic topology. [57] Furthermore, as alluded to previously, equilibria are observed to change

in response to emerging instabilities, clouding the division between equilibrium and stability. Transport

and time-dependent effects are equally important in determining the evolution of the field topology.

Therefore, numerical codes which solve for equilibrium field structure are useful in many applications,

but fail to provide insights into how a configuration responds as instabilities develop.

Energy minimizing codes

VMEC is a free-boundary 3-D spectral equilibrium code.[58, 59] VMEC assumes nested toroidal mag-

netic surfaces and attempts to minimize the total energy of the plasma (magnetic energy plus thermal

energy) confined in the toroidal domain Ωp, for prescribed magnetic flux and pressure profiles.

Wp =

∫

Ωp

(
B2

2
+ p

)
dV (2.28)

This minimization can occur for either fixed magnetic fluxes or no net toroidal current on each flux

surface. Because of the expansion that VMEC utilizes for R, Z, and the toroidal stream function, it is

required that the physical system have symmetry about the horizontal axis at two toroidal locations,

ζ = 0 and ζ = π. Stellarators that do not meet this requirement cannot be analyzed. VMEC radially

discretizes the domain, in units of normalized toroidal flux.

The BETAS code has a solution strategy which is very similar to VMEC. The NSTAB code improved

upon the BETAS code by solving the weak form of the resulting equations. This improvement provided

several advantages: more accurate determination of the location of the magnetic axis, and improved

resolution to better understand where current sheets form.[60, 61] In fact, NSTAB is still in use presently

to perform stability studies. These studies are carried out by first finding an equilibrium, then exciting

resonant modes and observing whether the equilibrium bifurcates.[62]

VMEC is a very good equilibrium solver, and is still presently used in many laboratories. However,

it does have several weaknesses. First, VMEC, BETAS, and NSTAB assume the existence of good flux

surfaces. In fact, for full 3-D magnetic field structures, good flux surfaces may not necessarily exist.[11]

Consequently, these codes cannot represent magnetic topology which includes islands or stochastic
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regions. Furthermore, time dependent effects are not calculated and transport effects are buried in the

pressure profile, which must be prescribed by the user. Although NSTAB can determine the location

of current sheets by detecting when the equilibria bifurcate, 3-D magnetic topology with islands is not

represented by NSTAB solutions. Therefore, neither VMEC, BETAS, nor NSTAB can provide insight

into the problems that the present work intends to address: how flux surfaces degradation in response

to emerging instabilities.

Recently, an iterative energy minimization code, SIESTA has been developed.[63] This code does

not require the assumption of nested flux surfaces, although it uses this assumption as a first guess for

the final magnetic topology. Although magnetic islands and stochastic regions are in principle allowed

in the computed solutions, time-dependent effects are not calculated here, and transport effects are

again buried in the pressure profile.

PIES

PIES (Princeton Iterative Equilibrium Solver)[64] was developed to study flux surface degradation

and equilibrium beta limits in stellarators. PIES calculates the equilibrium magnetic field structure

using an iterative technique first suggested by Spitzer[1] and also Grad and Rubin[65] in the 1950s.

The plasma current J is the fundamental quantity in this algorithm, contrasted with B being the

fundamental quantity used in the energy minimization methods above. Given prescribed pressure and

current profiles, PIES starts with an initial guess for B and assumes the prescribed pressure to be

constant along a field line.

The algorithm consists of two steps. First, J is calculated from J×B = ∇p by using an initial guess

for B. This is done by converting the force balance equation to a magnetic differential equation for a

stream function v from which J can be found:

B · ∇v = p′ +
g′ +  ιI ′

J
(2.29)

where the prime denotes differentiation with respect to the radial coordinate, p is the pressure, g is the

net poloidal current, I is the net toroidal current, and J is the Jacobian. The stream function v arises

from the canonical representation of J in Boozer coordinates, i.e. finding ∇×B = J. Here, v is a degree

of freedom that is allowed under the constraints ∇ · J = 0 and J · ∇ψ = 0. Eq.(2.29) is solved for v,



30

allowing subsequent computation of the diamagnetic current, J⊥ as well as the parallel current, J‖.

The next step is to find the magnetic field from the newly calculated current. This requires finding

a field b which satisfies ∇ × b = J which is also divergence free. This is done by first finding a non-

divergence-free solution, J = ∇ × h, and letting b = h + ∇u + λ∇φ, where u is a scalar field to be

solved for, λ provides initial condition data, and φ toroidal coordinate. Since the curl of a gradient is

zero, b will satisfy Ampere’s law. Then, since b is divergence-free,

∇2u = −∇ · (h + λ∇φ) (2.30)

which gives the solution for u, and thus the solution for b, the new guess for the magnetic field. For

further details on this algorithm, see references [64] and [66].

This iteration continues until little change is seen in B and J from iteration to iteration. Note

that the pressure profile and the current profile must be prescribed by the user. The crucial element

of this method lies in the formulation of the problem as a magnetic differential equation, Eq.(2.29).

This magnetic differential equation is solved in magnetic coordinates via Fourier transforms. This

formulation allows solution of the problem regardless of whether good flux surfaces exist or not. That

is, this problem can be solved accurately even if B has complex field line topology, like magnetic islands.

PIES is a state of the art equilibrium code. It is an improvement over the energy minimizing solvers

discussed above in that good flux surfaces need not be assumed. This fact has allowed PIES to be used

to investigate the degradation of flux surfaces in Wendelstein 7-AS and NCSX. However, like VMEC, it

is an equilibrium solver. That is, time dependent effects are not calculated. Additionally, any transport

effects are again buried in the pressure profile, which must be prescribed by the user. So, like VMEC,

PIES cannot be used to study the dynamics of magnetic flux surface destruction.

HINT

The HINT code finds an equilibrium by starting with a guess of the equilibrium quantities (a non-

equilibrium starting point), and then letting this initial state evolve or ”relax” in artificial time. During

this time evolution, energy is dissipated via resistivity and viscosity. In principle, the configuration

acquires the lowest energy state. The dissipative factors allow the configuration to evolve to the lowest

energy state from the initial non-equilibrium state.
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Specifically, this relaxation is a two step process. First, a guess of the magnetic field B is made and

fixed while the following two equations are iterated:

∂p

∂t
= B · vs (2.31)

∂vs
∂t

= B · p (2.32)

where p is the pressure, t is an artificial time, and vs is an artificial sound speed to simulate the effect

of communication along field lines. This procedure essentially assigns the pressure at a gridpoint as

the average pressure along the field line which includes that point. Note that the kinetic energy is

monitored during this iteration; if it hits a maximum, vs is set equal to 0 for a single iteration to remove

the kinetic energy. This operation is repeated as necessary during the overall calculation to obtain the

energy minimum state. Next, The pressure is held fixed, and the dissipative equations are advanced in

artificial time:

∂

∂t
(ρv) = −fc[∇p− (J) × B + ν∇2v] (2.33)

∂B

∂t
= ∇× (v × B− ηJ) (2.34)

where µ0J = ∇ × B, ν and η represent artificial dissipation, and fc is a factor to aid in satisfying

the CFL condition (Courant-Friedrich-Levy) during this calculation.[67] Once the left-hand side of the

above equations is small the calculation ceases and the equilibrium has been found. This new solution

for B is checked by going back to Eqs.(2.31) and (2.32) and iterating this two step process. It is desired

to have the dissipation be large to speed convergence to a stationary solution, but it must be kept small

enough so the that the realized solution matches the true equlibrium.

Like PIES, HINT is able to find 3-D MHD equilibria, even when islands or deterioriated flux surfaces

are present. Convergence rates are also satisfactory. However, like PIES and VMEC, HINT is an

equilibrium solver; time-dependent effects are not calculated self-consistently. Furthermore, transport

effects are buried in the user-specified quantities. Thus, HINT cannot be used to study the dynamics

of magnetic flux surface destruction.

2.3.2 Simulations of the time-dependent problem

The next step in realistically and accurately finding 3-D equilibria is to solve the full time-dependent,

extended MHD equations in 3-D. Rather than requiring the user to prescribe pressure profiles and/or
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current profiles, these quantities are determined self-consistently and allowed to evolve. That is, the

response of the magnetic field structure to heating can be observed, with all quantities calculated

self-consistently. Until recently, computational power has been insufficient to accurately simulate the

time-evolution of fully 3-D magnetic topologies. A distinguishing feature of these initial value numerical

codes is how to provide closures for the dissipative terms in the MHD equations. The state of the art

is represented by two different strategies. One strategy is to obtain the closures by successively taking

moments of the kinetic equation. The other strategy is to solve a hybrid fluid/particle model. Both

NIMROD and M3-D have the ability to incorporate some form of these strategies. Both of these codes

are discussed below.

M3-D

M3-D (Multi-level 3-D) is a code which has the ability to solve a hybrid system of fluid equations

and particle equations.[68] It utilizes linear finite elements on an unstructured mesh in the poloidal

plane, and fourth order finite differencing in the toroidal direction. Typically, the code is initialized

with equilibria from, for example, VMEC. The linear finite element mesh is then aligned with the

resulting equilibrium flux surfaces to assist with handling the anisotropies. This mesh is then fixed for

the remainder of the computation. So, if the magnetic topology changes significantly as time passes,

and the linear finite elements no longer line up with the magnetic topology, errors can result since the

anisotropic effects may not be calculated accurately.

At the coarsest level, M3-D solves the system of dissipative MHD equations.

∂n

∂t
+ ∇ · (nV) = 0 (2.35)

ρ
∂V

∂t
+ ρ(V · ∇)V = J × B−∇p+ ν∇2V (2.36)

∂T

∂t
+ V · ∇T = −(γ − 1)T∇ ·V + κ⊥∇2T (2.37)

∂B

∂t
= −∇× E (2.38)

E = −V × B + ηJ (2.39)

µ0J = ∇× B (2.40)

Here, ν is the fluid viscosity and η is the resistivity.
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More physics is added to this model at each level of the code:[68, 69]

• Two fluid effects. The drift ordering used augments resistive MHD with additional physics: dia-

magnetic drifts and ion polarization drift, and diamagnetic velocities due to temperature gradients

in the pressure equations.[70]

• Energetic-particle / MHD hybrid model where the energetic particle model can either be a drift-

kinetic model or it can be a gyrokinetic model.[71] This option is used to model the nonlinear

interaction of energetic particles with MHD waves. The bulk plasma is described by the ideal MHD

equations, and the hot ions are described as either drift-kinetic or gyrokinetic. These energetic

particles are coupled to the bulk plasma by the addition of a hot particle stress tensor term to

the bulk plasma momentum equation.

M3-D has been used to investigate stellarator physics previously.[72, 73] Sugiyama, et al. obtained

equilibria for LHD and W7-X, and comparison with PIES was made. Furthermore, to model the effect

of anisotropic temperature and transport, the fluid portion of M3-D has been modified to allow the

evolution of T‖ and T⊥, and the moments were closed using the heat fluxes q‖ and q⊥.[72]

Strauss, et al. noted that typical MHD stability analyses is unsuitable for modeling stellarators

properly, and that two-fluid effects must be included. He stated that the two-fluid physics is necessary to

provide the diamagnetic drifts which stabilize the resistive interchange modes. To prove these assertions,

simulations of resistive balooning modes were run using M3-D. In addition, simulations were run which

included hot ions in order to investigate the stability of TAE modes in stellarators.[73]

M3-D seems to have promise in modeling the physics relevant to the present work. Anisotropic

effects can be included when looking at the time-dependent behavior of plasmas with fully 3-D magnetic

topologies. However, significant changes in magnetic topology, e.g. island formation, can result in errors

since the low-order finite elements will have problems accurately determining the anisotropic effects if

they are not aligned with good flux surfaces.
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2.4 The NIMROD Code

The NIMROD code (Non-Ideal Magnetohydrodynamics with Rotation, Open Discussion) solves the

equations of MHD with various closures available to the user. The NIMROD code discretizes the

spatial domain by using high-order 2-D finite elements in the poloidal plane, and finite Fourier series

in the periodic direction. Geometry in the poloidal plane is not restricted. The polynomial basis

functions that are used are flexible; the degree of these polynomials controls the convergence rate,

which is relatively independent of any geometry or mesh spacing irregularities. Finally, the NIMROD

code typically assumes a no-slip condition at the perfectly conducting boundary.[74]

The NIMROD code marches forward in time by using a semi-implicit leap-frog method in order

to handle the large separation of time scales present in plasma problems. Specifically, the temporal

discretization scheme defines the velocity field at integer time indices, while all other fields are defined

at half-integer time indices. The semi-implicit operator, which is based on the sefl-adjoint linear ideal

MHD force operator, is used to advance the velocity. All fields are predicted then corrected to stabilize

flow. This scheme has the advantage of fully implicit schemes in that large time advances are allowed,

but this scheme is not as complex and does not have the large memory requirements of fully implicit

schemes.[75]

The NIMROD code has many possible closures for the MHD equations which can be used to handle

different physical situations. In the simplest case, the closures used yield the equations of resistive

MHD. Alternatively, more detailed and realistic models can be used to capture the physics of neoclassical

effects, two-fluid effects, ion kinetic effects, and non-local transport effects via integral closures. Because

of the challenges with reproducing a divergence-free field with a finite element representation, an artificial

diffusive term is added to Faraday’s law. Additionally, to maintain smoothness in the density profile for

simulations that take place over transport timescales, a diffusive term is added to continuity equation.

Shown here is one of the simpler models that can be used in the NIMROD code - that of resistive MHD
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with anisotropic thermal conduction and kinematic viscous dissipation:[74]

∂n

∂t
+ ∇ · (nv) = ∇ ·D∇n (2.41)

ρ
∂v

∂t
+ ρ(v · ∇)v = J × B−∇p+ ∇ · νρ∇v (2.42)

n

γ − 1

(
∂T

∂t
+ v · ∇T

)
= −p

2
∇ · v −∇ · q +Q (2.43)

∂B

∂t
= −∇× E + κdivB∇∇ ·B (2.44)

E = −v × B + ηJ (2.45)

µ0J = ∇× B (2.46)

Here, Q is the sum of ohmic and viscous heating.

The NIMROD code stores all field quantities as the sum of a steady part and a perturbed part.

This makes the analysis of tokamak-like configurations more accurate, since the perturbations are small

relative to the steady part of the fields. Furthermore, since the NIMROD code assumes a domain which

is symmetric in the periodic coordinate, only equilibrium fields which are symmetric in this periodic

coordinate can be input.[74]

The NIMROD code allows the modeling of anisotropic transport in even the simplest representations

of the heat flux, q. In the case where a diffusive heat transfer model is assumed, the transport anisotropy

is represented as:

q = −n
[
χ‖b̂b̂ + χ⊥(I − b̂b̂)

]
· ∇T (2.47)

where b̂ ≡ B/|B|, χ‖ is the parallel diffusivity, and χ⊥ is the perpendicular diffusivity. Furthermore,

the NIMROD code gives the user the ability to define these diffusivities as temperature-dependent,

rather than just as constants. This functionality results in more realistic simulations of edge regions of

the plasma.[74] To gain an even higher degree of accuracy, non-local closures have been developed to

study parallel heat transport in the NIMROD code.[21] This is more realistic since the flow of charged

particles along field lines is not completely represented by a diffusive model. Although the diffusive

model works well for many applications, this more correct model includes the fact that particles are

capable of carrying information over very large parallel scale lengths.

The NIMROD code provides a good tool for exploring the key elements of the current work. The

ability to specify parallel and perpendicular diffusivities allows investigation of how anisotropic transport
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affects magnetic flux surface degradation and island dynamics. Furthermore, since the NIMROD code

solves the time-dependent MHD equations, the temporal evolution of flux surface degradation can be

observed, and the growth rate of instabilities can be calculated. This should allow identification of any

destabilizing mechanisms, and provide insight into what factors may limit achievable β.



37

Chapter 3

Analytical investigation of the effect

of finite parallel thermal transport

on equilibrium island width in fully

3-D magnetic configurations

Here work is presented which extends the analytical theories described in Sect.(2.2.4). Finite parallel

transport is found to affect equilibrium island width for sufficiently small islands.

3.1 Introduction

Conventional magnetohydrodynamic (MHD) equilibrium theory requires that the force balance equation

J×B = ∇p is satisfied. In two-dimensional systems, topologically toroidal flux functions are guaranteed

to exist with the pressure constant on each surface. In general three-dimensional configurations, the

magnetic topology is described not only by regions with flux surfaces but by magnetic islands and

volume-filling stochastic magnetic fields. A rigorous application of the force balance equation implies

that pressure is constant in regions of magnetic stochasticity. However, recent evidence from stellarator

experiments suggest that pressure gradients can be sustained in regions where the magnetic field is

thought to be stochastic. [76, 77] These findings hint at the importance of including finite parallel

transport effects in a self-consistent theory of flux surface destruction. In this work, the effect of finite

parallel heat conduction on the magnetic topology of 3-D equilibria is addressed.
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Understanding the plasma physics involved in magnetic surface breakup due to pressure-induced

islands has been a topic of both analytic theory [15, 16, 17, 78, 42, 77, 79] and computational studies.

[55, 80, 81] Additionally, analytical island theories have been proven useful to interpreting experimental

data of magnetic island dynamics in stellarators.[82, 83, 84] In the majority of these studies, however,

an assumption of equilibration along magnetic field lines B · ∇p = 0 is employed. In the current work,

the analytic theory of pressure-induced magnetic islands in 3-D equilibria is revisited, where the rigid

requirement of parallel equilibration along field lines is weakened by allowing for the presence of finite,

but large, parallel heat conduction.

Analytic island theories can provide insight into the numerical modeling of 3-D plasmas. In 3-D

equilibrium computations, different computational tools employ different assumptions concerning the

relaxation of pressure along field lines. Whereas some numerical tools rigorously enforce B · ∇p = 0 as

described above, others allow for finite diffusion coefficients which can influence physical mechanisms

which affect island size. Furthermore, extended MHD codes have the ability to alter the magnitudes and

degree of anisotropy in the various diffusion coefficients used in the modeling. Analytic island theory

helps inform the use of these coefficients in modeling of stellarator island physics.

Analytic theories of pressure-induced magnetic islands begin by applying the MHD force balance

equation. In general 3-D configurations, this ideal MHD theory predicts singular currents at rational

surfaces when the magnetic surfaces are assumed to be topologically toroidal. These singular currents

can be separated into two classes. Resonant Pfirsch-Schlüter currents appear in the presence of pressure

gradients and resonant components of 1/B2. Additionally, the general solution allows for δ−function

parallel currents at rational surfaces. Both of these singularities can be resolved by allowing for the

presence of magnetic islands at the rational surface.

Analytic island theories for 3-D equilibria are closely related to theoretical approaches used to

describe nonlinear tearing mode evolution in tokamaks. In particular the effect of finite parallel heat

conduction on neoclassical tearing modes has been addressed explicitly in previous work. [19, 22, 85]

Additionally, it has been noted that resistive interchange effects [14] which are known to affect magnetic

islands width calculations are also altered by finite parallel heat conduction [43]. What is shown in

these publications is that for sufficiently small magnetic islands, the pressure profile in the vicinity

of the magnetic island does not equilibrate along the magnetic field lines. If the time for diffusion
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across the magnetic island is short compared to the time to diffuse along the helically-deformed island

magnetic surfaces, then the pressure profile is relatively unaffected by the presence of the magnetic

island. However, for sufficiently large magnetic islands, equilibration along field lines is the dominant

process; the MHD condition B · ∇p = 0 is restored, and the conventional picture of island-induced

helical flat spots in the pressure profile is recovered. The critical island width that separates these two

asymptotic behaviors depends upon the ratio of the perpendicular to parallel heat diffusion coefficients

WC ∼ (χ⊥/χ‖)1/4.[19, 22, 85]

In the current work a resistive MHD model is used to describe plasma quasineutrality. The effects of

neoclassical bootstrap currents are included in a modified Ohm’s law, and finite parallel heat conduction

is employed in the pressure evolution equation, similar to that in previous analytic calculations. [19] As

such, two-fluid, plasma flow and kinetic effects are ignored for simplicity. What is found is that the two

classes of singular currents that arise in 3-D equilibria are resolved by allowing for the formation of a

magnetic island, but these currents are affected by parallel heat conduction in different ways. As in the

tokamak case, island resistive interchange and bootstrap current profiles are sensitive to the detailed

transport properties that control the island pressure profile. In order for these physical effects to affect

magnetic island physics, the pressure profile must self-consistently deform such that the localized island

currents feel the effects of the magnetic island topology. As noted above, for sufficiently small islands,

the pressure profile is not helically distorted by the island and the self-consistently produced island

currents are small.

In contrast, the island resolved resonant Pfirsch-Schlüter currents are largely insensitive to detailed

pressure equilibration physics. The nature of the helical resonance for these currents does not rely

on pressure equilibration processes in the island region, but rather the structure of the magnetic field

spectrum which is controlled by global properties of the plasma. A distinction between the effects of

the ‘local’ currents described in the previous paragraph relative to the ‘global’ Pfirsch-Schlüter currents

has been previously been pointed out in simulation work by Hayashi [80]. Hayashi’s result indicated

that is was difficult to see the effects of the local currents on magnetic island physics; the global effects

dominated. In light of the results of the present calculation, it is possible to interpret why this result

was observed. If the ratio of parallel heat conductivity to perpendicular heat conductivity used in the

simulations was not too large, the critical island width (WC) would be large enough to prevent the local
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physics from affecting saturated island widths.

The present work will follow a procedure similar to previous work to solve the boundary layer problem

of magnetic island dynamics.[86] However, finite parallel transport effects are used in calculating the

pressure profile in fully 3-D magnetic topology. This technique will yield an equation for island width

which is unencumbered by restrictions on β or geometric shaping. First, in Sect. 3.2 the boundary

layer problem will be set up; the exterior solution of the quasineutrality equation will be given, which

highlights the singular nature of the current sheet at the rational surface. This exterior solution will be

matched asymptotically with the interior solution in the final section. In Sect. 3.3, the quasineutrality

equation will be solved in the interior region, where special treatment is given to finding the pressure

profile in light of finite parallel heat conduction. Once the pressure profile is obtained, MHD force

balance is employed to generate a Grad-Shafranov type expression for magnetic island equilibrium

which includes the effects of finite parallel transport. Next, neoclassical bootstrap current effects are

introduced through a modified Ohm’s law. Finally, in Sect. 3.4 asymptotic matching in the island region

is employed to provide an expression for equilibrium island width. The results are discussed in Sect. 3.5.

3.2 Singular Currents

Finite plasma pressure creates currents within the plasma that alter the structure of the magnetic field.

To understand how magnetic flux surface destruction creates magnetic islands, one must understand

how these currents alter the magnetic field topology. Much can be learned about these pressure-induced

currents by assuming the existence of well-defined toroidal magnetic flux surfaces and applying the ideal

MHD equilibrium equation, J × B = ∇p. However, as will be shown later in this section, this analysis

results in singular currents near the rational surface.

Analytically, this current singularity can be resolved by removing the constraint of well-defined

toroidal magnetic flux surfaces in the vicinity of the rational surface and applying boundary layer

theory. That is, two regions are defined: an exterior region, far from the rational surface, and an

interior region, close to the rational surface. First, the current will be found in the exterior region by

applying MHD equilibrium. This calculation is performed with the constraint of well-defined toroidal

magnetic flux surfaces, and will be carried out below in this section. Then, in Sect. 3.3, the constraint
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of well-defined toroidal flux surfaces will be lifted in the region near the rational surface. Key to

relaxing this constraint is obtaining and applying the correct expression for the pressure profile, as

anisotropic transport significantly affects the pressure profile in the vicinity of the rational surface.

Once the pressure profile is calculated, the solution of the quasineutrality equation and Ohm’s law will

yield the current in the interior region. Finally, to complete the boundary layer analysis, the interior

and exterior solutions will be matched asymptotically, resulting in an equation which describes the

equilibrium magnetic island width.

3.2.1 Coordinates and the equilibrium magnetic field

Far from the rational surface of interest, it will be assumed that magnetic field lines lie on topologically

toroidal magnetic flux surfaces. These surfaces will be labeled with ψ, where 2πψ is the enclosed toroidal

flux. This provides the radial-like coordinate. The equilibrium magnetic field, using a contravariant

and covariant basis in Boozer coordinates, is then represented by [41]

B0 = ∇ψ ×∇θ +  ι∇ζ ×∇ψ (3.1)

B0 = β∗(ψ, θ, ζ)∇ψ + I(ψ)∇θ + g(ψ)∇ζ (3.2)

where ζ is the toriodal coordinate, θ is the poloidal coordinate, and  ι is the rotational transform. It can

be shown that g(ψ) and I(ψ) are related to the total poloidal and toroidal current respectively. Although

this work focuses on 3-D magnetic configurations which include stellarators, there is no restriction on

the value of the net toroidal current; I(ψ) may not be 0. Taking the dot product of the covariant and

the contravariant forms for the magnetic field produces a convenient expression for the Jacobian:

J =
g +  ιI

B2
0

=
1

∇ψ ×∇α · ∇ζ (3.3)

3.2.2 Singular Plasma Current

To proceed with the boundary layer calculation, a solution for the plasma current must first be found

in the region far from the island - the “exterior region.” This current is determined from the MHD force

balance equation,

J × B = ∇p (3.4)
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Eq.(3.4) implies that the magnetic flux surfaces are aligned with constant pressure surfaces. That is, p

is only a function of ψ. To find the plasma current, the quasineutrality condition is employed,

∇ · J = 0 (3.5)

(B · ∇)Q = −∇ · B×∇p
B2

(3.6)

where the current is decomposed into components parallel and perpendicular to the magnetic field,

J = QB + J⊥. Here Q is the magnitude of the parallel current. The Jacobian and the parallel current

magnitude are now expanded as Fourier series,

Q =
∑

m,n

Qmne
imθ−inζ (3.7)

J =
∑

m,n

Jmne
imθ−inζ (3.8)

Solving Eq.(3.5) yields

Qmn = −p′0Jmn

g + n
mI

( ιI + g)( ι− n
m )

+ Q̂mnδ(ψ − ψs) (3.9)

where  ι =  ι(ψ) is the rotational transform,  ι(ψs) = n/m, and Q̂mn is the magnitude of the current

sheet at the rational surface. Notice that both terms in Eq.(3.9) are singular at the rational surface,

ψs. The first term in Eq.(3.9) represents the inhomogeneous solution to the magnetic differential

equation, Eq.(3.6). This term corresponds to the resonant component of the Pfirsch-Schlüter current

which becomes singular at the rational surface,  ι(ψs) = n/m. It is driven by a pressure gradient and

a non-zero contribution of the resonant harmonic of 1/B2. The second term of Eq.(3.9) represents the

homogeneous solution to Eq.(3.6) and describes the localized currents driven near the rational surface.

From the quasineutrality condition Q̂mn cannot be determined; the constraint of topologically toroidal

flux surfaces must be relaxed.

3.3 Island Region

To determine the currents near the rational surface, the quasineturality equation is again solved, but

with the restriction of topologically toroidal flux surfaces relaxed. To solve this problem, an ordering

approach is used. In the following, it is assumed that a thin magnetic island at the rational surface
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 ι(ψs) =  ι0 perturbs the equilibrium quantities, and the quasineutrality equation is solved order by

order. This analysis is similar to standard Rutherford analysis of nonlinear tearing mode theory. In the

following, we assume that the nonlinear island width exceeds the linear resistive layer. [13, 87, 88, 89]

Once this inner layer solution is obtained, it will be matched asymtotically with the exterior solution

found previously to produce an equation for equilibrium magnetic island width.

3.3.1 Perturbations and Ordering

The perturbations to all quantities are described by the form f = f0 + δf where f0 describes the

equilibrium assuming topologically toroidal flux surfaces, and δf is the perturbation due to the island.

The basic ordering assumption is that δ = W/Φ ≪ 1, where W is the island width in units of toroidal

flux and Φ is the total enclosed toroidal flux in the plasma. As stated above, it is assumed that W ≫ δres,

where δres is the width in toroidal flux of the resistive layer. All f0 quantities are order unity, as are

the derivatives of f0 quantities. For perturbed quantities, the radial derivatives (∂/∂ψ) are order 1/δ,

while other derivatives with respect to the angular coordinates (∂/∂ζ, ∂/∂θ) are order unity.

Using these orderings, pressure and parallel current will be expanded in powers of δ, and the

quasineutrality equation will be solved order by order,

p = p0 + δ1p1 + . . . (3.10)

Q = Q0 + δ1Q1 + . . . (3.11)

where superscripts refer to the order in δ.

Before discussing perturbations to the magnetic field, it is convenient to convert the poloidal coordi-

nate to a helical angle-like coordinate, α = θ −  ι0ζ, where  ι0 is the rotational transform at the rational

surface. The contravariant and covariant forms for the magnetic field become

B0 = β∗(ψ, θ, ζ)∇ψ + I(ψ)∇α + [ ι0I(ψ) + g(ψ)]∇ζ (3.12)

B0 = ∇ψ ×∇α+ ( ι−  ι0)∇ζ ×∇ψ (3.13)

Island-producing magnetic perturbations will be described by the vector magnetic potential

δA = Aα∇α+Aζ∇ζ

δB = ∇× δA
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where the gauge Aψ = 0 is chosen. This allows the full magnetic field (equilibrium plus perturbed) to

be written as

B0 = ∇ψ ×∇α+ ∇ζ ×∇Ψ∗ + ∇Aα ×∇α (3.14)

where Ψ∗ =  ι′x2/2 − Aζ is the helical flux function and x = ψ − ψs. If Aζ is dominated by a single

resonant harmonic, Aζ = Aζ(x) cos(mα), then the width of the island is given by W = 4
√
Aζ(W/2)/ ι′.

See Figure 2. Given the ordering above, near the island region Ψ∗, Aα, and Aζ are all order δ2.

Figure 2: Contours of Ψ∗, plotted in (x, α).

The key quantity which will be responsible for introducing finite anisotropic effects is the perturbed

pressure, δp. It will be found that p = p0 + δp0 + δp1, where δp1 contains the anisotropic heat transport

effects. Here, the subscript on δp1 refers to the order of the anisotropic correction.

Finally, the following notation is used to indicate an average over ζ at fixed ψ and α:

f̄ ≡
∮

dζ

2π
f(ψ, α, ζ) (3.15)

f̃ = f − f̄ (3.16)

And, bracket notation represents the derivative operator in the plane perpendicular to ∇ζ,

[f, g] =
∂f

∂ψ

∂g

∂α
− ∂f

∂α

∂g

∂ψ
(3.17)
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3.3.2 Resolution of the singular plasma current through island formation

In this subsection, we demonstrate that the singular nature of Eq.(3.9) is resolved by allowing island

formation at the rational surface. We now repeat the calculation of Sect.(3.2.2), but with total magnetic

field as described by Eq.(3.14). The resulting equation for parallel current, after averaging over ζ, is

[Ψ∗, Q] = −[p,J ] + ... (3.18)

where a number of terms on the RHS are, for the moment, neglected for simplicity (a more complete

quasineutrality condition is considered in the following section). Recall from Sect.(3.2.2), the source of

the singular Pfirsch-Schlüter current is the resonant component of the Jacobian, J . The Jacobian and

the parallel current are now expanded as Fourier series in α and ζ. Assuming for the moment that only

a single resonant harmonic is important, the Jacobian and the helical flux function can be written,

J = Jmsns
(x) cos(msα) (3.19)

Ψ∗ =
 ι′x2

2
−Aζ(x) cos(msα) (3.20)

As will be shown in the following subsection, pressure equilibrates on flux surfaces to lowest order,

so that the pressure can be written, p ≈ p0(ψs) + p0(ψs)
′x. With this simplification, Eq.(3.18) becomes

(
 ι
′x− ∂Aζ

∂x
cos(msα)

)
∂Q

∂α
−msAζ sin(msα)

∂Q

∂x
= p′0msJmsns

(0) sin(msα) (3.21)

In the absence of Aζ , the solution to Eq.(3.21) produces the singular “1/x” response described in

Eq.(3.9). However with Aζ 6= 0, the resonant Pfirsch-Schlüter current is not singular. Making the

assumption that ∂Aζ/∂x is small in the island region (“constant psi approximation”), the solution to

Eq.(3.21) is

Q =
−p′0Jmsns

(0)x

Aζ
+ f(Ψ∗) (3.22)

where f(Ψ∗) is the solution to the homogeneous problem [Ψ∗, Q] = 0. By allowing the formation of a

magnetic island at the rational surface, the singularity in the parallel current is resolved. The parallel

current is found to depend directly on the resonant Jacobian, and inversely with Aζ .

In reality, this situation is more complicated than just resolving a single resonant harmonic. More

generally, the resonant Jacobian and the helical flux function can be written as a sum of many harmonics
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with varying phases,

J =
∑

k

Jkmskns
(x) cos(kmsα+ φk) (3.23)

Ψ∗ =
 ι′x2

2
−Aζ (3.24)

=
 ι′x2

2
−
∑

k

Aζk(x) cos(kmsα+ ηk) (3.25)

If stellarator symmetry is present, the Jacobian can be written as a cosine series with φk = 0.[90]

However, this simplification is not required in the following analysis, and a solution with φk 6= 0 can be

found. In this more general framework, Eq.(3.18) now becomes

(
 ι
′x−

∑

k

∂Aζk
∂x

cos(kmxα+ φk)

)
∂Q

∂α
−
∑

k

kmsAζk sin(kmsα+ ηk)
∂Q

∂x

= p′0
∑

k

kmsJkmskns
(0) sin(kmsα+ φk) (3.26)

With Aζk 6= 0, the “1/x” singularity can be resolved with special properties of Aζk. A solution to

Eq.(3.26) is given by

Q = −p′0x
Jmsns

Aζ1
+ f(Ψ∗) (3.27)

with Aζk/Aζ1 = Jkmskns
/Jmsns

and ηk = φk. The parallel current is found to depend directly on

the resonant Jacobian, and inversely with Aζ1. Furthermore, since Aζk/Aζ1 = Jkmskns
/Jmsns

and

ηk = φk, the helical flux function can be written

Ψ∗ =
 ι′x2

2
−Aζ1

[
cos(msα+ φ1) +

J2ms2ns

Jmsns

cos(2msα+ φ2) +
J3ms3ns

Jmsns

cos(3msα+ φ3) + ...

]
(3.28)

The solution given by Eqs. (3.27) and (3.28) depends on a special requirement of the magnetic field.

In particular it requires the X- and O-points of the island to correspond to the zeroes of the right side

of Eq.(3.26). If this is not the case, at the X- and O-points Eq.(3.18) assumes the form

0 =
∂p

∂x

∂J

∂α
(3.29)

To understand how this singularity is resolved, the pressure profile is more carefully treated.[41] As

discussed in the introduction, in the case where islands are small, the pressure profile in the island is

not flattened as in the large island case. The pressure profile remains largely topologically toroidal, with
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minor deformation in the vicinity of the island. As a result the radial thermal flux across topologically

toroidal surfaces remains constant,

∇ · Γ = 0 (3.30)

Solution of this equation can be realized with a diffusion equation for pressure. Equating the radial

particle flux far from the island with that in the vicinity of the island, the pressure gradient is found

(see Section 3.6.1)

p′0
p′∞

=
Dtot

DNR
PS

(
1 + ǫ2

x2

)
+Dother

(3.31)

where p′∞ is the pressure gradient far from the island, Dtot is the total diffusion coefficient for all

physical drives of radial particle flux, DNR
PS is the diffusion coefficient associated with non-resonant

Pfirsch-Schlüter drives, Dother = Dtot −DPS is the total diffusion coefficient with the Pfirsch-Schlüter

drives removed, and ǫ ≪ 1 is a numerical factor which includes a ratio of resonant and non-resonant

Jacobians and is defined in Eqs.(3.116) and (3.117). Eq.(3.31) shows that, to maintain constant radial

particle flux near the X- and O-points (as x→ 0), the transport coefficients become very large, causing

the pressure gradient to vanish. Since p′0 vanishes as x → 0, Eq.(3.18) is not singular at the X- and

O-points. However, p′0 obtains its asymptotic value p′∞ at a distance x ≃ ǫ
√
DNR
PS /Dtot ≪ 1 which

is generally a very small distance relative to other scales considered in the calculation. That is, p′0 is

modified by this increased transport in a tiny region near the X- and O-points.

Finally, in the remainder of the calculations presented here, we do not explicitly make the“constant-ψ

” approximation. This approximation will be naturally produced by our analysis below.

Next, finite parallel transport effects will be added by including δp1(ψ, α). The profile δp1 self-

consistently describes the effect of the island on the pressure profile in the island region. These pressure

modifications will subsequently produce pressure driven currents that will self-consistently modify the

magnetic island width.

3.3.3 Specification of the pressure profile via solution of the heat equation

Usually, B · ∇p = 0 is used in island width studies, implying pressure equilibration along field lines.

However, in this work we will not be using parallel momentum balance to calculate the pressure profile.
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Instead, we will use a pressure evolution equation of the form

∂p

∂t
+ v · ∇p+ γp∇ · v = −∇ · q (3.32)

to determine the pressure profile. In the following, a magnetostatic equilibrium is assumed in which

case Eq.(3.32) reduces to −∇ · q = 0.

Before proceeding, a comparison of this approach to prior work is warranted. The nonlinear cal-

culation of the present work should reduce to the linear result in the limit of small islands. The key

difference between the work presented here and prior work is the correction resulting from finite parallel

heat transport. The pressure closure derived here differs from that used in standard analyses that rely

on the resistive MHD model. [14] In Section 3.6.2, the correction for finite parallel heat conduction

which is derived in this section is added to the linear layer equations. It will be found that the dispersion

relation for this augmented linear analysis exactly matches the small island limit of the nonlinear result

presented in Sect.(3.4), as expected.

Because of the large anisotropies present in a fusion plasma, the heat equation is separated into

parts parallel and perpendicular to the magnetic field

−∇ · q = 0 (3.33)

−∇ · q‖ −∇ · q⊥ = 0 (3.34)

Assuming that heat transfer is diffusive, Fourier’s law of heat conduction is applied

q‖ = −χ‖b̂b̂ · ∇T (3.35)

q⊥ = −χ⊥∇⊥T (3.36)

where for simplicity χ‖ and χ⊥ are taken as constant. With these forms for q, the pressure evolution

equation is written

χ‖∇2
‖p+ χ⊥∇2

⊥p = 0 (3.37)

χ‖B · ∇
(

B · ∇p
B2

)
+ χ⊥∇2

⊥p = 0 (3.38)

where ∇2
⊥p ≡ ∇2p−∇2

‖p.
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For thin islands in the vicinity of the rational surface, crudely the two terms in Eq.(3.37) scale as

∇2
‖p ∼

(∆x)2p

L2
(3.39)

∇2
⊥p ∼

p

(∆x)2
(3.40)

where L is a characteristic length on the order of the equilibrium length scales and ∆x = ψ−ψs. When

∆x satisfies

∆x≫WC ∼ Φ

(
χ⊥
χ‖

) 1
4

, (3.41)

the first term in Eq.(3.37), representing parallel conduction, dominates and the pressure equilibrates

along helical magnetic field lines. Here, WC is a “critical island width” similar to that found by

Fitzpatrick.[19] For the current work, it will be found that WC ∼
(
χ⊥

χ‖
JB2J gψψ 1

 ι′2m2
s

) 1
4

, where

gψψ = ∇ψ · ∇ψ. Thus, near the rational surface, crossfield transport effects are important in deter-

mining the pressure profile, while far from the rational surface the dominant parallel transport causes

isobars to be closely aligned with the magnetic flux surfaces. As previously noted, most analytic island

calculations in 3-D equilibria essentially assume WC → 0, and the solution to the pressure evolution

equation becomes B · ∇p = 0. In the following, a solution is developed that assumes WC to be finite

and W < WC .

Now, Eq.(3.37) is solved order by order for the small island case (W ≪ WC), with the ordering

parameter δ = W/Φ. We will find that a secondary ordering will be useful, ξ = (δ2)(χ‖/χ⊥)1/2 ∼

W 2/W 2
C . Since ξ ≪ 1, crossfield transport will be important in determining the pressure profile. The

procedure is then to calculate the response order by order in δ. For each order in δ, a secondary

perturbative solution is sought which is order by order in ξ. However, it will be seen that the crossfield

transport effects will not enter into the solution until higher order in δ. To lowest order, δ0, Eq.(3.37)

becomes

∂

∂ζ

(
1

JB2

∂p0

∂ζ

)
= 0 (3.42)

where the superscript on pressure refers to order δ0. Solving Eq.(3.42) gives p0 = p0.

To next order, δ1, Eq.(3.37) becomes

∂

∂ζ

(
1

JB2

[
Ψ∗, p0

])
− ∂

∂ζ

(
1

JB2

∂Aα
∂ζ

∂p0

∂ψ

)
+

∂

∂ζ

(
1

JB2

∂p1

∂ζ

)
= 0 (3.43)
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Integrating yields

∂

∂ζ

(
−Aα

∂p0

∂ψ
+ p1

)
= JB2f1(ψ, α) −

[
Ψ∗, p0

]
(3.44)

where f1(ψ, α) is an unknown function of integration. Taking toroidal averages and solving gives

[
Ψ∗, p0

]
= JB2f1(ψ, α) (3.45)

Substituting back in to Eq.(3.44) and solving for p1 gives

p1 = Ãα
∂p0

∂ψ
−
∫
dζ
[
Ψ̃∗, p0

]
+ p1 (3.46)

At order δ2, the effect of perpendicular heat conduction competes with equilibration processes along

field lines. This equation is given by
[

Ψ∗,
1

JB2

[
Ψ∗, p0

]
]

= −χ⊥
χ‖

∂

∂ψ

(
J gψψ

∂p0

∂ψ

)
(3.47)

If ξ ≫ 1 is assumed, we find p0 = p(Ψ∗), and the pressure is constant along the helical is-

land magnetic surfaces. However if ξ ≪ 1, we can make a subsequent expansion in ξ writing the

pressure as p0(ψ, α) = p0(ψs) + δp(ψ, α) = p0(ψs) +
∑∞
ν=0 pν(ψ) cos(να). Now we write Ψ∗ =

 ι′x2/2 −∑
k

Aζkms,kns
(x) cos(ikmsα + iφk), so that the physics of the full magnetic spectrum are in-

cluded. Using the small island ordering previously discussed, so that J gψψ is approximately constant

across the island region, to lowest order Eq.(3.47) reduces to:

d2p0

dx2
= 0 (3.48)

where x = ψ − ψs, the distance from the rational surface. Thus, to lowest order, δp = p0 − p0 = p′0x.

To next lowest order, Eq.(3.47) reduces to the following ODE for the perturbed pressure:

d2

dx2

∑

k

pk cos(kmsα+ φk) − χ‖
χ⊥

1

JB2

1

J gψψ
 ι
′2x2

∑

k

pkk
2m2

s cos(kmsα+ φk) =

χ‖
χ⊥

1

JB2

1

J gψψ
 ι
′p′0x

∑

k

Aζkms,kns
(x)k2m2

s cos(kmsα+ φk) (3.49)

To lowest order in (W 2/W 2
C) this equation is linear in pk and driven by the resonant component of the

magnetic field. Eq.(3.49) is a form of the parabolic cylinder equation, and can be rewritten, term by

term in the index k

d2pk
dz2

− z2

4
pk =

z

WCk

p′0

 ι′
√

8
Aζkms,kns

(
z√
2
WCk

)
(3.50)
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where WCk =
(
χ⊥

χ‖
JB2J gψψ 1

 ι′2k2m2
s

) 1
4

is the critical island width for each harmonic and z =

√
2x/WCk. Thus, a Green’s function solution can be constructed for this ODE so that the pressure

profile can be found

pk(z) =

∫ ∞

0

z

WCk

p′0

 ι′
√

8
Aζk

(
z√
2
WCk

)
G(z, ζ)dζ (3.51)

where G(z, ζ) is the Green’s function solution for the ODE, Eq.(3.50).

The solution for Eq.(3.50) can be calculated in two asymptotic limits, one where x≪WCk and one

where x≫WCk,

p0 = p0(rs) + p′0(rs)x+
∑

k

pk(ψ, α)

where pk(ψ, α) =





− p′0
 ι′ x

C0

W 2
Ck

Aζkms,kns
(WCk) cos(kmsα+ φk) x≪WCk

− p′0
 ι′xAζkms,kns

(0) cos(kmsα+ φk) x≫WCk

(3.52)

Asymptotic analysis of the Green’s function, assuming various forms for A(x), indicates that C0 ≈ 0.6.

Eq.(3.52) contains key information which describes how anisotropic heat transport influences the

island dynamics. This expression for pressure will now be used in the solution of the quasineutrality

equation.

3.3.4 Quasineutrality and plasma current

In Sect.(3.3.2), the singular nature of Eq.(3.9) was resolved by allowing for the formation of a magnetic

island. It was shown in Eq.(3.27) that the Pfirsh-Schlüter current is driven by the resonant contribution

of the Jacobian, and is explicitly not singular when a magnetic island is present at the rational surface.

To include finite anisotropic transport effects, we now use the modifications to the pressure profile

determined in the last section.

The quasineutrality condition is given by

B · ∇Q = −B×∇p · ∇(
1

B2
) (3.53)

where Q is the magnitude of the parallel current, J‖ = QB. In the island region, to lowest order the

quasineutrality condition takes the form:

∂Q0

∂ζ
= −∂p

0

∂ψ

[
( ι0I(ψ) + g(ψ))

∂

∂α

(
1

B2

)
− I(ψ)

∂

∂ζ

(
1

B2

)]0
(3.54)
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It should be noted here that the Jacobian, J = ( ιI + g)/B2 has the following ordering

J = J + J̃ = J00(ψ) +
∑

k

Jkmskns
(ψ) cos(kmsα+ φk) + J̃ (3.55)

Again we are interested in a single resonant surface defined by multiples of ms, ns, where  ι0 = ns/ms at

this surface. In the following, J00 and J̃ are O(1), and the second term is O(δ). This ordering for the

resonant component of the |B| spectrum is needed to be consistent with the small island approximation

that permeates the entire analysis. However, as shown in Sect.(3.3.2), it is the presence of the island-

producing magnetic field (and not the ordering used) which resolves the previously singular current.

Furthermore, J is Taylor-expanded about the rational surface. The Pfirsh-Schlüter current will be

found below to depend linearly on the resonant part of the Jacobian and inversely on the island producing

magnetic field amplitude.

Eq.(3.54) can now be integrated to yield the lowest order Pfirsch-Schlüter current:

Q0 = −∂p
0

∂ψ
J † + f(ψ, α) (3.56)

where f(ψ, α) is an unknown function of integration and J † is given by

J † =

∫
dζ
∂J

∂α
−
(
I

B2

)
(3.57)

=
∑

mn

′ Jmne
imα+i(m ι0−n)ζ+iφk (g + (n/m)I)

( ι0 − n/m)( ιI + g)
(3.58)

where the prime indicates the exclusion of resonant components where  ι0 = n/m.

At next lowest order, O(δ), the quasineutrality condition becomes:

∂Q1

∂ζ
+ [Ψ∗, Q0] +

∂Aα
∂ψ

∂Q0

∂ζ
− ∂Aα

∂ζ

∂Q0

∂ψ
= x

∂p0

∂ψ

[
−( ι0I

′ + g′)
∂

∂α

(
1

B2

)
+ I ′

∂

∂ζ

(
1

B2

)]

+
∂p0

∂ψ

[
−δB · eζ

∂

∂α

(
1

B2

)
+ δB · eα

∂

∂ζ

(
1

B2

)]
+
∂p1

∂ψ

[
−( ι0I + g)

∂

∂α

(
1

B2

)
+ I

∂

∂ζ

(
1

B2

)]

+
∂p0

∂α

[
B0 · eζ
B4

0

(
−∂B

2
0

∂ψ
+ 2

∂p0

∂ψ
− 2p′0

)
− B0 · eψ

∂

∂ζ

(
1

B2

)]

+
∂p0

∂ψ

[
−( ι0I + g)

∂

∂α

(
2δp

B4
0

+ x
∂

∂ψ

(
1

B2
0

))
+ I

∂

∂ζ

(
2δp

B4
0

+ x
∂

∂ψ

(
1

B2
0

))]

−
(
∂J

∂α

)(
∂p0

∂ψ

)
+

(
∂J

∂ζ

)(
∂p0

∂ψ

)
I

 ιI + g
(3.59)

where x = ψ − ψs results from Taylor expanding I and g about the rational surface, and defining I =

I(ψs), g = g(ψs), I
′ = I ′(ψs), g′ = g′(ψs), eζ = ∂x/∂ζ = J∇ψ×∇α, and eα = ∂x/∂α = J∇ζ×∇ψ.
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Taking the toroidal average of Eq.(3.59) and simplifying produces

[Ψ∗, Q0] − [J † ∂Ãζ
∂ψ

, p0] +
∂p0

∂α
K +

∂p0

∂ψ
δp

∂

∂α

(
J

B2
0

)
+

(
∂J

∂α

)(
∂p0

∂ψ

)
= 0 (3.60)

where K =
J
B2

0

(
∂B2

0

∂ψ + 2p′0

)
+ β∗

∂
∂ζ

(
1
B2

0

)
. As will be shown in the following, the middle three terms

of Eq.(3.60) correspond to interchange physics. The last term corresponds to the resonant part of the

magnetic field spectrum and is the same as the RHS of Eq.(3.18). As shown below, and confirming

the results of Sect.(3.3.2), the presence of the magnetic island resolves the previously singular resonant

Pfirsch-Schlüter current.

This equation will be solved order by order in ξ. However, information from Ampere’s law is first

required to determine the contribution of the 2nd term.

3.3.5 Ampere’s law

To obtain the relationship between the parallel current and the magnetic perturbations, Ampere’s law

is used.

δJ = ∇×∇× δA (3.61)

To lowest order, the magnitude of the perturbed parallel current is then:

δQ = Q−Q0 ≈ B0 · δJ
B2

0

≈ − 1

G

∂2Aζ
∂ψ2

(3.62)

where G = JB2
0/g

ψψ. The toroidally averaged parallel Ampere’s law is then:

∂2Aζ
∂ψ2

= −δQG− δ̃QG̃ (3.63)

Subtracting this from the unaveraged equation gives:

∂2Ãζ
∂ψ2

= −δ̃QG− δQG̃− δ̃QG̃+ δ̃QG̃ (3.64)

Integrating once with respect to ψ yields

∂Ãζ
∂ψ

= J̃ †δpG+ J̃ †δpG̃− J̃ †G̃δp− G̃

G
δpJ̃ †G̃+

G̃

G

∂Aζ
∂ψ

(3.65)

where the boundary condition in ψ-space is far from the island. Note that equilibrium quantities

(G,J †) change slowly with respect to ψ and are considered constant for this integration.



54

To use this form in the second term of Eq.(3.60), we multiply by J̃ † and take the toroidal average

J̃ † ∂Ãζ
∂ψ

= δp

(
J̃ †J̃ †G− 1

G

(
J̃ †G̃

)2
)

+
1

G
J̃ †G̃

∂Aζ
∂ψ

(3.66)

Now, this expression can be related to the functions E, F , and H of resistive interchange theory.[14]

For the present case,

E = −p
′

 ι′

(
V ′′

 ι′
G+GJ †

)

F = −p
′2

 ι′2

(
1

( ιI + g)
GJ 2 +GGJ †J † −

(
GJ †

)2
)

H =
p′

 ι′

(
GJ † −GJ †

)

where V ′′ = ∂
∂ψ 〈J 〉.

Substituting, Eq.(3.60) becomes

[Ψ∗, Q0] + [
 ι′

p′G

∂Aζ
∂ψ

H, p0] − [
 ι′2δp

p′2G
(E + F ), p0] − [

δp

p′
V ′′, p0] − [

 ι′δp

p′
J †, p0]

+ [δpJB−2, p0] +
∂p0

∂α
K +

∂p0

∂ψ
δp

∂

∂α

(
J

B2

)
+

(
∂J

∂α

)(
∂p0

∂ψ

)
= 0 (3.67)

Noting that the α-variation of E, F , and H is small and that the ψ-variation of equilibrium quantities

is small compared with the ψ-variation of other quantities, Eq.(3.67) can be simplified to

[Ψ∗, Q0] +

[
 ι′

p′G

∂Aζ
∂ψ

H −  ι′2δp

p′2G
(E + F ), p0

]
+

(
∂J

∂α

)(
∂p0

∂ψ

)
= 0 (3.68)

Before discussing the solution for Q0, we note that in the large-x limit we produce the familiar

asymptotic solution from tearing mode theory. Using Q0 from Eq.(3.62), and taking the large-x limit

of Eq.(3.68) produces the asymptotic expression, to O(W 2/x2), far from the island,

∂2Aζ
∂x2

+
(E + F +H)

x2
Aζ = 0 (3.69)

This linear equation has two solutions of the form

Aζ = Al|x|αl +As|x|αs (3.70)

where the large and small Mercier indices are defined as

αl,s =
1

2
∓
√
−DI (3.71)
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The Mercier stability criterion, DI < 0 ensures that αl,s are real. If this criterion is violated, ideal

interchange instability will result.

Now, at this point the finite anisotropic heat transport effects from Sect. 3.3.3 are included in

the expression for pressure. Subsequently, Eq.(3.68) is solved order by order in the small parameter

(W/WC)2.

3.3.6 Quasineutrality solution: order by order

To solve Eq.(3.68), the behavior of ∂Aζ/∂ψ must be understood. To make further progress, an assertion

will be made which is verified in Section 3.6.3 after the calculation is complete, that

∂Aζ
∂ψ

= −αl  ι′0
p′0
δp
[
1 + O(δ

√
−4DI )

]
(3.72)

where αl is the large Mercier index. Using the fact that O(δ
√
−4DI ) ≪ 1, Eq.(3.68) becomes

[Ψ∗, Q0] +

[(−Hαl − E − F

G

)
 ι′2

p′2
δp, p0

]
+

(
∂J

∂α

)(
∂p0

∂ψ

)
= 0 (3.73)

Eq.(3.73) will now be solved order by order in ǫ = (W/Wc)
2. At order ǫ0, p0(0) = p0 + p′0x, where the

superscript in parentheses refers to the order in ǫ, and the bare superscript refers to the order in δ. At

this order, δp(0) = p′0x; finite anisotropy pressure effects do not enter into the calculation, and we will

reproduce the result of Sect.(3.3.2).

Ordering on the helical flux function, Ψ∗ =  ι′x2/2 −Aζ , must now be specified. Aζ(ψ) is expanded

in orders of ǫ, Aζ(ψ) =
∑

n ǫ
nAζn = Aζ0 + ǫ1Aζ1 + ... The assertion made in Eq.(3.72) implies that

for order ǫ0, ∂Aζ/∂ψ ≈ 0. Therefore, at order ǫ0, the constant-ψ approximation is recovered. For

simplicity, we now change coordinates from (ψ, α) to (Ψ∗, α). At lowest order, Eq.(3.73) reduces to

∂Ψ∗(0)

∂ψ

∂(Q0)
(0)

∂α
= −∂J (0)

∂α

∂p0(0)

∂ψ
(3.74)

which is equivalent to Eq.(3.26).

As in Sect.(3.3.2), expanding J as a Fourier series at the single resonant surface (multiples of

ms, ns), J (0) = J00(x) +
∑

ms,ns
Jmsns

eimsα+i(ms ι0+ns)ζ+iφk , and using the expansion in Eq.(3.28)

for Ψ∗, Eq.(3.74) can be solved to give

Q0(0) = −p′0
Jmsns

(0)

Aζ1
x+ Φ(Ψ∗) (3.75)



56

which reproduces the result of Eq.(3.27). The first term describes the resonant component of the Pfirsch-

Schlüter current and the last term is an undetermined function of Ψ∗ resulting from the integration.

Again, it is noted that in the presence of the magnetic island, the resonant Pfirsch-Schlüter current is

no longer singular.

At next order, ǫ1, Eq.(3.73) becomes

∂Ψ∗(1)

∂ψ

∂Q0(0)

∂α
+
∂Ψ∗(0)

∂ψ

∂Q0(1)

∂α
=

[(
Hαl + E + F

G

)
 ι′2

p′20
δp(1), p0(0)

]
− ∂J (0)

∂α

∂p0(1)

∂ψ
(3.76)

Anisotropic pressure effects enter at this order since δp(1) = p1 from Eq.(3.52). Eq.(3.76) can be

integrated to yield, to lowest order

Q0(1) =





(Hαl+E+F )

G
C0

∑
k

1
W 2

Ck

A(WCk) cos(kmsα+ φk) x≪WCk

(Hαl + E + F )  ι′
2G

ln
(

 ι′x2

2

)
x≫WCk

(3.77)

The toroidally averaged parallel current is now known to within an unknown function of integration,

f(Ψ∗). That is, Q0 = Q0(0) +Q0(1) + f(Ψ∗) where the first two terms are described by Eqs.(3.75) and

(3.77). This unknown function can be found from Ohm’s law.

3.3.7 Ohm’s law

Up to this point, we have used the ideal MHD equilibrium equations to produce an expression for

the current in the island region. To make further progress, we now apply a modified Ohm’s law

which includes resistive and neoclassical effects. The use of this modified Ohm’s law provides a further

constraint on the equilibrium, and produces a solution in the vicinity of the rational surface. This

solution will be subsequently asymptotically matched to exterior region.

To solve for the unknown function of integration which arose in the last section, f(Ψ∗), the projection

of Ohm’s law along the magnetic field is used.

−B · ∂A
∂t

− B · ∇φ = ηQB2 − B · ∇ · Π 1

ne
(3.78)

where φ is the electrostatic potential and η is the resistivity. Additionally, the viscous stress tensor,

Π, is added in order to account for electron neoclassical effects. Here, the first two terms represent

the B ·E component, the third term is the contribution from the parallel current, and the last term is
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the neoclassical contribution. Note that the resistivity, η = η(T ), can be calculated using an expansion

about the rational surface, T = T0(rs) + T ′
0(rs)x+ higher order terms. So, to lowest order, η = η0(rs).

Also, the present work is concerned only with the equilibrium island width, so the first term in Eq.(3.78)

is neglected.

Taking the toroidal average of Eq.(3.78) gives

−[Ψ∗, φ] = η( ιI + g)Q− J B · ∇ · Π 1

ne
(3.79)

The first term in Eq.(3.79) is now annihilated by taking an average over the helical flux surface at fixed

Ψ∗,

〈f〉∗ =

∮
dα f

∂Ψ∗

∂x∮
dα 1

∂Ψ∗

∂x

(3.80)

Applying this operation to Eq.(3.79) gives

η( ιI + g)〈Q〉∗ − 〈J B · ∇ · Π 1

ne
〉∗ = 0 (3.81)

We can write 〈J B · ∇ · Π 1
ne 〉∗ as[91, 92, 93]

〈J B · ∇ · Π 1

ne
〉∗ = (η − ηNC)( ιI + g)〈Q〉∗ + ηNC( ιI + g)〈QBC〉∗ (3.82)

where ηNC is the neoclassical resistivity and QBC is the bootstrap current.[78] Combining Eqs.(3.81)

and (3.82), 〈Q〉∗ = 〈QBC〉∗. From an island physics standpoint, the important property of QBC is its

dependence on the pressure profile; with no island present QBC ∼ p′0. With the island, the pressure

profile is perturbed and modifies the bootstrap current. Accounting for the difference in the pressure

profile, we can write

〈Q〉∗ = 〈QBC〉∗ (3.83)

= QBC

[
1 +

1

p′0
〈∂δp
∂ψ

〉∗
]

(3.84)

=  ι
′DNC

[
1 +

1

p′0
〈∂δp
∂ψ

〉∗
]

(3.85)

Here, the stability of bootstrap current effects are defined by the sign of DNC , which is a measure of

the neoclassical bootstrap current effect.[86] Tokamak-like bootstrap currents are stabilizing to island

growth when  ι′ > 0, since, for quasi-symmetric stellarators, DNC ∼ p′0/ ι
′.
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Substituting for Q solves for the function of integration

f(Ψ∗) = 〈QBC〉∗ − 〈Q0(0)〉∗ − 〈Q0(1)〉∗ (3.86)

Taking the appropriate averages, the parallel current is, for x≪WCk

Q = −p
′
0Jmsns

(0)(x − 〈x〉∗)

Aζ1

+
(Hαl + E + F )

G

(
∑

k

C0

W 2
Ck

A(WCk) cos(kmsα+ φk) −
〈
∑

k

C0

W 2
Ck

A(WCk) cos(kmsα+ φk)

〉

∗

)

+
〈
QBC

〉
∗ (3.87)

and for x≫WCk

Q = −p
′
0Jmsns

(0)(x − 〈x〉∗)

Aζ1
+

(Hαl + E + F )

G

 ι′

2

(
ln

(
 ι′x2

2

)
−
〈

ln

(
 ι′x2

2

)〉

∗

)

+ 〈QBC〉∗ (3.88)

Introducing the ψ-variation of the perturbed pressure into these expressions results in a convenient form

for the parallel current. For x≪WC

Q = −p
′
0Jmsns

(0)(x− 〈x〉∗)

Aζ1
+

−αsDR

αs −H

 ι′

p′0G

(
∂δp

∂ψ
−
〈
∂δp

∂ψ

〉

∗

)
+ 〈QBC〉∗ (3.89)

and for x≫WC

Q = −p
′
0Jmsns

(0)(x− 〈x〉∗)

Aζ1
+

DR

αs −H

 ι′

p′0G

(
∂δp

∂ψ
−
〈
∂δp

∂ψ

〉

∗

)
+ 〈QBC〉∗ (3.90)

Note that there is a sign difference when comparing the second terms on the right hand sides of Eqs.(3.89)

and (3.90). This results from the fact that the perturbed pressure, δp has positive slope for W ≪ WC

and has negative slope for W ≫ WC .

The results in Eqs.(3.89) and (3.90) make it possible to proceed with asymptotic matching; the

solution interior to the island region will be matched with the solution exterior to the island region.

3.4 Asymptotic matching and equilibrium island width

The equilibrium island width is found by asymptotically matching the inner region solution with the

exterior region solution, given by Eq.(3.70). Formally, these exterior solutions can be expanded in the
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resonant harmonics as Aζ =
∑
k Ak(ψ) cos(kmsα). The key information for matching is contained in

the ratios of the resonant harmonics of the exterior solution on either side of the narrow island region.

The matching parameter is [14]

∆′ =
Ak,s+
Ak,l+

− Ak,s−
Ak,l−

(3.91)

Employing the assumption that the solution is dominated by a single harmonic, Aζ ≈ Aζ(ψ) cos(msα),

results in the use of a single matching parameter, ∆′ at the rational surface. This asymptotic matching

procedure utilizes ∆′ to relate the helically resonant currents in the layer to the external data. In a sense,

this procedure resolves the δ-function-like currents described in Eq.(3.9) by allowing for island formation

as noted in the discussion following Eq.(3.75). The singular Pfirsch-Schlüter current contribution is also

resolved by the allowance of an island. Finally, under normal operation, most stellarators are not

expected to be tearing unstable. Hence, ∆′ < 0 is typically satisfied.

To make further progress with the asymptotic matching, it will prove to be convenient to work with

the function T rather than Aζ

∂T

∂x
=
∂Aζ
∂ψ

+ αl
 ι′s
p′0
δp (3.92)

See Section 3.6.3 for a discussion of the relation between T and Aζ . Using Eq.(3.127) from Section

3.6.3, the asymptotic matching between the interior and exterior regions can now be carried out

∆∗Aζ = ∆′Al
√
−4DI

∣∣∣∣
W

2

∣∣∣∣
−αl

=

∫ ∞

−∞
dx

∮
dα

2π
cos(msα)

∂2T

∂ψ2
(3.93)

where DI is the Mercier stability criterion, and α-integration is carried out with a cosine to pick out

the correct harmonic. It can be shown that

∂2T

∂x2
= −δQG+

DR

αs −H

 ι′

p′0

∂δp

∂ψ
(3.94)

where DR = E + F + H2 from resistive interchange theory,[14] and ∂2Aζ/∂ψ
2 is found from the

toroidally averaged Ampere’s law, Eq.(3.63), where Q is defined by Eqs.(3.89) and (3.90). Carrying out

the integration in Eq.(3.93) yields an equation for equilibrium island width,

∆∗ +
1

2

(
1 + αs
αs −H

)
DR

(
W

WC

)
C0

W
+ 0.81Dnc

(
W 2

W 2
C

)
C0

W
+
CPS
W 2

= 0 (3.95)

where ∆∗ = ∆′ |W/2|−2αl
√
−4DI and CPS describes the contribution from Pfirsch-Schlüter currents.

Recall from the calculations given in Eq.(3.56) and Eq.(3.75) that both the non-resonant and resonant
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components of the Pfirsch-Schlüter current in the island region are unaffected by finite parallel transport

physics. Hence the contribution of the last term to the equilibrium island width does not depend on

WC .

The contribution to equilibrium island width from the Pfirsch-Schlüter current can in principle be

determined by solving for the perturbed magnetic potential in Ampere’s law,

∇×∇× δA = δJ (3.96)

where here δA and δJ arise from the perturbed magnetic field. Within the current fully three-

dimensional geometry, currents (and vector potentials) are produced with every helicity. Formally

δA will take the form

δA =
∑

mn

[Aθ(ψ,m, n)∇θ +Aζ(ψ,m, n)∇ζ]ei(mθ−nζ) (3.97)

where the gauge Aψ = 0 is chosen. Since every helicity is represented in δA, CPS will have both resonant

and non-resonant components, CPS = CPS−RES + CPS−NR. However, for the current geometry, to

obtain CPS through solution of Ampere’s law is not tractable. To understand the scaling of the resonant

coefficients of Eq.(3.97), one can make the simplifying assumption of nearly circular flux surfaces and

solve Ampere’s law by using a Green’s function integration, as Cary and Kotschenreuther did.[16] This

simplification decouples the helicities, and yields to lowest order

CPS−RES ≃ β

m2| ι′|
R2

0

a2

(
Jmsns

J00

)
(3.98)

To determine the non-resonant coupling coefficients, details of the three-dimensional geometry are

required to properly invert the ∇× (∇×) operator. As such we write

CPS ≃ β

m2| ι′|
R2

0

a2

∑

mn

Cmn
Jmn

J00
(3.99)

where Cmn denotes the order unity (at most) coupling coefficients.

So, incorporating the above into the Pfirsch-Schlüter term, and substituting C0 ≈ 0.6 the island

equation becomes

∆∗ + 0.3

(
1 + αs
αs −H

)
DR

W

(
W

WC

)
+ 0.5

Dnc

W

(
W 2

W 2
C

)

+
1

W 2

β

m2| ι′|
R2

0

a2

∑

mn

Cmn
Jmn

J00
= 0 (3.100)
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When W ≪ WC , the neoclassical contribution is negligible. In this limit the dominant finite-β drive for

the island comes from the Pfirsch-Schlüter contribution. In this case, the island width is approximated

by

W 2 =
CPS

−∆∗ − 0.3
(

1+αs

αs−H

)
DR

WC

(3.101)

assuming ∆∗ is negative. Also, note that for W ≪WC , the resistive interchange term produces a finite

contribution, whereas the neoclassical term asymptotes to zero.

Now, the above calculations are applicable for the case where perpendicular heat transfer is not

negligible relative to parallel heat transfer (W ≪ WC). Conversely, when islands are large, W ≫ WC ,

the parallel heat transfer equilibrates temperature on the island perimeter, flattening the temperature

profile within the island. Previous island width calculations are characterized by the W ≫ WC case,

where these studies have essentially assumed that WC → 0. For this large-island case, the corresponding

island width equation is

∆∗ + k0
DR

(αs −H)W
+ k1

Dnc

W
+

1

W 2

β

m2| ι′|
R2

0

a2

∑

mn

Cmn
Jmn

J00
= 0 (3.102)

where k0 and k1 are constants of order unity. It is instructive to compare Eqs.(3.100) and (3.102), the

equilibrium island width equations in the small- and large-island limits, respectively. First, note that

the resistive interchange term is attenuated by a factor of W/WC in the small-island case compared with

the large-island case. Also, the neoclassical term is attenuated by a factor of W 2/W 2
C in the small-island

case compared with the large-island case. That is, resistive interchange and neoclassical physics have

smaller effects when islands are small. However, the destabilizing Pfirsch-Schlüter currents have the

same effect whether islands are large or small.

3.5 Discussion

In this work, we extend the theory of nonlinear pressure-induced magnetic islands to include cases where

finite parallel transport effects are important. This work was completed for general three dimensional

non-axisymmetric magnetic geometry, with no limits on aspect ratio or β. An expression for equilibrium

magnetic island size is derived for the case where finite parallel transport effects are important; that

is, for the cases where there is competition between crossfield transport across the island, and parallel
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transport which maps the perimeter of the island. The result of the current work, Eq.(3.100), applies

to magnetic islands which are sufficiently small. As discussed above, prior workers have generated

island equations for the case where κ‖/κ⊥ ∼ ∞; that is, the large-island case where parallel transport

dominates and temperature equilibrates on the island perimeter, flattening the temperature profile

within the island. The current work can be bridged to this prior work via a Padé approximation to

produce an equation for equilibrium island width which spans both small and large island regimes.

∆∗ +
k0DR

(αs −H)

1

W + k0
0.3(1+αs)WC

+ k1Dnc
W

W 2 + k1
0.5W

2
C

+
CPS

 ι′W 2
= 0 (3.103)

where k0 and k1 are positive dimensionless coefficients [86] and CPS represents both the resonant and

non-resonant contribution of the Pfirsch-Schlüter current as discussed in the last section.

Eq.(3.103) provides insight into how anisotropic transport effects influence island dynamics, as small

island cases are compared with large island cases. First, note that for small islands, island growth driven

by resistive interchange physics is attenuated by a factor of W/WC compared with the same large island

case. Next, observe that for small islands, the neoclassical drive for island growth is attenuated even

more, by a factor of W 2/W 2
C , when compared with the large island case. This can be explained by

the fact that, in the small-island case, the pressure profile is relatively unaffected by the presence of

the magnetic island. As discussed above, island growth caused by resistive interchange effects and

neoclassical effects depends on localized island currents caused by self-consistent deformation of the

pressure profile in the vicinity of the island. Since the pressure profile is minimally affected by the

small magnetic island, resistive interchange physics and neoclassical physics therefore play a small role

in determining island width.

Equally important is the fact that the inclusion of finite parallel transport effects does not change

island growth caused by Pfirsch-Schlüter currents, whether the island is small or large. This finding

is consistent with the fact that Pfirsch-Schlüter currents depend very weakly on pressure equilibration

physics. Instead, these currents depend on the magnetic spectrum, which is determined by the global

plasma properties.

The results of this work depend upon the closure used to describe the pressure response. Whereas

standard approaches employ a strict resistive model, we use a model that explicitly allows for anisotropic

transport as the determining physics in describing the pressure response. An important result is that
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even in the limit of large (but not infinite) parallel heat conduction, perpendicular transport can af-

fect pressure-induced island physics in stellarators. This finding has implications for extended MHD

simulation codes which have a variety of pressure and heat transport schemes that can be employed.

The choice of closure scheme may affect the simulation results, since proper understanding of island

dynamics is critical to predicting quality of confinement.

Furthermore, in practice, the scale size WC is very small (fractions of a centimeter) for high temper-

ature stellarators, owing to the vast differences in scale between perpendicular and parallel transport.

This scale disparity is difficult to realize in full MHD numerical simulations. In particular, previous

simulations using HINT did not produce islands caused by local currents. However, for these simula-

tions, WC was a significant fraction of the radius. Conversely, taking B · ∇p = 0 overestimates the

local current effects. These findings indicate that efforts to design reactors which minimize island size

via stabilizing neoclassical or interchange physics may not be successful for small islands. Conversely,

success in controlling growth of small islands is more likely in reactors which attempt to control island

size by limiting the drives from Pfirsch-Schlüter effects.

This work assumes that transport is purely diffusive in nature, as evidenced by Eq.(3.37), with local

transport coefficients specifying the transport. In more general treatments, integral models for parallel

transport may be operative.[21, 94] These effects are not considered in the present calculation.

Finally, we note that in addition to the finite pressure effects considered here, plasma flow effects

can also influence island formation in stellarators.[95, 96] In particular, flow effects are suspected of

healing large islands present in the vacuum configuration of the Large Helical Device.[97, 98]

While this work is concerned with the formation of a single island chain, a practical issue in stellarator

operation is the presence or lack thereof of stochastic regions which result from overlapping magnetic

islands. While the present calculation cannot be easily extended to this case, the current work does

point out the need to properly account for self-consistent anisotropic heat conduction.
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3.6 Appendices for Chapter (3)

3.6.1 Calculation of the pressure profile at X- and O-points.

For the case where islands are small, the pressure profile in the island is not flattened as in the large

island case. The pressure profile remains largely topologically toroidal, with minor deformation in the

vicinity of the island. As a result the radial thermal flux across topologically toroidal surfaces remains

constant,

∇ · Γ = 0 (3.104)

Solution of this equation can be realized with a diffusion equation for pressure. If the source for plasma

pressure is assumed to be far from the island region, the diffusion equation for pressure can be written

∇ · Γ = 0 (3.105)

−∇ ·D∇p = 0 (3.106)

The solution of this equation far from the island can be matched with the solution at x = ψ − ψs = 0

to yield the pressure gradient at the X- and O-points.

Far from the island, isobars are aligned with the topologically toroidal flux surfaces, so we write

dp/dψ|∞ ≡ p′∞. Therefore, in the region far from the island, the radial thermal flux is

〈Γ · ∇ψ〉 = −〈D∇p · ∇ψ〉 (3.107)

= −
〈
Dp′∞|∇ψ|2

〉
(3.108)

= −Deffp
′
∞ (3.109)

For the region in the vicinity of the X- and O-points, the radial thermal flux can be decomposed

based on the physical drive. [99] In this region we are interested in the drive from the large Pfirsch-

Schlüter currents. Since finite parallel transport effects can be ignored to lowest order, in the vicinity

of the island p(ψs) ≈ p0(ψs) + p′0(ψs)x, and we have

〈Γ · ∇ψ〉 = ΓRPS + ΓNRPS + ... (3.110)

= −
(
DR
PS +DNR

PS +Dother

)
p′0 (3.111)
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Here, the diffusion coefficient for pressure is decomposed into parts associated with resonant and non-

resonant Pfirsch-Schlüter currents and all other physical drives. Also, the geometric factor |∇ψ|2 has

been absorbed into the diffusion coefficients in the last expression, as was done in Eq.(3.109).

For simplicity, in the rest of the derivation we will employ expressions for radial particle fluxes.

For the present stellarator-like magnetic configuration, in Boozer coordinates, it can be shown that the

radial particle flux driven by Pfirsch-Schlüter currents is

ΓPS = −nη‖p′0
〈
Q2B2

p′20

〉
(3.112)

where n is the number density, η‖ is the Spitzer resistivity, and Q is the parallel current, which has

both resonant and non-resonant components.

We now define the resonant and non-resonant Pfirsch-Schlüter particle fluxes

ΓRPS ≡ −nη‖p′0
(
g + ns/msI

 ιI + g

)2〈J 2
msns

( ι′x)2
B2

〉
(3.113)

ΓNRPS ≡ −nη‖p′0

〈(
∑

mn

′Jmne
imα+i(m ι0−n)ζ(g + n/mI)

( ι0 − n/m)( ιI + g)

)2

B2

〉
(3.114)

where ΓPS = ΓRPS + ΓNRPS , and in Eq.(3.114) the prime on the sum denotes a sum where n/m 6=  ι0.

Additionally, the resonant parallel current, Q = −p′0Jmsns
/ ι′x in Eq.(3.113) is obtained from the

external solution to [Ψ∗, Q] = −[p,J ]. Eq.(3.112) can now be written

ΓPS = ΓNRPS

(
1 +

ΓRPS
ΓNRPS

)
(3.115)

= ΓNRPS


1 +

〈
J 2
msns

(g + ns/msI)2

( ι′x)2
(∑′

mn
J eimα+i(m ι0−n)ζ(g+n/mI)

 ι0−n/m

)2

〉
 (3.116)

= ΓNRPS

(
1 +

ǫ2

x2

)
(3.117)

The expressions for the flux far from the island and in the vicinity of the island can now be matched,

giving an expression for the pressure gradient near the island. Since ΓNRPS = DNR
PS p

′
0,

p′0
p′∞

=
Dtot(

DNR
PS

(
1 + ǫ2

x2

)
+Dother

) (3.118)

where Dtot is the total diffusion coefficient for all physical drives of radial flux. Eq.(3.118) shows that,

to maintain constant radial flux near the X- and O-points, the transport coefficients change, causing

the pressure gradient to vanish in a very small region of order ǫ
√
DNR
PS /Dtot ≪ 1. In practice, this is a

very small radial extent and is assumed small for the bulk of this calculation.
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3.6.2 Comparison with linear theory

In this section, we present an outline of the corresponding linear theory associated with the nonlinear

calculation. As mentioned in Sect.(3.3.3), a key difference between the calculation of the present work

and the linear calculation of Ref. (14) is the closure relation used for pressure effects. Here, a linear

calculation is outlined which includes the pressure closure from Eq.(3.52). In the following, we assume

the length scale WC is large compared to the linear resistive layer scale length.

The layer equations result from the quasineutrality equation and Ohm’s law. Keeping the pressure

term and the inertia term in the linear quasineutrality equation, ∇ · J = 0, one obtains

(B0 · ∇)Q̃ + (B̃ · ∇)Q0 + ∇ ·
(

B0 × ρ∂ev
∂t

B2

)
+ ∇ ·

(
B0 ×∇p̃
B2

)
= 0 (3.119)

Following standard linear tearing mode theory, a linear expression can be derived using the x ≪ WC

expression for p̃1 in Eq.(3.52). Eq.(3.119) can be written

γ̂
∂2φ̂

∂X2
= −X∂2Âζ

∂X2
− Âζλ

′ −X
αsDR

αs −H

C0

Ŵ 2
C

Âζ (3.120)

where x = ψ − ψs, X =  ι′x, φ̂ = −φim ι′τA, γ̂ = γτA, Âζ = Aζ  ι
′, ŴC = WC  ι′, and λ′ =

µ0(dQ0/dψ)G/ ι′2, and the Alfv́en time is given by

τA =

√
µ0ρ

m

(
J gψψ

B2

JB2

gψψ

)1/2

(3.121)

The last term in Eq.(3.120) describes the interchange contributions and differs from the conventional

resistive MHD prediction due to the different pressure closure.

Next, the parallel projection of Ohm’s law is treated,

−B0 · ∇φ̃− B0 ·
∂Ãζ
∂t

= ηB · J̃ (3.122)

which can be written

γ̂Âζ = Xφ̂+
1

S

d2Âζ
dX2

(3.123)

using the same normalizations defined above with the Lundqusit number is given by

S =
µ0

η ι′2τA

G

JB2
(3.124)
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A dispersion relation is now derived for the linear layer equations, Eqs.(3.120) and (3.123), by

matching the inner solution to the outer solution of these equations. The result is

∆∗ +
1 + αs

2

DR

αs −H

C0

WC
= 2πγ5/4S3/4 Γ(3/4)

Γ(1/4)

[
1 + O

(
LW
WC

)]
(3.125)

where LW is the layer width and small terms of order LW /WC are neglected in the dispersion relation.

Note that the interchange contribution in the nonlinear theory of Eq.(3.95) is exactly the same as its

corresponding contribution in Eq.(3.125).

3.6.3 Verification of Eq.(3.72)

Following the procedure of Ref. (86) , we assume that ∆′ is an order unity quantity, and introduce the

function T ,

∂T

∂x
=
∂Aζ
∂ψ

+ αl
 ι′s
p′0
δp (3.126)

Far away from the magnetic island (at large x), B · ∇p = 0; it is easily seen that δp ≈ −p′0Aζ/ ι′0/x.

Using this fact and Eq.(3.91),

lim
x→∞

∂T

∂x

∣∣+x
−x = lim

x→∞

[
As±(αs − αl)|x|−αl

]+x
−x

= (αs − αl)

∣∣∣∣
W

2

∣∣∣∣
−αl ∑

k

∆′
kAk,l cos(kmsα) (3.127)

where continuity is satisfied by Al+ = Al−. Using ∂Aζ/∂x ∼ αlAζ/x we find that

∂T
∂x

∂Aζ

∂x

∼ ∆′αs − αl
αl

|x|
√
−4DI ∼ δ

√
−4DI ≪ 1 (3.128)

which implies that

∂Aζ
∂x

= −αl  ι′0
p′0
δp+ O

(
δ
√
−4DI

)
(3.129)

which is used in Eq.(3.72).
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Chapter 4

The use of the NIMROD code to

investigate the effects of 3-D fields

on finite beta equilibria in a straight

stellarator

4.1 Introduction

As mentioned in Section 2.2.5, 3-D equilibrium effects could be responsible for experimental results

which were more robust to instability than predicted. More specifically, the reason for this improved

performance appears to be the dependence of equilibrium and stability on each other. There are many

open questions regarding how this mechanism may work to mitigate instability growth. Do changes

to the equilibrium field occur primarily in the edge region, augmenting transport out of the plasma in

the edge region while still providing relatively good confinement? Or do modes in the core region act

to pump heat out and relax the pressure profile? How large must the 3-D effects be to provide this

instability mitigation? To help understand these phenomena, in this chapter the behavior of heated

helically symmetric cases is compared with heated fully 3-D cases in a straight stellarator.

Here, fully 3-D computational results using the NIMROD code are reported which show the time

evolution of discharges where heating is applied to two classes of vacuum magnetic fields for a straight

stellarator. The first class of vacuum configurations is the helically symmetric magnetic field. As

discussed above in Section 2.2.3, helically symmetric configurations are experimentally relevant, since
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they are known to have favorable radial transport properties. These helically symmetric cases are

heated and the discharge evolution is observed. Next, these helically symmetric cases are spoiled with

the addition of small harmonics to the vacuum magnetic field which are incommensurate with the

previously helically symmetric field. The addition of these small symmetry-spoiling harmonics to this

helically symmetric configuration allows the configuration to retain much of the favorable characteristics

of helical symmetry, but still has the effect of minutely interrupting the closed flux surfaces, especially

near the edge. These spoiled symmetry cases are subsequently heated, and the discharge evolution

is compared to their helically symmetric counterparts. Also investigated is the effect of changing the

structure of the helically symmetric vacuum magnetic field. Here, finite beta results are reported for

three different vacuum rotational transform profiles, all of which are helically symmetric.

The straight stellarator configuration is chosen for several reasons. First, analytical solutions for

the vacuum magnetic field exist for the straight stellarator and this vacuum magnetic field can be

specified throughout the domain to help initialize the simulation. Also, the straight stellarator is

chosen because of its sensitivity to interchange modes. Since toroidal curvature is absent, there is

bad curvature everywhere. Also contributing to the sensitivity to interchange modes is the lack of a

Shafranov shift with increasing beta in a straight configuration. In toroidal configurations like LHD,

a Shafranov shift occurs with increasing beta, thereby creating a magnetic well near the core. In this

present straight stellarator configuration, no magnetic well develops with increasing beta. Because of

these reasons, maximum values of beta reached in these simulations will be significantly lower than that

in experiments like LHD or W7-AS. However, the evolution of the equilibrium in response to emerging

instabilities is still a prominent feature of these discharges.

Additionally, the effect of changing the degree of anisotropic transport is investigated for these

heated straight stellarator cases. Larger and smaller ratios of κ‖/κ⊥ are applied and again discharge

evolution is compared. The relationship between changing this anisotropic transport ratio and changing

the magnitude of the symmetry-spoiling harmonics is explored. If the symmetry-spoiling harmonics are

only measurably modifying physical processes in the edge region, their effect should be observed to be

linked with the ratio of κ‖/κ⊥.

Problems of this type have not been investigated previously with the NIMROD code. Therefore,

to adequately run these simulations and analyze them, several additions and modifications had to be
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made to the code. These are described below in Section 4.2. The calculation of the vacuum magnetic

field in a straight stellarator is presented in Section 4.3. In Section 4.4, results are presented for all of

the finite β cases. Finally, in Section 4.5 the effect of changing the ratio of κ‖/κ⊥ is discussed.

4.2 Modifications and additions to the NIMROD code

The NIMROD code has demonstrated its powerful analysis capabilities for axisymmetric problems. If

this same computational power could be applied to fully three dimensional stellarator-type problems,

new research avenues would be opened.

As discussed in Chapter 2 stellarators are not axisymmetric. That is, their equilibrium magnetic

fields are, in general three dimensional and cannot be described by only two coordinates (except in

special cases like that of helical symmetry, see Section 2.2.1). Also, as discussed in Section 2.4, the

NIMROD code separates all fields into a steady part which is symmetric in the periodic coordinate and

a perturbed part which is fully 3-D. So, the equilibrium magnetic field of a stellarator cannot be loaded

into the steady part of the NIMROD code’s representation. Therefore, the first step is to modify the

NIMROD code so that the fully 3-D stellarator equilibrium is loaded into the perturbed part of the

NIMROD code’s representation. This goal has been realized for the straight stellarator, as discussed

below in Section 4.2.1. It should be noted that prior work to represent non-axisymmetric boundary

conditions in the NIMROD code has been carried out by Izzo and Jarboe to simulate a helicity-injected

torus.[100]

Next, to study finite β effects, some utility is needed to heat the plasma. To meet this need, code

has been written to allow the input of an ad-hoc heating source. This is explained in Section 4.2.2.

A key parameter of merit of any stellarator equilibrium is the rotational transform,  ι. To make

comparisons with previous theory, it is crucial to know what the values of  ι are within the plasma.

Although the unaltered NIMROD code has has the ability to create Poincaré plots by means of the field

line tracing code, NIMFL, there previously existed no utility to calculate the rotational transform. The

NIMFL code has been modified to yield the rotational transform as a function of radius, for magnetic

topologies in which the magnetic axis coincides with the geometric axis. This work is discussed below

in Sect. 4.2.3. Finally, to identify mode structures of instabilities which develop in finite β discharges,
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some new diagnostics are needed. These new diagnostics are presented in Sects. 4.2.4 and 4.2.5.

4.2.1 Loading of a non-axisymmetric field

As discussed in Chapter 2, the NIMROD code separates the field quantities into equilibrium and per-

turbed parts, where the equilibrium quantities are assumed to be axisymmetric. However, in a stel-

larator, the equilibrium quantities are fully three dimensional. To work around this, the stellarator

equilibrium field is specified and loaded into the perturbed portion of the NIMROD code’s represen-

tation. For the present case, an exact analytical equilibrium solution is used to provide the input for

the NIMROD code. More specifically, as discussed above in Section 2.2.1, the analytical solution to

Laplace’s equation in a cylinder in vacuum gives a scalar potential:

φ = B0

[
Rζ +

∑

m

ǫm
Rm

n
Im

(nr
R

)
sin(mθ − nζ)

]
(4.1)

The gradient of this potential is taken to provide explicit expressions for each of the three components

of the magnetic field
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(4.2)

where here, the poloidal plane has been decomposed into x and y coordinates, rather than r and θ, for

use in rectangular geometries. To implement this initial vacuum field several changes to the NIMROD

code were made:

• The vacuum magnetic field is set up within a large volume surrounded by a conducting boundary
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and periodic in the axial direction. Note that some trial and error with setting of the size of the

domain and the parameter, ǫm is required to ensure that the last closed flux surface is completely

contained within the domain.

• The analytic field specified in Equation 4.2 is loaded from a subroutine during the initialization

of the NIMROD code (”nimset”). In this subroutine, the following occurs:

– All fields are first initialized to 0.

– Loops are nested: the outermost loop is over blocks of finite element nodes (nrbl), the

next loop is over finite element nodes (poly degree2), the next loop is over the number of

harmonics specified in the equilibrium (n), and the innermost loop is over number of planes

in the periodic direction (2lphi).

– Inside the innermost loop, The value of the magnetic field at each node is assigned.

– This array of magnetic field values at the node points is then Fourier transformed in the

periodic direction and assigned to the proper storage location.

– At present, up to ten different harmonics and relative strengths are permitted in the definition

of the equilibrium magnetic field as described by Equation 4.1.

As stated above, the boundary condition for this simulation is perfectly conducting and no-slip

with periodic ends. However, for the NIMROD code to recognize this vacuum magnetic field as an

equilibrium state, one more condition must be specified: the normal component of the magnetic field

at the wall is not allowed to evolve in time. That is,

d

dt
~B · n̂|bdry = 0 (4.3)

This boundary condition can be understood through the following thought experiment. First, the

magnetic field is imagined to be generated by coils outside the domain. This field is given an infinite

amount of time to penetrate the boundary, setting up the magnetic field structure within the domain.

Next, a line-tied condition of sorts is enforced at the boundary, and the normal component of the field

is not allowed to be updated by the NIMROD code. Without this restriction on the normal component

of the field at the boundary, the magnetic field structure is observed to conform to the shape of the
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bounding box as time evolves. With this setting in place, the magnetic field structure is observed to

persist in time.

As a check to ensure that no errors exist in the above coding, a simple case can be set up and the

magnitude of ∇ · B can be checked. Of course, this value should be zero everywhere. When this test

was first conducted, small values of this quantity were observed; it was not identically zero. It was

found that this resulted because the NIMROD code calculates ∇·B at interpolated points, not exactly

at the node points where the field was assigned. So, to ensure that the divergence of the magnetic field

as coded was identically zero, the subroutine where NIMROD checks the div B error was modified to

directly calculate the components of this divergence from Equation 4.2. After this change, the div B

error as computed by the NIMROD code was identically zero.

4.2.2 Introduction of a volumetric ad-hoc heating (momentum) source

To study finite β effects, it is necessary to move beyond the simple vacuum magnetic field structure

specified by Equation 4.1. This is accomplished in the NIMROD code by adding a volumetric ad-hoc

heating source. Conceptually, a heat source has been defined whose strength is constant on flux surfaces

of the dominant helically symmetric vacuum magnetic field. This heating rate evolves in time based

on a hyperbolic tangent function. That is, the heating source ramps up from a starting value to a

user-defined maximum in time, based on user-defined settings which control the slope of the ramp-up

and the specific time when the ramp-up occurs.

To implement this ad-hoc heating source several additions to the NIMROD code were made. In

the subroutine which adds sources (sources.F), a loop structure was added in the ion heating source

routine. All quadrature points are looped over. This loop structure:

• Calculates the value of the helically symmetric flux function, ψ, based on the dominant harmonic

of the vacuum field as defined in the input deck. This is possible in helically symmetric cases,

since ψ has an analytic form, given by

ψ = B0

[
nr2

2mR
− r

∑

m

ǫmI
′
m

(nr
R

)
cos(mθ − nζ)

]
(4.4)

Note that the m and n pairs used must all have the same ratio, since this equation is only valid

for helically symmetric cases.
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• The value of the hyperbolic tangent function is calculated. Along with the value of ψ, these

quantities are used to determine the value of the heating term to be applied. The heating strength

per m3 is therefore

Qin(r, θ, ζ) =
1

2
qmaxf(ψhel)

(
tanh(

t− toffset

tperiod
) − tanh(

−toffset

tperiod
)

)
(4.5)

These values are Fourier transformed and assigned to the proper storage location.

Similarly, a momentum source has been added to investigate the effects of imposed flows on the

magnetic topology. Here, this momentum source is aligned with the poloidal projection of the flux

surfaces, and has strength constant on each flux surface. These additions to the NIMROD code are

summarized:

• In NIMROD’s initialization (nimrod init.f), the helical flux function, Eq.(4.4) is found at all

quadrature points and stored for later use.

• In the source routine, (sources.F), all quadrature points are looped over and the unit vector is

found which is aligned with the poloidal projection of the flux surfaces

f̂ · ∇ψhel = 0 (4.6)

f̂ = fR~eR + fZ~eZ (4.7)

(fR)2 + (fZ)2 = 1 (4.8)

where fR and fZ are the components of the unit vector aligned with the poloidal projection of

the flux surfaces.

• The strength of the momentum source is then assigned similarly to heating source strength de-

scribed above.

4.2.3 Calculating the rotational transform

The NIMFL code creates Poincaré plots by numerically integrating the field line equations:

dr

dz
=
Br
Bz

(4.9)

dθ

dz
=
Bθ
Bz

(4.10)
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The rotational transform can be found by utilizing information obtained during the fieldline inte-

gration performed by NIMFL. The rotational transform is given by

 ι = lim
N→∞

N∑

i=1

∆θi

2πN
(4.11)

Here i is a marker for the integration step. A more convenient expression for use in NIMFL is

 ι ≡ lim
N→∞

1

2πN

∫ 2πN

0

dζ
~B · ∇θ
~B · ∇ζ

= lim
N→∞

1

2πN

∫ 2πN

0

dζ
dθ

dζ

Note that N is the total number of toroidal transits, and 2πN is the total toroidal distance traveled, in

radians.

The key is that this integration is performed using ζ as the variable of integration, not distance

along the field line. NIMFL integrates the field line equations using distance along the field line, s, as

the independent variable. So, to use the existing NIMFL routines to calculate rotational transform, a

change of variable is necessary:

dζ = ds
~B · ∇ζ
B

= ds
Bζ
RB

(4.12)

The definition of the rotational transform becomes:

 ι = lim
N,S→∞

1

2πN

∫ S

0

ds
Bζ
RB

dθ

dζ

where S = total length that the field line is integrated over. Here, this total is divided by 2πN , since

the average over the total toroidal distance traveled is required. For the NIMFL calculation, one of

course cannot integrate an infinite distance, so the assumption is made that if the field line length is

very large, then the toroidal distance traveled is very large, and the calculation of rotational transform

becomes:

 ι ≈
1

2πN

∫ S

0

ds
Bζ
RB

dθ

dζ
(4.13)

NOTE: Here, the denominator ( 1
2πN ) can be written in one of two ways:

∫ S

0

ds
Bζ
RB

=

∫ 2πN

0

dζ

In the limit where S and N approach ∞, these expressions are indeed equal. For devices like reversed

field pinches, these integrals may be quite small for finite field length calculations near the reversal

surface, giving erroneous results for rotational transform.



77

Now an expression can be found for dθ
dζ :

dθ

dζ
=

dθ
ds
dζ
ds

The expression for dζ
ds is just the same as equation 4.12:

dζ

ds
=

Bζ
RB

Substituting in to equation 4.13 and canceling yields:

 ι ≈
1

2πN

∫ S

0

ds
dθ

ds
(4.14)

Now the expression for  ι is in a form that can be integrated by the NIMFL routines. The expression

for dθ
ds that is used is:

dθ

ds
=

d

ds

[
arctan

(
Z

R

)]
=

(
1

R2 + Z2

)(
R
dZ

ds
− Z

dR

ds

)
(4.15)

To summarize the modifications to the code,

• One additional ODE is being integrated. The integration being performed is:

∫ S

0

ds
dθ

ds

• The arrays of radial locations and rotational transforms which resided on each processor then are

collected on a single processor, sorted, and written to disk to facilitate graphing and presentation.

This algorithm should not be used to calculate rotational transforms for m = 1 stellarators, where

the magnetic axis does not coincide with the geometric axis. So, for systems which do not have a helical

axis (like the Large Helical Device), the above code modifications produce rotational transform values

which agree well with analytical estimates. For small values of radial location, it can be shown that [23]

 ι ≃
∑

m

ǫ2m
4

(
1

ρ

d

dρ

)2

I2
m(mρ) (4.16)

where ρ = r/R. Comparisons between this analytical expression and the calculated values from the

NIMFL code have given good agreement.
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4.2.4 Determining the poloidal and toroidal harmonics of field quantities.

NIMROD naturally provides magnitudes of the toroidal harmonics of the field quantities. Because the

straight stellarator calculations must be run nonlinearly in NIMROD, mode identification of growing

instabilities is not straightforward. To aid in this effort, a diagnostic has been written which produces

magnitudes of poloidal AND toroidal harmonics in NIMROD.

First, B, J, and v are found at each point in the poloidal plane, for each φ-plane. From these data,

the following operations are performed:

• The quantities 1/B2, J ·B, and λ = µ0J · B/B2 are calculated.

• These quantities are Fourier transformed in the toroidal direction.

• The quantities which were Fourier transformed in the toroidal direction are subsequently Fourier

transformed in the poloidal direction.

NIMROD’s representation of the field data (for a single point (R,Z) or (r, θ) in the poloidal plane)

is

f(r, θ, φ) =

+∞∑

n=−∞
f̂n(r, θ)einφ (4.17)

where f̂ is a complex quantity. This representation is converted to

f(r, θ, φ) =

+∞∑

n=0

+∞∑

m=0

[Amn(r) cos(mθ − nφ) +Bmn(r) sin(mθ − nφ)

+ Cmn(r) cos(mθ + nφ) +Dmn(r) sin(mθ + nφ)] (4.18)

where Amn and Bmn are the amplitudes of the positive helicity components and Cmn and Dmn are the

amplitudes of the negative helicity components. Thus, these components can be plotted as functions of

radius for quantities like λ, giving insight into which modes (poloidal AND toroidal) are strongest and

where these modes might be localized.

4.2.5 Determining ∇ψhel components of field quantities.

To further understand the mode structure of instabilities that appear in finite β equilibria, a diagnostic

has been written to calculate v · ∇ψhel and b · ∇ψhel. This calculation proceeds as follows:
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• ψhel is calculated at each point in the domain and stored (nimplot mgt.f).

• ∇ψ is calculated at each point in the domain. The dot product v·∇ψhel and b·∇ψhel is formed and

then is multiplied by the appropriate weight functions, α to obtain the integral (nimplot ints.f).

Finally a mass matrix inversion is performed to give v · ∇ψhel and b · ∇ψhel at the vertices.

• These data are written to file allowing the production of contour plots.

4.2.6 Matlab utility to assist in diagnostic calculations.

To properly calculate values of beta and to perform calculations to determine the total heat input, a

diagnostic has been written for Matlab. This diagnostic functions as follows:

• A straight periodic helically symmetric configuration is described by entering the domain extent

in (x,y,ζ) and the (m, n, ǫmn) triples which specify the helically symmetric magnetic field.

• A routine calculates the value of ψhel using Eq.(4.4) at all points in the domain and creates a

series of contours at various user-prescribed ζ-planes.

• This routine then interpolates between the ζ-planes to calculate the volume enclosed, V , by the last

closed flux surface. This volume can then be used for calculations of plasma beta, where NIMROD

gives the total pressure at any time during the simulation, ptot. Thus, beta is calculated as

β =
2µ0

B2

∫
pdV∫
dV

(4.19)

where B is the strength of the axial magnetic field at the magnetic axis.

• An additional routine takes as inputs the the volume produced above, along with the profile of a

user-prescribed volumetric heating source, and produces the total heat input, in Watts.

4.3 Vacuum field calculations for a straight stellarator

Before proceeding, a note should be made regarding the required resolution. For tearing mode studies,

one often can pack the spatial mesh about the rational surface of interest. Since, for the current

proposal, changes to the entire magnetic topology are important, this packing and mesh optimization is
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not possible. Instead, computations must be carried out with a globally dense mesh. Furthermore, since

the present work focuses on nonaxisymmetric magnetic configurations, it is important to retain many

toroidal Fourier components in the calculation, and to run NIMROD nonlinearly to capture beating

between these modes. Because of these two factors, large computational resources are required for these

simulations.

4.3.1 Vacuum magnetic fields

Helically symmetric case

As discussed above in Section 2.2.1, helically symmetric equilibria are a special subclass of solutions in

that the equilibrium magnetic field structure can be described by only two coordinates:

B = B(ψ,Mθ −Nζ) (4.20)

Consequently, these solutions can be represented by solutions to a helical Grad-Shafranov equation.

Since Grad-Shafranov solutions exist for this subclass of equilibria, good flux surfaces are guaranteed to

exist. That is, stochasticity and islands should be absent from the equilibrium magnetic field structure.

A helically symmetric vacuum magnetic topology is created for m = 2, n = 2, ǫ22 = 0.8, in a periodic

conducting cylinder of length 2π, giving a “major radius” of 1. A plot of rotational transform for this

case is shown in Figure 3. Poincaré plots are shown for “toroidal” slices at ζ = 0, ζ = π
4 , and ζ = π

2

in Figures 4 - 6. Of course, because this is a two-period system, these same plots repeat for the range

ζ = π to ζ = 2π. Notice that for this helically symmetric case, good nested flux surfaces are formed as

expected.

Next, this vacuum equilibrium is evolved in time. No heating is applied, but a small initial pertur-

bation is applied to the system. The system is allowed to evolve for two resistive times. The Lundquist

number is 240,000. The same toroidal slices are shown in Figures 7 - 9. Note that the plots look

identical to the corresponding toroidal cuts in Figures 4 - 6, indicating that the NIMROD code does

indeed recognize this magnetic topology as an equilibrium state. Additionally, the initial perturbation

is observed to damp away with time; velocity and current profiles are observed to decay toward zero.
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Figure 3: Vacuum rotational transform for m=2, n=2, ǫ22 = 0.8 at ζ = 0. In this plot, closed flux
surfaces extend from R= 0.58m to R= 1.42m.
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Figure 4: Poincaré plot for vacuum m=2, n=2, ǫ22 = 0.8 at ζ = 0.
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Figure 5: Poincaré plot for vacuum m=2, n=2, ǫ22 = 0.8 at ζ = π/4.
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Figure 6: Poincaré plot for vacuum m=2, n=2, ǫ22 = 0.8 at ζ = π/2.
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Figure 7: Poincare plot for m=2, n=2, ǫ22 = 0.8 at ζ = 0 at t = 2 τRes .
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Figure 8: Poincare plot for m=2, n=2, ǫ22 = 0.8 at ζ = π/4 at t = 2 τRes .
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Figure 9: Poincare plot for m=2, n=2, ǫ22 = 0.8 at ζ = π/2 at t = 2 τRes .
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Fully 3-D magnetic field structure

Next, a small symmetry-breaking vacuum harmonic is added to the dominant helically symmetric

magnetic field. When a small m=2, n=5 harmonic is added, island formation is observed, as shown in

Figures 10 and 11. Notice how the rotational transform is flattened in the island region, as expected.

The appearance of this island can be explained as a resonance of the small symmetry-breaking harmonic

with the dominant helically symmetric field. That is, the m=2, n=2 dominant harmonic beats several

times with the small m=2, n=5 harmonic. In terms of rotational transform, this can be expressed as

 ι = (5/2) − (2/2) − (2/2) = (1/− 2). Thus, the islands which appear have | ι| = 0.5.

Figure 10: Poincaré plot for vacuum m=2, n=2, ǫ22 = 0.8, ζ = 0 with m=2, n=5, ǫ25 = 0.1 perturbation.

Figure 11: Rotational transform in the island region of Figure 10.
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The addition of symmetry-breaking terms to the vacuum field does not always result in island forma-

tion. In fact, often the addition of symmetry breaking terms results in no noticeable change to the flux

surfaces. One of two conditions must be met to produce noticeable changes in the helically symmetric

flux surfaces. The symmetry-breaking harmonics must resonate with other symmetry-breaking harmon-

ics or with the helically symmetric vacuum magnetic field. If the strength of the symmetry-breaking

harmonics is large enough, i.e. if ǫmn is large enough, magnetic islands will appear. Alternatively, if

the symmetry-breaking components are large enough but they are not resonant with the other fields

which are present, then often some of the outer flux surfaces are lost. It is interesting how large the

symmetry-breaking components can be and yet closed flux surfaces still exist over much of the domain.

For the heated finite β cases discussed below, symmetry-breaking harmonics are chosen such that low

order resonances are minimized or avoided. Additionally, several values the strength of the symmetry-

breaking terms, ǫmn are chosen, ranging from 0.0001 to 0.01.
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4.4 Finite beta calculations of a straight stellarator

Various heating rates are applied to m=2, n=2 helically symmetric cases and spoiled symmetry cases,

and the results are compared. Several parameters are varied for these investigations. Three vacuum

rotational transform profiles are used. ǫ22 = 0.75 produces  ι(0) < 0.5, ǫ22 = 0.85 produces  ι(0) . 0.5,

and ǫ22 = 0.87 produces  ι(0) & 0.5.

The heating profile is specified as a volumetric heating rate which is constant on each vacuum

helically symmetric flux surface. This heating profile is maximum at r = 0 (core), and decreases

linearly to 0 at the last closed flux surface. For these investigations, the maximum volumetric heating

rates range from 2 MW/m3 at r = 0 to 16 MW/m3 at r = 0.

Finally, the ratio of parallel conductivity to perpendicular conductivity (κ‖/κ⊥) is varied from 104

to 107, though most runs are made at κ‖/κ⊥ = 106.

Other parameters of note for these configurations are listed in Table 1.

Table 1: Figures of merit for the present finite beta simulations.

guide field 1 T
electrical diffusivity (η/µ0) 1 m2/s

density (/m3) 6.2 · 1020

background temperature (at plasma edge) 1 eV
Lundquist number (using vessel minor radius as scale length) 4.38 · 105

magnetic Prandtl number 1
vessel radius 0.55m

The following cases are treated:

I. Section 4.4.1, ǫ22 = 0.75,  ι(0) = 0.339, heating rates of 16 MW/m3, 8 MW/m3, and 4 MW/m3.

A. Helically symmetric results.

B. Spoiled symmetry results.

II. Section 4.4.2, ǫ22 = 0.85,  ι(0) = 0.473, heating rates of 16 MW/m3, 8 MW/m3, and 4 MW/m3.

A. Helically symmetric results.

B. Spoiled symmetry results.
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III. Section 4.4.3, ǫ22 = 0.87,  ι(0) = 0.507, heating rates of 16 MW/m3, 8 MW/m3, 4 MW/m3, and 2

MW/m3.

A. Helically symmetric results.

B. Spoiled symmetry results.

4.4.1 m=2, n=2, ǫ22 = 0.75

These cases all have vacuum core rotational transform of  ι(0) = 0.339 as shown in Figure 12. Other

figures of merit for this configuration are a minor radius of aeff = 0.250m, confinement time of τE =

10.81ms, and Alvfén time of τA = 1.61µs. Here and throughout this work, estimates of τE result from

a calculation of the resistive diffusion time in a cylinder, τE = aeffµ0/(2.4042η). For this configuration,

three heating rates are used, 16 MW/m3, 8 MW/m3, and 4 MW/m3. These are the heating rates at

the magnetic axis, at r = 0. As described above, these heating profiles decrease linearly to 0 at the last

closed flux surface in vacuum, while maintaining constant heating rate on each vacuum flux surface.

Here, all cases eventually lose all flux surfaces and confinement for the heating rates simulated.
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Figure 12: Vacuum rotational transform for the m=2, n=2, ǫ22 = 0.75 helically symmetric case. Closed flux surfaces

exist for 0.52<R<1.48.
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Helically symmetric case, ǫ22 = 0.75

In the low heating strength case of 4 MW/m3, the heating is observed to modify the rotational transform

via diamagnetism, as shown in Figure 13. Early in this simulation, as the rotational transform assumes

values of low order rational numbers, islands are seen to form as shown in Figure 14. However, values

of beta and pressure gradient are quite low at this early time, and these islands subsequently heal or

saturate. Later in time at higher beta, as the rotational transform profile becomes a little flatter near

the core, some of the stabilizing effect of the shear is lost, and a non-resonant m=3, n=1 core mode

is observed as shown in Figure 15. This instability eventually grows and destroys all flux surfaces,

after achieving a peak beta of 1.89% at t = 2.74ms. This mode appears at βonset = 1.55% and has an

estimated linear growth rate of γτA = .014.
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t=2.25ms

Figure 13: Rotational transform profiles at selected times for the m=2, n=2, ǫ22 = 0.75 helically symmetric, 4 MW/m3

heating strength case.

This behavior can be explained as follows. First, note that there are no low order rational surfaces

within the plasma (or they are so far to the edge as to be inconsequential), as shown in Figure 12.

As the rotational transform is modified by the heating, the stabilizing effect of the magnetic shear

decreases near the core, as shown in Figure 13. More importantly, beta has increased above some MHD
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Figure 14: Poincaré plot for the m=2, n=2, ǫ22 = 0.75 helically symmetric, 4 MW/m3 heating strength case at

t = 1.00ms. The island structures at R=0.57m, R=0.58m, and R=0.65m correspond to (9,5), (13,7), and (11,5) surfaces

respectively.

critical limit. This triggers the formation of a mode which is associated with a nearby rational surface,

in this case the m=3, n=1 surface, even though this rational surface is not within the plasma. This

phenomenon has been observed in cylindrical eigenmode calculations by Tatsuno, et al., where non-

resonant pressure-driven instabilities with low mode numbers became unstable even though the Mercier

criterion predicted stability [101].

Tatsuno, et al. also observed that the mode shapes of these non-resonant modes were quite broad.

Indeed, when the parallel current, J ·B/B2, at t = 2.50ms is poloidally and toroidally decomposed, the

magnitude of the m=3, n=1 component appears to be broad, and spread across most of the plasma as

shown in Figure 16. Other components not associated with the vacuum magnetic field are two orders of

magnitude smaller at this time, as compared with the m=3, n=1 component. See Section 4.2.4 above

for a discussion of how these components are calculated.

Two other heating rates are applied to this helically symmetric case, a medium heating rate of 8

MW/m3 and a high heating rate of 16 MW/m3. Both of these helically symmetry cases develop the

same m=3, n=1 non-resonant core mode as the 4 MW/m3 case. Poincaré plots of these configurations

appear nearly identical to that shown in Figure 15. But, the destruction of flux surfaces occurs earlier

during the evolution of this configuration. Furthermore, the higher heating pushes beta to higher values
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Figure 15: Poincaré plot for the m=2, n=2, ǫ22 = 0.75 helically symmetric case at t = 2.50ms. Note the prominent

m=3, n=1 structure.

before confinement is lost. Observed growth rates as calculated from log plots of kinetic energy are

higher and appear to be correlated to beta. This relationship will be explored in the Summary section.
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Figure 16: Amplitude of selected Fourier harmonics of parallel current for the m=2, n=2, ǫ22 = 0.75 helically symmetric,

4 MW/m3 heating strength case at t = 2.50ms. Note the broad shape.
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Spoiled symmetry cases, ǫ22 = 0.75

For the lowest heating rate of 4 MW/m3, two spoiled symmetry cases are investigated. Two pairs

of symmetry-spoiling harmonics were chosen (m, n): (5,1) and (6,1). In one case, the strength of

these harmonics was ǫ5,1 = ǫ6,1 = 0.001, while in the other case the strengths were chosen to be

ǫ5,1 = ǫ6,1 = 0.01. The resulting vacuum magnetic field for the case with the strongest symmetry-

spoiling harmonics, ǫ5,1 = ǫ6,1 = 0.01, still retains complete closed flux surfaces with no stochastic

regions or islands, as is illustrated in the Poincaré plot of Figure 17. Furthermore, the rotational

transform profiles for these cases are nearly identical to the helically symmetric case, differing at most

by only one part in 10,000 at the last closed flux surface.
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Figure 17: Poincaré plot at t=0 for the m=2, n=2, ǫ22 = 0.75 case with symmetry-spoiling harmonics of ǫ5,1 = ǫ6,1 =

0.01.

For these spoiled symmetry cases, the time evolution of the finite beta equilibria are nearly identical

to the helically symmetric case. Both spoiled symmetry cases develop the same m=3, n=1 non-resonant

core mode which grows and eventually destroys all flux surfaces. Additionally, the time evolution of beta
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is nearly identical. When the low, 4 MW/m3 heating strength was applied, the ǫ5,1 = ǫ6,1 = 0.001 case

reaches a peak of β = 1.89%, while the ǫ5,1 = ǫ6,1 = 0.01 case reaches a peak of β = 1.89% (compare

with the helically symmetric peak of β = 1.89%). And, the amplitudes of the poloidal/toroidal Fourier

components A31 and B31 are nearly identical to Figure 16.

A log plot of the time evolution of kinetic energy for the n=1 component is shown for the ǫ5,1 =

ǫ6,1 = 0.01 case in Figure 18. For this simulation, βonset = 1.55%, and the linear growth rate is estimated

to be γτA = 0.014.
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Figure 18: Kinetic energy evolution for the n=1 component for the m=2, n=2, ǫ22 = 0.75, 4 MW/m3 heating strength

case with symmetry-spoiling harmonics of ǫ5,1 = ǫ6,1 = 0.01. The spike at 2.75ms is not physical as the simulation cannot

resolve the high-n activity at this late time.

The medium (8 MW/m3) and high (16 MW/m3)heating rates are applied to these spoiled symmetry

cases. Like the higher heating rate helically symmetry cases, both of these spoiled symmetry cases

develop the same m=3, n=1 non-resonant core mode as the 4 MW/m3 case. Poincaré plots of these

evolving configurations appear nearly identical to that shown in Figure 15. And similar to the higher

heating helically symmetric cases, the destruction of flux surfaces occurs earlier in the evolution of this

configuration. Furthermore, the higher heating pushes beta to higher values before confinement is lost.

Finally, the growth rates as calculated from log plots of kinetic energy are higher.
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Summary of the m=2, n=2, ǫ22 = 0.75 cases

For all heating rates applied and all vacuum magnetic configurations simulated, as beta increases an

m=3, n=1 non-resonant mode is triggered. This mode grows and eventually destroys confinement for

these configurations. Changes in βonset, βpeak, and in the estimated growth rate of the most unstable

mode appear to be directly correlated with the heating rate, as shown in Figure 19 and in Table 2.

However, the symmetry-spoiling harmonics are observed to have virtually no effect on the evolution of

beta in these cases. Further evidence that these symmetry-spoiling harmonics have no effect can be

found by examining temperature profiles in time. As shown in Figure 20, the temperature profiles for

the helically symmetric and spoiled symmetric 4 MW/m3 cases are nearly identical. Late in time as

outer flux surfaces deteriorate, the stochastic region enhances transport of heat, resulting in a centrally

peaked, stepped profile. This phenomenology is also observed in the 8 MW/m3 and 16 MW/m3 cases.
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Figure 19: Beta evolution for the m=2, n=2, ǫ22 = 0.75 cases. Here, the helically symmetric and the spoiled symmetry

cases collapse onto coincident lines for each heating rate.

These simulations have established that, for the m=2, n=2, ǫ22 = 0.75 case, the symmetry-spoiling

harmonics had little, if any detectable effect. It is possible that either the symmetry-spoiling harmonics

were not chosen properly to have an effect on this configuration, or, perhaps this configuration is
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Table 2: βmax and growth rates for the cases with dominant harmonic of m=2, n=2, ǫ22 = 0.75.

Symmetry Heating Rate βpeak βonset γτA
(MW/m3) (%) (%)

Helically Symmetric 4 1.89 1.55 0.014
8 2.60 2.03 0.019
16 3.61 2.61 0.025

ǫ5,1 = ǫ6,1 = 0.001 4 1.89 1.55 0.014
8 2.60 2.02 0.019
16 3.56 2.63 0.025

ǫ5,1 = ǫ6,1 = 0.01 4 1.89 1.55 0.014
8 2.60 2.02 0.019
16 3.57 2.62 0.025

not sensitive to the presence of symmetry-spoiling harmonics of this strength. To elucidate which of

these possibilities might be at work, some additional, abbreviated simulations were run with a broad

spectrum of symmetry-spoiling harmonics, where these additional harmonics were chosen without regard

to resonances which might create islands in vacuum. Again, the same m=3, n=1 mode was found to grow

and destroy flux surfaces, and again the heating rate appeared to be the main driver for determining

peak beta. Although these additional simulations support the second possibility and indicate that this

instability formation and growth are insensitive to symmetry-spoiling, the first possibility is certainly

not ruled out.

Figures 19 and 21 show that this configuration cannot support even modest levels of beta. For even

the lowest heating rate, disruption occurred before one energy confinement time was reached. As will

be shown in subsequent sections, configurations with rotational transform close to 1/2 will significantly

outperform this configuration.
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Figure 20: Temperature profiles of helically symmetric and spoiled symmetry m=2, n=2, ǫ22 = 0.75 cases at selected

times, ζ = 0. The addition of symmetry-spoiling harmonics has no effect on the temperature evolution, as the helically

symmetric and spoiled symmetry cases collapse onto coincident lines. The strength of symmetry-spoiling harmonics are

ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, and the heating strength for these cases is 4 MW/m3. Here, the magnetic axis is at R=1m.
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Figure 21: Relationship between growth rate and βonset for the m=2, n=2, ǫ22 = 0.75 cases. Here, results for three

heating rates are shown. The highest heating rate has the highest growth rate. The helically symmetric and the spoiled

symmetry cases nearly collapse onto coincident lines.
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4.4.2 m=2, n=2, ǫ22 = 0.85

These cases all have core vacuum rotational transform of  ι(0) = 0.473 as shown in Figure 22. Other

figures of merit for this configuration are a minor radius of aeff = 0.159m, confinement time of τE =

4.37ms, and Alfv́en time of τA = 1.61µs. For this configuration, three heating rates are used, 16 MW/m3,

8 MW/m3, and 4 MW/m3 on the magnetic axis, decreasing linearly to 0 at the last closed flux surface

in vacuum. For these heating rates, all cases eventually lose all flux surfaces and confinement.
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Figure 22: Vacuum rotational transform for the m=2, n=2, ǫ22 = 0.85 helically symmetric case. Closed flux surfaces

exist for 0.65<R<1.35.

Helically symmetric case, ǫ22 = 0.85

For the lowest heating strength of 4 MW/m3, the heating is observed to modify the rotational transform

via diamagnetism, especially near the core, as shown in Figure 23. Early in this simulation, as the

rotational transform assumes values of low order rational numbers, islands are seen to form as shown

in Figure 24. However, values of beta and pressure gradient are quite low at this early time, so these

islands subsequently heal or saturate. Later in time when beta is higher, as the rotational transform

profile becomes flatter near the core and the stabilizing effect of the shear is lost, an m=2, n=1 island
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structure appears as shown in Figure 25. As time progresses, these islands grow as shown in Figure 26.

This instability eventually grows and destroys all flux surfaces, after achieving a peak beta of 1.54%

at t = 1.97ms. The instability appears at βonset = 1.44% and the estimated linear growth rate is

γτA = 0.017.
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Figure 23: Rotational transform for the m=2, n=2, ǫ22 = 0.85 helically symmetric, 4 MW/m3 heating strength case

at various times. Shear is lost in the core as time progresses. Island formation at R=0.86 m and R=1.14 m results in

flattening of the transform profile.

This mode appearance and growth can be understood by studying the rotational transform profiles

in time. In contrast to the ǫ22 = 0.75 case, this time there is a prominent low order rational surface

within the plasma. The m=2, n=1 surface is located at approximately R=0.86 and R=1.14 (on the

ζ = 0 plane) as can be seen in Figures 22 and 26. However, since beta is so low early in this discharge,

there is not enough drive to trigger mode growth with respect to this rational surface. As the plasma is

heated, the rotational transform is modified and becomes flatter across the core region. The stabilizing

effect of the magnetic shear is lost, as shown in Figure 23. At the same time, beta has increased to

above some MHD critical limit. This triggers the formation of a resonant core mode, in this case at the

m=2, n=1 surface.

An examination of the poloidal and toroidal decomposition of the parallel current at t = 1.94ms
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Figure 24: Poincaré plot for the helically symmetric m=2, n=2, ǫ22 = 0.85, 4 MW/m3 heating strength case at

t = 1.10ms, ζ = 0. The island structure at R=0.76m corresponds to the (9,5) surface.

shows much more localization, as shown in Figure 27, as compared with Figure 16. This localization is

similar to that observed by Tatsuno, et al [101]. Modes which are resonant display localized structure,

whereas modes which are non-resonant display broad structure.

Two other heating rates were applied to this helically symmetric case, a medium heating rate of 8

MW/m3 and a high heating rate of 16 MW/m3. Both of these helically symmetric cases develop the

same m=2, n=1 resonant core mode as the 4 MW/m3 case. Poincaré plots of these developing modes

appear nearly identical to that shown in Figures 25 and 26, except that these structures appear earlier

in time because the higher heating rate pushes beta higher earlier in time. Additionally, the destruction

of flux surfaces occurs more quickly. Since the higher heating rates push beta to higher values before

confinement is lost, the growth rates as estimated from log plots of kinetic energy are higher.
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Figure 25: Poincaré plot for the helically symmetric, 4 MW/m3 heating strength m=2, n=2, ǫ22 = 0.85 case at

t = 1.75ms, ζ = 0. Note the prominent m=2, n=1 structure.

Figure 26: Poincaré plot for the helically symmetric, 4 MW/m3 heating strength m=2, n=2, ǫ22 = 0.85 case at

t = 1.94ms, ζ = 0. Note the prominent m=2, n=1 structure.
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Figure 27: Amplitude of selected Fourier harmonics of parallel current for the helically symmetric m=2, n=2, ǫ22 = 0.85,

4 MW/m3 heating strength case at t = 1.94ms. Note the localization compared with Figure 16.



103

Spoiled symmetry case, ǫ22 = 0.85

Three pairs of symmetry-spoiling harmonics are applied to this configuration (m, n): (5,1), (6,1), (6,5).

Two different strengths of these harmonics are applied: ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.001 and ǫ5,1 = ǫ6,1 =

ǫ6,5 = 0.01. The resulting vacuum magnetic field for the configuration with the strongest symmetry-

spoiling harmonics, ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, still retains complete closed flux surfaces with no islands

and very limited stochasticity, as is illustrated in the Poincaré plot of Figure 28. Compared with the

helically symmetric vacuum field, the symmetry-spoiling harmonics reduce the extent of the last closed

flux surface by less than 1cm (recall aeff = 0.159m). Furthermore, throughout the majority of the

plasma the rotational transform profiles for these spoiled-symmetry cases are nearly identical to the

helically symmetric case, differing by less than one part in 10,000, except at the very edge where the

difference is about 1 part in 1000.
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Figure 28: Poincaré plot at t=0 for the m=2, n=2, ǫ22 = 0.85 case with symmetry-spoiling harmonics of ǫ5,1 = ǫ6,1 =

ǫ6,5 = 0.01, ζ = 0.

Each of the three heating cases is qualitatively similar for all of the m=2, n=2, ǫ22 = 0.85 spoiled

symmetry cases. However, for these spoiled symmetry cases, the evolution of the finite beta equilbria

at first glance appears markedly different than that in the helically symmetric case. For example, in
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the 4 MW/m3 case with strong symmetry-spoiling, ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, an m=2 island structure

appears. But instead of appearing to the right and left of the magnetic axis (at ζ = 0), the islands

instead are above and below the magnetic axis as shown in Figure 29. As time passes, this island

structure grows much the like helically symmetric case, except that the growing islands are toroidally

out of phase by π compared with the helically symmetric case, as is illustrated by comparing Figures 26

and 29. Apparently, the presence of the symmetry-spoiling harmonics shifts the phase of the resulting

island structure.

Figure 29: Poincaré plot for the m=2, n=2, ǫ22 = 0.85, 4 MW/m3 heating strength case with symmetry-spoiling

harmonics of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01 at t = 1.20ms, ζ = 0. Note the prominent m=2, n=1 structure above and below

the magnetic axis.

An interesting feature of the m=2, n=2, ǫ22 = 0.85 case is found in the growth rate of the dominant

instability. For the lower heating rates where beta is not increasing too quickly, the presence of the

symmetry-spoiling harmonics acts to slightly reduce the beta at which the instability is triggered. Also,

the symmetry-spoiling limits the peak value that beta can reach. Thus, the observed growth rates are

slightly smaller as well, as shown in Table 3. Although this effect in the present m=2, n=2, ǫ22 = 0.85

case is rather small, the mere presence of this effect here and absence of this effect in the m=2, n=2,

ǫ22 = 0.75 case suggests that perhaps this effect could be more significant for different rational transform

profiles.
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Table 3: βmax and growth rates for the cases with dominant harmonic of m=2, n=2, ǫ22 = 0.85.

Symmetry Heating Rate βpeak βonset γτA
(MW/m3) (%) (%)

Helically Symmetric 4 1.54 1.44 0.017
8 2.11 1.87 0.021
16 3.10 2.58 0.030

ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.001 4 1.45 1.28 0.015
8 1.96 1.63 0.019
16 2.82 2.20 0.025

ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01 4 1.39 1.15 0.013
8 1.85 1.44 0.017
16 2.60 1.84 0.021

Summary of the m=2, n=2, ǫ22 = 0.85 cases

For both helically symmetric and spoiled symmetry cases, and for all heating rates, as beta increases an

m=2, n=1 island structure appears. This structure grows and eventually destroys all flux surfaces. This

destructive m=2, n=1 mode is a resonant mode as evidenced by a Fourier-decomposition of the parallel

current which shows a localized profile as shown in Figure 30. Although this same m=2, n=1 resonant

mode appears and grows in the spoiled symmetry cases as compared with the helically symmetric case,

the mode is toroidally phase-shifted by π in the spoiled symmetry cases.

Another difference between the spoiled symmetry and helically symmetric cases is that the spoiled

symmetry cases reach lower temperatures than the helically symmetric counterparts as shown in the

temperature profiles of Figures 31 and 32. In these cases, the temperature profile evolution is qual-

itatively the same; only the magnitudes differ. These lower temperature magnitudes in the spoiled

symmetry cases translate to lower achieved beta values for the spoiled symmetry cases as shown in

Figure 33.

Like the previously treated m=2, n=2, ǫ22 = 0.75 case, here changes in peak beta and in the

estimated growth rate of the most unstable mode appear to be directly correlated with the heating

rate, as shown in Figure 33 and in Table 3. However, here symmetry-spoiling harmonics cause a

decrease in the growth rate of the instability and the symmetry-spoiling harmonics cause the instability

to be triggered at lower values of beta, as shown in Table 3 and in Figure 34.

Finally, the kinetic energy evolution of the m=2, n=2, ǫ22 = 0.85 cases appears similar to the m=2,
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Figure 30: Amplitude of selected Fourier harmonics of parallel current for the m=2, n=2, ǫ22 = 0.85 4 MW/m3 case

with symmetry-spoiling harmonics of ǫ5,1 = ǫ6,1 = 0.01 at t = 1.35ms.

n=2, ǫ22 = 0.75 cases, with one notable difference. For the m=2, n=2, ǫ22 = 0.85 configurations, other

modes are as strong as the dominant growing instability. For example, as shown in Figure 35, the kinetic

energy and the growth of the n=1 component is rivaled by that of the n=3 and n=5 components. This

can be explained by the nonlinear coupling of the m=2, n=1 instability with the m=2, n=2 vacuum

magnetic field. Indeed, this coupling produces strong m=4, n=3 and m=6, n=5 modes as seen from a

poloidal and toroidal Fourier decomposition of the parallel current, shown in Figure 30. Furthermore,

these m=4, n=3 and m=6, n=5 modes have Fourier-decomposed parallel current amplitudes which have

localized structure similar to the m=2, n=1 mode, providing evidence that these modes result from the

m=2, n=1 mode beating with the m=2, n=2 vacuum magnetic field structure. If these modes were

instead triggered by activity at the 3/4 or 5/6 rational surfaces (which are not within the plasma), the

Fourier-decomposed parallel current would have a broad structure since these would be non-resonant

modes.



107

1 1.1 1.2 1.3 1.4 1.5
0

10

20

30

40

50

60

R (m)

T
 (

eV
)

 

 
t=0.25 ms
t=0.75 ms
t=1.25 ms
t=1.75 ms
t=1.96 ms
t=2.01 ms

Figure 31: Temperature profiles of helically symmetric 4 MW/m3 m=2, n=2, ǫ22 = 0.85 case at selected times, ζ = 0.

When the m=2, n=1 mode of Figure 26 forms, heat is quickly pumped out of the system. Here, the magnetic axis is at

R=1m.
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Figure 32: Temperature profiles of spoiled symmetry 4 MW/m3 m=2, n=2, ǫ22 = 0.85 case at selected times, ζ = π.

When the m=2, n=1 mode of Figure 29 forms, heat is quickly pumped out of the system. Here, the magnetic axis is at

R=1m.
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Figure 33: Beta evolution for the m=2, n=2, ǫ22 = 0.85 cases. Here, the helically symmetric and the spoiled symmetry

cases (ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01) are coincident early in the discharge, with the spoiled symmetry cases disrupting sooner

than the helically symmetric cases.
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Figure 34: Relationship between growth rate and βonset for the m=2, n=2, ǫ22 = 0.85 cases. The three data points for

each series correspond to the three different heating rates. The largest heating rates result in the largest growth rates.
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Figure 35: Kinetic energy for the n=1, n=3, and n=5 components for the m=2, n=2, ǫ22 = 0.85 4 MW/m3 case with

symmetry-spoiling harmonics of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01.
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4.4.3 m=2, n=2, ǫ22 = 0.87

These cases all have core vacuum rotational transform of  ι(0) = 0.507 as shown in Figure 36. Other

figures of merit for this configuration are a minor radius of aeff = 0.140m, confinement time of τE =

3.40ms, and Alvfén time of τA = 1.61µs. For this configuration, various heating rates are used, ranging

from 16 MW/m3 down to 2 MW/m3 on the magnetic axis. For these heating rates, only the higher

heating rates disrupt. The lower heating rates develop a mode which does not succeed in destroying

the confinement.
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Figure 36: Vacuum rotational transform for the m=2, n=2, ǫ22 = 0.87 helically symmetric case. Closed flux surfaces

exist for 0.68<R<1.32.

Helically symmetric case, ǫ22 = 0.87

For the highest heating rate of 16 MW/m3, the heating alters the rotational transform as shown in

Figure 37. However, no coherent mode appears to develop. Instead, the edges become stochastic, as

shown in Figure 38. This stochastic region continues to eat in toward the core as shown in Figure

39. Finally, all flux surfaces are lost. Interestingly, although stabilizing shear is completely lost over

a large portion of the plasma near the core, Poincaré plots show no evidence of instability except
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near the edges of the plasma. Although no coherent mode can be identified from a Poincaré plot,

an examination of the poloidal and toroidal decomposition of the parallel current indicates that many

modes are at work. Figure 40 shows that these modes have localized peaks where the stochastic edge

is located, but otherwise have broad profiles and span most of the plasma. The m=2, n=1 and m=0,

n=1 modes appear to be strongest. These modes then beat with the equilibrium field (which is m=2,

n=2) to produce sizeable m=2, n=3 and m=4, n=3 modes. This configuration achieves a maximum

beta of 3.28% at t = 1.34ms. The instability appears at βonset = 2.98% and has an estimated linear

growth rate of γτA = 0.023.
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Figure 37: Effect of heating on rotational transform for the m=2, n=2, ǫ22 = 0.87 helically symmetric case with heating

strength of 16 MW/m3. Heating flattens the core profile, removing shear.

This behavior again is similar to the cylindrical eigenmode calculations of Tatsuno, et al [101]. Since

the resonant surface of the m=2, n=1 mode is not located within the plasma, and since the system

is above some critical MHD beta limit, a broad non-resonant mode is expected. However in this case

several non-resonant modes are at work, giving rise to the broad structure of the Fourier decomposition

of the parallel current. The Fourier-decomposed parallel current has broad profiles with localized peaks

near the edge, although no coherent mode can be identified from the magnetic field structure. Another
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Figure 38: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 1.30ms, with heating

strength of 16 MW/m3. No coherent mode develops. Instead a stochastic region forms at the edges and eats in toward

the core.

interesting aspect of this discharge is late in time, when the stochastic region covers most of the plasma

(shown in Figure 39), the rotational transform in the core abruptly drops to  ι = 0.5, as shown in Figure

41. This behavior provides further evidence of the m=2, n=1 character of the mode.

An examination of the kinetic energy evolution shows that some components have higher energies

than the n=1 component, as shown in Figure 42, even though n=1 is still growing the fastest. Therefore,

the estimated linear growth rate of γτA = 0.023 begins to lose meaning, as this value is based upon

only n=1 information.
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Figure 39: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 1.34ms, with heating

strength of 16 MW/m3. No coherent mode develops. Instead a stochastic region forms at the edges and eats in toward

the core.
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Figure 40: Amplitude of selected Fourier harmonics of parallel current for the helically symmetric m=2, n=2, ǫ22 = 0.87,

16 MW/m3 heating strength case at t = 1.30ms.
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Figure 41: Rotational transform for the m=2, n=2, ǫ22 = 0.87, 16 MW/m3 heating strength, helically symmetric case

at t = 1.34ms. The central part of the rotational transform abruptly drops to 0.5.
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Figure 42: Kinetic energy for the n=1, n=2, n=4, and n=6 modes for the helically symmetric m=2, n=2, ǫ22 = 0.87,

16 MW/m3 heating strength case.
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As the heating strength is lowered, the plasma responds in a different manner compared with the

helically symmetric 16 MW/m3 heating strength case. For the medium heating rate of 8 MW/m3,

the heating alters the rotational transform, mainly by creating a shearless region in the core as shown

in Figure 43. And, like previous cases as the rotational transform passes through low order rational

surfaces magnetic islands form. These early-forming magnetic islands heal as the rotational transform

is pushed higher by the heating. At about t = 2.00ms, a coherent m=2, n=1 structure forms as shown

in Figure 44. At this time the rotational transform starts to drop toward  ι = 0.5 in the core, as shown

in Figure 43. As more heating continues, this mode becomes more pronounced as shown in Figure

45. Finally, all flux surfaces are lost. For this configuration, a maximum beta of 2.28% is achieved at

t = 2.04ms. The mode growth begins when βonset = 2.16% is attained, and the linear growth rate of

the n=1 mode is estimated to be γτA = 0.013.
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Figure 43: Rotational transform for the m=2, n=2, ǫ22 = 0.87, 8 MW/M3 heating strength, helically symmetric case

at various times. The central part of the rotational transform first becomes shearless, then abruptly drops toward 0.5 late

in time.

In this case, although there appears to be a single coherent mode in terms of deformation of the

flux surfaces and in terms of the rotational transform abruptly dropping to  ι = 0.5 in the core, an

examination of the Fourier-decomposed parallel current shows that several modes are active and have



116

Figure 44: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 2.00ms, with heating

strength of 8 MW/m3. Here, an m=2, n=1 mode is starting to develop.

similar strength, as shown in Figure 46. Note that there is no localized character to these modes. This

is in agreement with the fact that these modes are non-resonant and also that there is no stochastic

region near the edge as in the 16 MW/m3 rate case. Apparently, the strongest modes, m=2, n=1 and

m=0, n=1, beat with the equilibrium-related m=2, n=2 field to produce the m=2, n=3 and m=4, n=3

activity.
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Figure 45: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 2.15ms, with heating

strength of 8 MW/m3. Here, the m=2, n=1 structure is growing as the surrounding flux surfaces are being destroyed.
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Figure 46: Amplitude of selected Fourier harmonics of parallel current for the helically symmetric m=2, n=2, ǫ22 = 0.87,

8 MW/m3 heating strength case at t = 1.95ms. Note the broad nature of these profiles.
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As heating is lowered to 4 MW/m3, the behavior of the helically symmetric case is significantly

different from the higher heating rate cases. At t = 2.42ms, mode growth begins, as βonset = 1.63%

reached. Like the 8 MW/m3 case, this mode is dominated by m=2, n=1 and m=0, n=1 non-resonant

components. A key difference is that this mode grows much more slowly than that any of the previous

cases, with γτA = 0.007. Additionally, this mode nonlinearly saturates, rather than directly causing a

disruption. This is illustrated in Figure 47, which shows the n=1 component of the kinetic energy for

the entire simulation, which was run for over 4 energy confinement times. The maximum value of beta

achieved for this case is 1.65%.
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Figure 47: Kinetic energy for the n=1 component for the helically symmetric m=2, n=2, ǫ22 = 0.87, 4 MW/m3 heating

strength case. The growing mode nonlinearly saturates.

The evolution of the magnetic topology for this case is interesting. Figures 48 through 52 show a

sequence of Poincaré plots which illustrate how the m=2, n=1 structure appears and how the equilibrium

responds to this mode. This behavior continues, as the magnetic topology oscillates between a coherent

m=2, n=1 structure (which is sometimes toroidally phase-shifted by ζ = π) and topology with more

well-formed flux surfaces in the core region. During this time, as shown in Figure 53, the rotational

transform profile first rises as the m=2, n=1 mode grows. After significant mode growth, the rotational

transform then falls in the core, nearing  ι = 0.5, before rising slightly again.
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Figure 48: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 3.50ms, with heating

strength of 4 MW/m3. Here, an m=2, n=1 structure has formed.

Late in time, after about 4 confinement times, the magnetic topology is still oscillating between a

coherent m=2, n=1 structure (which is sometimes toroidally phase-shifted by ζ = π) and topology with

more well-formed flux surfaces in the core region. A representative Poincaré plot is shown in Figure

54. Note that there is a stochastic region near the edge. This region continues to support a pressure

gradient as shown in Figure 55. Clearly, this ability to support a pressure gradient in a stochastic

region is closely related to the degree of anisotropic heat conduction in the system. This effect will be

covered in more detail in Section 4.5, where several simulations are run with varying ratios of parallel

to perpendicular heat diffusivities.



120

Figure 49: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 4.00ms, with heating

strength of 4 MW/m3. The m=2, n=1 structure is growing larger.

Figure 50: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 4.50ms, with heating

strength of 4 MW/m3. Well-formed flux surfaces are recovered in the core region.
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Figure 51: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 5.00ms, with heating

strength of 4 MW/m3. Here, the m=2, n=1 structure has reappeared and grown large.

Figure 52: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 5.50ms, with heating

strength of 4 MW/m3. Once again, well-formed flux surfaces are recovered in the core region.



122

0.8 0.9 1 1.1 1.2
0.5

0.52

0.54

0.56

0.58

0.6

R (m)

ι /
 2

 π

 

 
t=0
t=1.5ms
t=3.5ms
t=4.5ms
t=5.5ms

Figure 53: Rotational transform for the m=2, n=2, ǫ22 = 0.87, 4 MW/M3 heating strength, helically symmetric case

at various times. The central part of the rotational transform first becomes shearless, drops toward 0.5, then begins to

rise again as flux surfaces are recovered in the core.

Figure 54: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 15.79ms, with heating

strength of 4 MW/m3. Note the stochastic region near the edge.
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Figure 55: Temperature profile for the helically symmetric m=2, n=2, ǫ22 = 0.87, 4 MW/m3 heating strength case at

t = 15.79ms. Here, the magnetic axis is at R=1m. Outside of R=1.20m, there are not well-formed flux surfaces. Note

that there is a temperature gradient supported in this region.
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Finally, the heating rate is lowered to 2 MW/m3 for the helically symmetric, m=2, n=2, ǫ22 = 0.87

case. Here, Poincaré plots show no coherent mode formation. Even very late in time the Poincaré

plot looks the same as than at t = 0 ms, as shown in Figure 56. However, an examination of the

Fourier-decomposed parallel current shows that m=1, n=2 and m=0, n=2 modes are present, albeit

small, as shown in Figure 57. This mode is triggered when βonset = 1.28% is reached. The estimated

linear growth rate is γτA = 0.001. However, this mode saturates and remains undetected in Poincaré

plots, as the system comes to equilibrium with a final beta of 1.27%.
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Figure 56: Poincare plot for the m=2, n=2, ǫ22 = 0.87 case, t = 16.00 ms, ζ = 0, with heating strength of 2 MW/m3.
Well-formed flux surfaces have persisted from the initial configuration at t = 0 ms.
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Figure 57: Amplitude of selected Fourier harmonics of parallel current for the helically symmetric m=2, n=2, ǫ22 = 0.87,

2 MW/m3 heating strength case at t = 16.00ms. Note the broad nature of these profiles.
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Spoiled symmetry case, ǫ22 = 0.87

Two sets of spoiled symmetry conditions are applied. Three pairs of symmetry-spoiling harmonics are

chosen (m, n): (5,1), (6,1), (6,5). Two different strengths of these harmonics are applied: ǫ5,1 = ǫ6,1 =

ǫ6,5 = 0.001 and ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01. The resulting vacuum magnetic field for the configuration

with the strongest symmetry-spoiling harmonics, ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, still retains complete closed

flux surfaces with no islands and very limited stochasticity, as is illustrated in the Poincaré plot of

Figure 58. In contrast with the ǫ22 = 0.85 cases, here the symmetry-spoiling harmonics do not reduce

the volume enclosed by the last closed flux surface. Furthermore, throughout the majority of the plasma

the rotational transform profiles for these spoiled-symmetry cases are nearly identical to the helically

symmetric case, differing by less than one part in 10,000 even at the last closed flux surface.

Figure 58: Poincaré plot for the m=2, n=2, ǫ22 = 0.87 case with symmetry-spoiling harmonics of ǫ5,1 = ǫ6,1 = ǫ6,5 =

0.01, ζ = 0. Well-formed flux surfaces are retained, even at the edge.

For the strongest symmetry-spoiling of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01 and the highest heating rate of 16

MW/m3, the heating creates a shearless region at the core. Shortly thereafter an m=2, n=1 structure

appears at about t = 0.95ms, as illustrated in Figure 59. At this time the rotational transform at the

core begins to drop toward  ι = 0.5, but this trend suddenly reverses as heating continues, as shown

in Figure 60. The m=2, n=1 mode grows larger during this time, but a stochastic edge develops as

well, which grows in toward the core, as shown in Figure 61. Finally, a combination of the large m=2,

n=1 and the growing stochastic region destroys all flux surfaces. The peak beta achieved in this case is

2.96%. This mode first appears at βonset = 2.21% and the growth rate is estimated to be γτA = 0.017.

Here the mode growth is again a case of a non-resonant mode developing once some critical beta is
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exceeded. The mode that develops is mostly m=2, n=1, with an m=0, n=1 component as well, as

indicated by profiles of the poloidally and toroidally Fourier decomposed parallel current.

Figure 59: Poincaré plot for the m=2, n=2, ǫ22 = 0.87, 16 MW/m3 case with symmetry-spoiling harmonics of ǫ5,1 =

ǫ6,1 = ǫ6,5 = 0.01, at t = 0.95ms, ζ = 0. A m=2, n=1 structure begins to form.
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Figure 60: Rotational transform for the m=2, n=2, ǫ22 = 0.87, 16 MW/M3 heating strength case, with symmetry-

spoiling harmonics of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01 at various times. The central part of the rotational transform starts to

drop toward 0.5, but this trend reverses with continued heating.
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Figure 61: Poincaré plot for the m=2, n=2, ǫ22 = 0.87, 16 MW/m3 case with symmetry-spoiling harmonics of ǫ5,1 =

ǫ6,1 = ǫ6,5 = 0.01, at t = 1.00ms, ζ = 0. The m=2, n=1 structure and the stochastic edge region grow large.
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Next, the heating strength for the ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01 case is lowered to 8 MW/m3. The

behavior of this case is similar to the helically symmetric case. During the early part of this run, an

m=2, n=1 non-resonant mode forms and grows, as shown in Figure 62. And since this mode is non-

resonant, profiles of the poloidal and toroidal decomposition of the parallel current are broad, as seen

in Figure 63, with large m=2, n=1 and m=0, n=1 components. Like the helically symmetric case,

the dominant m=2, n=2 field beats with the m=0, n=1 and m=2, n=1 modes to produce m=2, n=3

and m=4, n=3 modes. As the heating continues, βonset of 1.74% is exceeded and the m=2, n=1 mode

grows at a rate of γτA = 0.012. Continued heating causes this mode to grow large and terminate the

discharge. The maximum beta achieved during this discharge is 2.12%

Figure 62: Poincaré plot for the m=2, n=2, ǫ22 = 0.87, 8 MW/m3 case with symmetry-spoiling harmonics of ǫ5,1 =

ǫ6,1 = ǫ6,5 = 0.01, at t = 1.00ms, ζ = 0. The m=2, n=1 structure grows large eventually terminating the discharge.
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Figure 63: Amplitude of selected Fourier harmonics of parallel current for the m=2, n=2, ǫ22 = 0.87 case with symmetry-

spoiling harmonics of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, and 8 MW/m3 heating strength at t = 1.35ms. The profiles are broad,

indicative of the non-resonant character of the modes.
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As heating is lowered to 4 MW/m3, the behavior of the spoiled symmetry case is similar to the

helically symmetric case. At t = 1.17ms, mode growth begins, as βonset = 1.46% reached. Like the 8

MW/m3 case, this mode is dominated by m=2, n=1 and m=0, n=1 non-resonant components. A key

difference compared with the other heating rate cases is that this mode grows much more slowly than

that any of the previous cases, with γτA = 0.007. Like the helically symmetric 4 MW/m3 case, this mode

nonlinearly saturates, rather than directly causing a disruption. Also like the helically symmetric case,

the magnetic topology continues to oscillate between a coherent m=2, n=1 structure and well-formed

flux surfaces beyond 4 confinement times. The maximum value of beta achieved for this case is 1.61%.

And, like the helically symmetric case, late in time the equilibrium magnetic field has a stochastic edge

region which supports a pressure gradient.

Finally, the heating rate is lowered to 2 MW/m3 for the spoiled symmetry, m=2, n=2, ǫ22 = 0.87

case. Unlike the helically symmetric 2 MW/m3 case, here Poincaré plots show some initial mode

formation. That is, as shown in Figure 64, the formation of an m=2, n=1 mode can be seen. However,

the flux surfaces recover their original shape and very late in time the Poincaré plot looks the same as

than at t = 0 ms. However, an examination of the Fourier-decomposed parallel current shows that m=2,

n=1 and m=0, n=1 modes are present, albeit small, as shown in Figure 65. This mode is triggered

when βonset = 1.28% is reached. The estimated linear growth rate is γτA = 0.001. However, this mode

saturates and sits below the surface, unchanging, as the system comes to equilibrium with a final beta

of 1.26%.

Figure 64: Poincaré plot for the m=2, n=2, ǫ22 = 0.87, 2 MW/m3 case with symmetry-spoiling harmonics of ǫ5,1 =

ǫ6,1 = ǫ6,5 = 0.01, at t = 7.50ms, ζ = 0. The m=2, n=1 structure in the core eventually disappears leaving well formed

flux surfaces.
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Figure 65: Amplitude of selected Fourier harmonics of parallel current for the m=2, n=2, ǫ22 = 0.87 case with symmetry-

spoiling harmonics of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, and 2 MW/m3 heating strength at t = 15.50ms. The profiles are broad,

indicative of the non-resonant character of the modes.
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Summary of the m=2, n=2, ǫ22 = 0.87 cases

Because the behavior of the m=2, n=2, ǫ22 = 0.87 configuration is significantly different than the m=2,

n=2, ǫ22 = 0.75 and m=2, n=2, ǫ22 = 0.85 configurations, this summary will treat each heating rate

separately.

For the 16 MW/m3 case, both the helically symmetric and the spoiled symmetry cases develop non-

resonant m=2, n=1 modes which grow and destroy the plasma. Interestingly, the helically symmetric

case does not have a coherent magnetic structure associated with this mode, as a stochastic region grows

from the edge toward the core. Conversely, the spoiled symmetry case does display a coherent m=2,

n=1 magnetic structure which grows as confinement is lost. Given these differences, the time evolution

of beta is nearly identical in both the helically symmetric and the spoiled symmetry cases, except near

the ends of the discharges where the spoiled symmetry case disrupts sooner, as shown in Figure 66.

And, for this highest heating rate case, the addition of symmetry-spoiling harmonics appears to have

a modest effect upon the growth rate, lowering the growth rate as the amount of symmetry-spoiling

increases, as shown in Table 4.

Table 4: βmax and growth rates for the cases with dominant harmonic of m=2, n=2, ǫ22 = 0.87.

Symmetry Heating Rate βmax βonset γτA
(MW/m3) (%) (%)

Helically Symmetric 2 1.29 1.28 0.001
4 1.65 1.63 0.007
8 2.28 2.16 0.013
16 3.28 2.98 0.023

ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01 2 1.29 1.27 0.001
4 1.61 1.46 0.007
8 2.12 1.74 0.012
16 2.96 2.21 0.017

A comparison of the helically symmetric and spoiled symmetry 8 MW/m3 heating cases reveals

similar information as that at the 16 MW/m3 heating case. The discharge evolution is qualitatively

similar between the helically symmetric and spoiled symmetry cases, as shown in the temperature profile

evolution of Figures 67 and 68. The key difference here is quantitative, as the helically symmetric case

reaches temperatures of almost 90 eV whereas the spoiled symmetry case reaches core temperatures of

only about 70 eV. The reason for this difference is that the spoiled symmetry case develops a deleterious
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Figure 66: Beta evolution for the m=2, n=2, ǫ22 = 0.87 dominant harmonic cases. Here, the helically symmetric and

the spoiled symmetry cases (ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01) are coincident early in the discharge. For the 8 MW/m3 and 16

MW/m3 heating cases, the spoiled symmetry configuration disrupts earlier. For the 2 MW/m3 and 4 MW/m3 heating

cases, neither the helically symmetric nor the spoiled symmetry configurations disrupts.

mode sooner which causes earlier loss of confinement as can be seen in Figure 66. The addition of

symmetry-spoiling harmonics triggers earlier mode formation at lower beta, although the growth rates

are similar as shown in Table 4.

For the 4 MW/m3 cases, no disruption is observed in either the helically symmetric case or the

spoiled symmetry cases. In both cases, an m=2, n=1 non-resonant structure initially forms. After

this initial mode appearance, the magnetic equilibrium oscillates between this non-resonant structure

(sometimes toroidally phase shifted by ζ = π) and recovered well-formed flux surfaces in the core region.

This oscillation continues for the entire length of the simulations which were run (∼ 4τE), showing no

sign of disrupting or settling into a single quiescent configuration, continuing perhaps indefinitely. The

biggest difference between the spoiled symmetry case and the helically symmetric case is that the case

with spoiled symmetry has lower βonset and earlier development of the m=2, n=1 mode. However, both

the helically symmetric and spoiled symmetry cases achieve the same final, relatively steady β ≈ 1.5%
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Figure 67: Temperature profiles of helically symmetric 8 MW/m3 m=2, n=2, ǫ22 = 0.87 case at selected times, ζ = 0.

When the m=2, n=1 mode of Figure 45 forms, heat is quickly pumped out of the system. Here, the magnetic axis is at

R=1m.

as shown in Figure 66. The temperature profiles are also very similar between the helically symmetric

and spoiled symmetry cases, with the temperature rising and peaking in the core, then relaxing to a

more plateau-like profile. This cycle continues to repeat throughout the duration of the simulation and

is shown in Figure 69 for the helically symmetric case. This cycle coincides with the oscillation between

a defined m=2, n=1 magnetic structure and partially-recovered flux surfaces in the core region.

Lastly, for the 2 MW/m3 cases, no disruption is observed. In the helically symmetric case, no

mode formation is observed, based on observation of the Poincaré plots. However, examination of the

Fourier-decomposed parallel current shows mode formation, but the mode saturates at a low level. The

final Poincaré plot looks identical to that at t = 0. The spoiled symmetry case does show some mode

formation as evidence by Poincaré plots, however these islands heal, with the final quiescent magnetic

topology nearly identical to that of the vacuum. Even given these differences, in the end the spoiled

symmetry case and helically symmetric case have identical final temperature profiles, and identical

values of steady state beta.

All of these m=2, n=2, ǫ = 0.87 cases display different behavior than the previously analyzed
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Figure 68: Temperature profiles of symmetry-spoiled 8 MW/m3 m=2, n=2, ǫ22 = 0.87 case at selected times, ζ = 0.

When the m=2, n=1 mode of Figure 62 forms, heat is quickly pumped out of the system. Here, the magnetic axis is at

R=1m.

magnetic configurations (ǫ = 0.75 and ǫ = 0.85). First, although the values of βonset are similar for

each respective heating rate, the growth rates of the n=1 instability in this present configuration are

lower by 20 - 35% as can be seen by comparing Figure 70 with Figures 21 and 34. Next, the 4 MW/m3

cases do not disrupt for these ǫ = 0.87 cases, in contrast with the ǫ = 0.75 and ǫ = 0.85 cases. Finally,

regarding onset beta, the addition of the symmetry-spoiling harmonics has a larger effect for higher

heating rates in this ǫ = 0.87 configuration compared with the ǫ = 0.75 and the ǫ = 0.85 configurations.

The symmetry-spoiling harmonics trigger mode formation at significantly lower levels of beta at higher

heating rates, but this effect disappears for cases that are close to marginality.
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Figure 69: Temperature profiles of helically symmetric 4 MW/m3 m=2, n=2, ǫ22 = 0.87 case at selected times, ζ = 0.

The temperature fluctuations coincide with oscillations in the magnetic topology between an m=2, n=1 non-resonant

structure (sometimes toroidally phase shifted by ζ = π) and recovered well-formed flux surfaces in the core region. Here,

the magnetic axis is at R=1m.
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Figure 70: Relationship between growth rate and onset beta for the m=2, n=2, ǫ22 = 0.87 cases. The four data points

for each series correspond to the four different heating rates. The largest heating rates result in the largest growth rates.

The four lowest growth rate cases do not disrupt. Instead the instability nonlinearly saturates. For the two cases that have

growth rate of 0.007, the equilibrium magnetic field reconfigures itself in response to the instability growth. It appears

that the critical value of beta, for which no instability forms, is about 1.25%.
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4.5 The effect of changing κ‖/κ⊥.

The effect of adding symmetry-spoiling harmonics to a helically symmetric case in some sense is like

introducing a small amount of stochastic edge to the well-formed flux surfaces. As observed for the

helically symmetric, m=2,=2, ǫ22 = 0.87, 4 MW/m3 heating strength case, a stochastic edge can support

a pressure gradient as shown in Figure 55. If a stochastic edge can support a pressure gradient, this

implies that there is finite transport along the stochastic fieldlines which terminate at the boundary. If

there was infinite transport along this fieldline, then any heat on this fieldline would be transported to

the boundary immediately and the temperature would drop to the background temperature.

This transport along the fieldline is governed in NIMROD by κ‖, the thermal diffusivity (m2/s)

along fieldlines. Conversely, κ⊥ is the thermal diffusivity (m2/s) across fieldlines. By changing the ratio

of κ‖/κ⊥, the path by which heat exits the system can be modified. For all of the finite beta cases

discussed so far, κ‖/κ⊥ = 106. By increasing this ratio, more heat will be transported out of the system

along open (stochastic) fieldlines. By lowering this ratio, the open fieldlines will not carry as much heat

out of the plasma.

To explore this effect, the m=2,=2, ǫ22 = 0.87, 8 MW/m3 heating strength case is revisited. Recall

that the addition of symmetry-spoiling harmonics resulted in a system that had a lower value of βonset

and a lower growth rate. For these cases, additional simulations are run with κ‖/κ⊥ = 104, κ‖/κ⊥ = 105

and κ‖/κ⊥ = 107.

m=2,=2, ǫ22 = 0.87, with κ‖/κ⊥ = 105 and heating strength of 8 MW/m3

For the previously analyzed helically symmetric case with κ‖/κ⊥ = 106, recall that an m=2, n=1

structure developed as βonset = 2.16% was reached. This mode continued to grow and terminated

the discharge after reaching a peak beta of 2.28%. For the present helically symmetric case with

κ‖/κ⊥ = 105, more heat is trapped within the plasma, since heat at the edge is not as efficiently

removed via parallel transport. This extra trapped heat pushes the peak beta higher to a value of

3.40%. The value of βonset is also higher, at 2.97%. Like the helically symmetric κ‖/κ⊥ = 106 case, a

coherent non-resonant m=2, n=1 mode structure is observed, as shown in Figure 71. Apparently, in

terms of βonset, reducing κ‖/κ⊥ has nearly the same effect as raising the heating rate.
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Figure 71: Poincaré plot for the κ‖/κ⊥ = 105, m=2, n=2, ǫ22 = 0.87, 8 MW/m3 helically symmetric case, at t = 2.02ms,

ζ = 0. A coherent m=2, n=1 mode has developed.

For κ‖/κ⊥ = 105, the spoiled symmetry case displays slightly different behavior than the helically

symmetric case. Here, when βonset = 2.46% is achieved, a clear m=2, n=1 non-resonant structure

develops as shown in Figure 72. However, this mode structure is toroidally out of phase by π compared

with the mode structure in the comparable helically symmetric case. Here, the maximum beta achieved

is 3.15%. Values of βonset and βmax are lower here than the helically symmetric case, and the resulting

temperature profile evolution, while very similar qualitatively to the helically symmetric case, has lower

magnitudes.

Figure 72: Poincaré plot for the κ‖/κ⊥ = 105, m=2, n=2, ǫ22 = 0.87, 8 MW/m3 case with symmetry-spoiling harmonics

of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, at t = 1.68ms, ζ = 0. A clear m=2, n=1 mode is displayed.

This behavior is consistent with previous results. In both cases a coherent m=2, n=1 mode forms,

but the spoiled-symmetry case yields a mode structure which is toroidally shifted by π as compared
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with the helically symmetric case. The lower ratio of κ‖/κ⊥ results in more heat being held in the

system, pushing βonset and βmax to higher values. The result is a mode which develops and grows more

quickly, terminating the discharge earlier than the κ‖/κ⊥ = 106 case.

m=2,=2, ǫ22 = 0.87, with κ‖/κ⊥ = 104 and heating strength of 8 MW/m3

For the helically symmetric case with κ‖/κ⊥ = 104, even more heat is trapped within the plasma than

the κ‖/κ⊥ = 105 case, since heat at the edge is not as efficiently removed via parallel transport. This

extra trapped heat pushes the peak beta higher to a value of 4.35%. The value of βonset is also higher,

at 3.58%. A coherent non-resonant m=2, n=1 mode forms, but is accompanied by a large stochastic

region which grows in toward the core from the edge of the plasma, as shown in Figure 73.

Figure 73: Poincaré plot for the κ‖/κ⊥ = 104, m=2, n=2, ǫ22 = 0.87, 8 MW/m3 helically symmetric case, at t = 2.14ms,

ζ = 0. A coherent m=2, n=1 mode has developed, but is surrounded by a stochastic region which has grown in from the

edge.

For κ‖/κ⊥ = 104, the spoiled symmetry case displays slightly different behavior than the helically

symmetric case. Here, when βonset = 2.43% is achieved, a clear m=2, n=1 non-resonant structure

develops as shown in Figure 74. However, this mode structure is toroidally out of phase by π compared

with the mode structure in the comparable helically symmetric case. This mode grows large and destroys

confinement; it is unaccompanied by the simultaneous growth of a stochastic edge region. Here, the

maximum beta achieved is 3.15%.

The addition of the symmetry-spoiling harmonics has a significant effect on the discharge evolution

and the formation of the m=2, n=1 mode. The symmetry-spoiling harmonics seem to diminish the
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Figure 74: Poincaré plot for the κ‖/κ⊥ = 104, m=2, n=2, ǫ22 = 0.87, 8 MW/m3 case with symmetry-spoiling harmonics

of ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01, at t = 1.14ms, ζ = 0. A clear m=2, n=1 mode is displayed.

effect of the lower ratio of κ‖/κ⊥. Compared with the spoiled symmetry κ‖/κ⊥ = 105 case, the values

of βonset and βmax are nearly identical. The symmetry-spoiling harmonics appear to be acting as a

safety valve and limiting the amount of heat that can be trapped, regardless of the value of κ‖/κ⊥.

This phenomenon will be further discussed in the summary at the end of this section.

m=2,=2, ǫ22 = 0.87, with κ‖/κ⊥ = 107

In the helically symmetric case, increasing κ‖/κ⊥ to 107 has a dramatic effect. Up to this point, βonset

has been determined by examining logarithmic plots of kinetic energy. The time when mode growth

begins is graphically chosen from these plots and the value of βonset is determined. In all cases treated

up to now, βonset has always occurred before βmax. In this case, βmax of 1.32% is reached at t = 1.64

ms, whereas βonset of 1.31% is reached at t = 2.61 ms. That is, changes in plots of kinetic energy which

show mode growth do not occur until t = 2.61 ms, after beta evolution levels off..

Perhaps more importantly, in the helically symmetric case the increased value of κ‖/κ⊥ allows

enough heat to escape from the system to avoid disruption. Although an m=2, n=1 non-resonant mode

appears, it saturates nonlinearly, much like the case with κ‖/κ⊥ = 106 and 4 MW/m3 heating case.

Apparently, increasing (decreasing) the ratio of κ‖/κ⊥ is akin to lowering (raising) the heating rate.

Because of the computational requirements of running with κ‖/κ⊥ = 107, this simulation was only run

for about two energy confinement times. A Poincaré plot at this late point in time is shown in Figure

75.
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Figure 75: Poincaré plot for the κ‖/κ⊥ = 107, m=2, n=2, ǫ22 = 0.87, 8 MW/m3 helically symmetric case, at t = 6.43ms,

ζ = 0. A coherent m=2, n=1 mode has developed, but is apparently not destroying the confinement.

The spoiled symmetry case acts in a like manner compared with the helically symmetric case, with a

few small differences. First, unlike the helically symmetric case this spoiled symmetry case reaches βonset

before it reaches βmax. And, the growth rate is slightly larger. However, like the helically symmetric

case, this spoiled symmetry case appears that it will not disrupt. In this case though, the simulation

could only be run for about one energy confinement time before the simulation was unable to resolve

the very high-n activity.

Summary of results: the effect of varying κ‖/κ⊥

Since a small degradation of the edge magnetic structure may be involved in limiting the drive the

for instability growth, naturally the degree of parallel transport is critical. In the current framework,

the ratio of κ‖/κ⊥ can be thought of as a measure of how efficiently open fieldlines carry energy out

of the system. As κ‖/κ⊥ is decreased, the effects of the symmetry-spoiling harmonics become more

pronounced as shown in Table 5, in effect limiting the values that beta can achieve and thus limiting

the growth rates of the instabilities. As mentioned above, decreasing κ‖/κ⊥ is akin to increasing the

heating rate. For example, see Figure 70, where at higher heating rates the symmetry-spoiling had a

larger effect in terms of both βonset and γτA.

Conversely, increasing κ‖/κ⊥ minimizes the effects of the strength of the symmetry-spoiling harmon-

ics as shown in Table 5. Again, this is akin to the minimal effect of the symmetry-spoiling harmonics

at lower heating rates as shown in Figure 70.
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Table 5: The effect of parallel conductivity for the cases with dominant harmonic of m=2, n=2, ǫ22 =
0.87.

Symmetry κ‖/κ⊥ βmax βonset γτA
(%) (%)

Helically Symmetric 104 4.35 3.58 0.012
105 3.40 2.97 0.014
106 2.28 2.16 0.013
107 1.32 1.31 0.004

ǫ5,1 = ǫ6,1 = ǫ6,5 = 0.01 104 3.15 2.43 0.010
105 3.15 2.46 0.013
106 2.12 1.74 0.012
107 1.33 1.30 0.006

4.6 Discussion

Finite beta simulations of a straight stellarator have been conducted to examine the effect of 3-D

magnetic fields on the equilibrium and stability of helically symmetric fields. As previously mentioned,

the notions of equilibrium and stability become intertwined in configurations such as this, since the

equilibrium magnetic field changes in response to increasing beta. The changing equilibrium magnetic

field changes the associated stability properties. Small changes in the vacuum magnetic field and changes

in the temperature (and the resulting conductivity) can greatly affect the robustness of the configuration

to developing instabilities.

The present simulations give a worst case scenario with regard to developing interchange instabilities,

but also offer a good laboratory for investigating what configuration characteristics may contribute to

robustness. All simulations presented have a cylindrical configuration and have destabilizing curvature

everywhere. Moreover, there is no stabilizing magnetic well effect associated with increasing beta,

since there is no Shafranov shift as would be the case in a toroidal configuration. As a result, these

cylindrical simulations are especially sensitive to interchange modes. Conversely, toroidal configurations,

e.g. W7-AS and LHD, which have stabilizing curvature are not as sensitive to interchange instabilities

destroying confinement. These differences notwithstanding, the dependence of stable beta achieved on

rotational transform in these simulations qualitatively matches prior results from W7-AS [48]. In both

the simulations presented here, and in the results of W7-AS, peak beta achieved is closely related to

the vacuum rotational transform profile. For core vacuum transform values significantly lower than 0.5,
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performance in terms of peak beta is poor. For core vacuum transform values just above 0.5, peak beta

is significantly higher.

In the simulation results reported here, heat is added to the plasma and beta increases until some

MHD stability boundary is breached, at which time an instability appears. In many of the cases

presented, this instability is a non-resonant core mode, rather than a mode localized about some rational

surface. This core mode acts to quickly pump heat out of the plasma. At this point either disruption

ensues, or the plasma displays recovery in a manner similar to a sawtooth in a tokamak. This recovery

can be complete in that well-formed flux surfaces reappear everywhere. Or, in some cases, the recovery

is only partial, where some good flux surfaces are recovered, but stochastic regions or magnetic islands

remain. This time-dependent transport-related push and pull between the equilibrium magnetic field

structure and the persistent instability is a key feature of 3D magnetic configurations, and is the primary

aim of these investigations.

The addition of small symmetry-spoiling, or 3-D, harmonics to the equilibrium magnetic field has

been shown to affect the evolution of finite-beta discharges. A general trend has been shown for cases

where the core vacuum rotational transform is near 1/2. The symmetry-spoiling effects tend to reduce

the peak beta achieved, the value of beta at which mode growth is triggered, and also to reduce the

growth rate, although this effect is more pronounced for higher growth rates.

There are two possible mechanisms by which the addition of symmetry-spoiling harmonics could

affect discharge evolution. One possibility is that these symmetry-spoiling harmonics act as a safety

valve in the edge region. Since the symmetry-spoiling harmonics are small, confinement properties are

largely still retained, but not to quite the same degree that would be expected from well-formed flux

surfaces. That is, confinement is slightly degraded at the edge, thus limiting the pressure gradient that

can develop within the plasma. This pressure-flattening modification to the equilibrium is similar to

that discussed by Ichiguchi [5]. The pressure profile (and thus the equilibrium) self-consistently changes

or “self-organizes” in response to heating. These changes leave a resulting equilibrium which is more

robust to low-n interchange modes.

Another possibility is that these symmetry-spoiling harmonics add to the magnetic energy for specific

n-harmonics, and as a result provide extra energy to cause breaching of a critical MHD threshold for

instability formation and growth. The resulting core mode forms sooner, but grows a little more slowly
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since beta is still small. This leads to energy being transported out of the core region as the mode

grows, limiting beta and limiting the drive for further instability growth.

As presented in Section 4.5, the effect of the symmetry-spoiling harmonics is not enhanced at higher

levels of κ‖/κ⊥. This finding supports the second possibility above, that it is not the stochastic edge

that is important, but instead the earlier triggering of mode formation and growth by the symmetry-

spoiling harmonics. If the stochastic edge region acted as a safety valve and limited the value of beta

in the plasma, a larger value of κ‖/κ⊥ would presumably enhance the contribution of the symmetry-

spoiling harmonics. Instead, the mechanism proposed here is that enough energy must build to trigger

the formation of an MHD mode. The presence of symmetry-spoiling harmonics lowers this threshold,

triggering core mode formation earlier than without the symmetry-spoiling harmonics. This mode grows

and transports energy out of the plasma before enough energy can build to cause higher growth rates

from which the equilibrium cannot recover.

This mechanism can be used to explain why W7-AS or LHD could achieve such large values of beta

when instability was predicted to cause disruption [4, 5, 6]. In these cases, the onset and growth of a

destructive m=2 pressure-driven mode was predicted to destroy W7-AS plasmas at relatively low values

of beta. However, a disruption caused by these instabilities was avoided as the equilibrium changed

over time. Symmetry spoiling effects which slightly degrade the magnetic field could contribute to

stabilization of this mode. First, errors in the equilibrium magnetic field introduce small symmetry-

spoiling harmonics. The slightly earlier mode formation and growth could enhance transport of energy

out of the plasma and act to limit beta, slowing growth of some deleterious instability. In the meantime,

the equilibrium modifies itself in response and recovers, as the instability saturates benignly.
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Chapter 5

Analyzing the Compact Toroidal

Hybrid with NIMROD

Building on the successes of applying NIMROD to non-axisymmetric problems with the growth of

pressure-driven instabilities, the Compact Toroidal Hybrid is analyzed with the NIMROD code. Here,

a non-axisymmetric configuration which has predominantly current-driven instabilities is examined.

5.1 Introduction

Stellarators are generally robust to current-driven instabilities as a toroidal plasma current is not re-

quired for confinement. The confining magnetic field is provided by coils external to the plasma.

Consequently, the absence of plasma current in stellarators eliminates current-driven major disruptions

[102]. Conversely, tokamaks, whose confining magnetic field is provided by driven current, are prone

to current-driven instabilities [103]. Hybrid configurations utilize a combination of external coils and

driven currents to provide the required confining magnetic field. A natural question to ask is whether

the finite vacuum rotational transform generated by the external coils can be used to mitigate or even

eliminate current driven disruptions in hybrid configurations [45, 46].

The Compact Toroidal Hybrid (CTH) is a low aspect ratio torsatron that provides the confining

magnetic field through a combination of both external coils and driven plasma current [49]. It provides

a laboratory in which to investigate the MHD equilibria and stability of compact stellarator plasmas

with net current. In the following, nonlinear magnetohydrodynamic computations of Ohmically driven

CTH discharges are reported. These simulations are able to describe the development of current-driven

instability, magnetic island formation, and magnetic surface destruction.



148

Observing the evolution of current-driven instabilities within the confining magnetic field of a stel-

larator may provide insights into how higher beta values may be achieved, how tokamak density limits

may be increased, and how the effects of current-driven instabilities in tokamaks can be mitigated in

general [47]. Indeed, early hybrid stellarator experiments have found evidence of a minimum vacuum

rotational transform that was required to avoid current-driven disruptions [45, 46]. However, in the

Wendelstein 7-AS device, a rapidly driven ohmic current was observed to trigger a disruption as the

edge rotational transform reached  ι(a) = 1/2 or 2/3 [48]. One feature of the design of the National

Compact Stellarator Experiment was to allow for control of the rotational transform at the edge to

avoid unstable resonances at  ι = 1/2 during the discharge evolution, thereby avoiding growing tearing

modes and possible disruption as observed in the hybrid operation of W7-AS [104].

In axisymmetric configurations, MHD equilibrium is rigorously described by Grad-Shafranov the-

ory. Stability of these equilibria to symmetry-breaking modes can be tested with linear analysis. In

three-dimensional configurations, there is no general prescription for establishing equilibria akin to

Grad-Shafranov theory. Many 3-D equilibrium tools assume the existence of topologically toroidal

magnetic surfaces [52, 58, 53, 105, 62, 59, 51]. However, there is no guarantee that solutions without

magnetic islands or regions of magnetic stochasticity exist. Three-dimensional MHD equilibrium mod-

eling and reconstruction tools that allow for these topological features have been developed or are under

development [55, 56, 63, 106, 107]. However, there is no general agreement on the proper algorithm for

constraining profiles for general magnetic topology [57].

The notions of equilibrium and nonlinear resistive stability become intertwined when islands are

present in 3-D configurations. Analytic theories of island formation in 3-D equilibrium often employ

‘stability’ criterion in describing finite beta plasma response effects on magnetic islands [17, 42, 16]. In

fact, the standard description of slowly growing nonlinear tearing modes is based on the quasi-static

evolution of a helically perturbed 3-D equilibrium [13]. Transport and time-dependent effects such as

instability growth are equally relevant to the evolution of the plasma in a device such as CTH. Here,

the use of extended MHD initial value calculations naturally lends itself to describing the nonlinear

MHD dynamics of discharges in hybrid configurations, with relaxation being well-defined by temporal

evolution.

In this work, we present time-dependent 3-D MHD computations of hybrid CTH discharges using the
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NIMROD code [74]. These simulations are initialized with vacuum flux surfaces, based on experimental

CTH discharges. Electric field boundary conditions are applied to simulate a loop voltage which induces

plasma current. As an initial investigation of current-driven dynamics in CTH, the present simulations

are performed in the limit of zero beta; therefore no pressure effects are included. These simulations

clearly show deformation of flux surfaces as current is driven, along with island formation, instability

growth, and magnetic surface destruction at sufficiently large loop voltage.

The present work is organized as follows. In Section (5.2), a description of CTH is given and

modeling of the vacuum magnetic field in NIMROD is described. Next, in Section (5.3), results are

presented for cases where a constant loop-voltage is specified for this zero beta configuration. We make

a brief comparison of selected simulation results with data from the experiment in Section (5.4). In

Section (5.5), we discuss these results.

5.2 Modeling of the CTH vacuum magnetic field

CTH is a five-field-period low aspect-ratio torsatron. The vacuum vessel itself is an axisymmetric

torus with major radius R0 = 0.75 m and minor radius a = 0.30 m. Note that while the vessel is

axisymmetric, the vacuum magnetic field is not. In its standard configuration, the vacuum magnetic

field of CTH produces a rotational transform profile that is relatively flat [ ι(0) ≈ 0.12,  ι(a) ≈ 0.15].

The loop voltage in CTH is applied with an Ohmic transformer driven by a capacitor bank. The driven

plasma current can increase the rotational transform to  ι(a) > 0.5.

Since the CTH vessel is axisymmetric, NIMROD can be used to model this configuration. NIMROD

treats all 3-D fields as a perturbation to an axisymmetric configuration, without approximation based

on amplitude. The non-axisymmetric part of the CTH vacuum magnetic field is loaded into NIMROD

as an externally prescribed perturbation. The magnetic field data are produced from a filamentary

Biot-Savart code using currents that are prescribed in the experiment’s external coils [108]. To obtain

the initial conditions for the simulation, the magnetic field data at the vessel surface are loaded into

the boundary nodes of the NIMROD domain, and NIMROD’s magnetic field advance is used to solve

the Laplace equation to give the vacuum magnetic field everywhere in the domain.

The vacuum magnetic field computed with NIMROD from this procedure is illustrated by the
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Poincaré plots shown in Figure 76 for four different toroidal angles. In these calculations, the edge

rotational transform is  ιvac(a) = 0.13. For comparison, the field lines computed by NIMROD and field

lines computed with the field line following code IFT [108] are shown together in Figure 77. The field

line positions relative to the magnetic axis differ at most by about 1%.
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Figure 76: Poincaré plots of the vacuum magnetic field. Various poloidal planes are shown: ζ = 0 is shown in (a),

ζ = π/10 is shown in (b), ζ = π/5 is shown in (c), and ζ = 3π/10 is shown in (d) where ζ is the toroidal angle of the

poloidal planes illustrated. The solid circle in each Figure denotes the vacuum vessel boundary.

The vacuum magnetic field is dominated by the n = 5 component and its higher harmonics, as

shown in Figure 78. Here, n (m) refers to the toroidal (poloidal) number of the Fourier components of

the magnetic field energy density, B2 =
∑

mnB
2
mn(r)eimθ−inζ , where θ is the geometric poloidal angle

and ζ is the toroidal angle. The energy of the n = 5 component of the vacuum magnetic field is over 10

orders of magnitude larger than that of the harmonics which are not a multiple of 5. As shown in Section

(5.3), this vacuum magnetic field energy spectrum is key to interpreting the flux surface deformation

and destruction that occurs in response to driven current. Even though the vacuum magnetic energy
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Figure 77: Comparison of Poincaré plots of the vacuum magnetic field configuration at ζ = 0, produced by NIMROD

(red) and by IFT (blue).

spectrum is dominated by harmonics that are multiples of 5, symmetry-breaking components of the

magnetic field nonetheless are present and are included in these simulations. Listed in Table 6 are

several harmonics of the normal magnetic field at the vessel surface. The symmetry-breaking harmonics

are more than 4 orders of magnitude smaller than the n = 5 components.

Table 6: Selected harmonics of normal magnetic field at the vessel surface in vacuum.

m n Brmn (T) m n Brmn (T)

1 1 4.956 · 10−8 5 5 −3.155 · 10−1

2 1 6.989 · 10−8 10 5 −6.686 · 10−3

3 1 −4.843 · 10−8 15 5 −1.950 · 10−4

5.3 Driving current with an applied loop voltage

The helical vacuum magnetic field is prescribed as an initial condition for time-dependent NIMROD

simulations using the resistive MHD equations. In the present simulations, Ohmic current is driven

by applying a toroidal electric field at the surface of the domain. The evolution of the magnetic flux

surfaces as the driven current penetrates toward the magnetic axis is determined by the time-dependent

modeling, and the effect of the driven current on the rotational transform is predicted.
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Figure 78: Energy of the vacuum magnetic field, decomposed by Fourier mode number. The n = 5 periodicity clearly

dominates the spectrum.

The set of equations used to simulate the evolution of the CTH plasmas is given by:

ρ
∂v

∂t
+ ρ(v · ∇)v = J × B + ∇ · νρ∇v (5.1)

∂B

∂t
= −∇× E + κdivB∇∇ · B (5.2)

E = −v × B + ηJ (5.3)

µ0J = ∇× B (5.4)

where the last term in (5.2) controls the ∇ · B cleaning in NIMROD’s numerical scheme [74]. In the

zero beta model, only two physical dimensionless parameters must be specified, the Lundquist number

and the magnetic Prandtl number. The Lundquist number is defined as S = µ0VAL/η, where the scale

length L = a = 0.3 m corresponds to the vessel minor radius, and VA = B/
√
nimiµ0 is the Alfv́en

velocity, with ni and mi the number density and mass of the ions. The magnetic Prandtl number is

defined as Prm = νkµ0/η where νk is the kinematic viscosity. We set the Lundquist number based upon

a measurement of the central electron temperature in CTH of Te0 ≈ 300 eV. For purposes of simulation,

a uniform temperature of 100 eV is assumed, which is representative of the temperature in the plasma

edge where MHD activity is likely to occur. Using this value, the Spitzer resistivity is η = 7.92 · 10−7

ohm-m, and the Lundquist number is S = 1.5 · 106. At the very edge of the domain, outside the last

closed flux surface, a higher resistivity is prescribed to suppress current on open field lines. For most of
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our simulations, the kinematic viscosity is assumed to be νk = 0.63 m2/s, yielding a magnetic Prandtl

number of Prm = 1 throughout the core region. To investigate the effect of dissipation in the system,

some simulations are run with very large kinematic viscosity such that the magnetic Prandtl number is

Prm = 100 throughout the core region.

In the present set of simulations, Ohmic current drive is applied to the initial vacuum magnetic field

configuration shown in Figure 1. In three different simulations, loop voltages of 1 V, 4 V, and 16 V

are used. These loop voltages are quantitatively similar to that used in the experiment, where typical

values range from 0V to 15V.

For these simulations, 43 toroidal Fourier components (0 ≤ n ≤ 42) are used. As shown in Figure 78

and Table 6, the initial vacuum field and the boundary conditions are dominated by n = 5 harmonics,

but the computations do not impose limited periodicity. In the poloidal plane, the simulation mesh

consists of 24 radial and 24 poloidal bi-quintic finite elements, which implies node spacing on the order

of 2 mm. Results were checked with basis functions represented by 6th order polynomials for the 4V case

treated in Section (5.3.2). Poincaré plots of this higher resolution simulation were essentially identical

to those presented here, including widths of magnetic islands.

5.3.1 Case 1: Loop voltage = 1 V

In the first simulation, a constant loop voltage of 1 V is applied at the edge of the plasma starting at

t = 0. The initial response to the applied voltage is current driven on the outer flux surfaces. As time

progresses current penetrates toward the core; however the current profile remains somewhat hollow,

as shown in Figure 79. Shown in Figure 80 is a 2-D contour plot of the relatively flat current profile at

t = 76 ms. The present simulations do not employ a temperature-dependent resistivity. Additionally,

self-consistent Ohmic heating is not used in these simulations. As a result, for these simulations we

do not expect to observe a peaked current profile. Total current reaches a maximum of 22 kA for this

simulated discharge, as shown in Figure 81.

For this applied loop voltage, the equilibrium configuration remains relatively robust. Island for-

mation is minimal, and flux surfaces become more circular as the total current increases. As shown in

Figure 82, as more current flows the last closed flux surface increases in breadth by roughly 25% as
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Figure 79: Profiles of Jφ at ζ = 0 shown at indicated times for the 1 V case. The simulated current density is measured

along the mid-plane from the inboard edge of the vacuum vessel at R = 0.45 m, to the magnetic axis at R = 0.725 m for

the ζ = 0 toroidal slice. The last closed flux surfaces moves from R=0.59 m at t=0 to R=0.56 m at t=75.8 ms.

measured along the major radius at ζ = 0. With increasing current, the rotational transform increases

to a maximum value of  ι = 0.33, as shown in Figure 83.
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Figure 80: Parallel current contours at t = 75.8 ms for the 1 V case. At this late time, the parallel current has penetrated

to the core, but the parallel current profile remains somewhat hollow, and clearly maps out the flux surfaces. Magenta

denotes the maximum of λ = µ0J · B/B2 = 0.64 m−1.
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Figure 81: Time evolution of the total current for a loop voltage of 1 V.
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Figure 82: Poincaré plots at toroidal slice ζ = 0 for time (a) t = 0 and (b) t = 56 ms. The loop voltage is 1 V.
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Figure 83: Rotational transform at indicated times for the 1 V case. Here a slice is taken along the major radius across

the vessel at ζ = 0. Values are shown for locations inside the last closed flux surface. The magnetic axis is at R = 0.725

m.
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5.3.2 Case 2: Loop voltage = 4 V

A higher loop voltage of 4 V is applied in the next simulation. As in Case 1, the initial driven current

is peaked on the outer flux surfaces. Over time, the current penetrates toward the core, but the profile

again remains somewhat hollow, as shown in Figure 84. The total current for this case reaches about

60 kA, as shown in Figure 85.

Figure 84: Contours of parallel current density in the poloidal plane ζ = 0 at t = 13.3 ms, for the 4 V case. The effect

of island formation can be seen in the wavy edge on the inboard side. Magenta denotes the maximum current density

λ = 1.5m−1.
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Figure 85: Total current evolution for the 4 V case.

In contrast to the 1 V case, island formation is observed with an applied loop voltage of 4 V. The
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inwardly-diffusing current density increases the rotational transform at all radii. Where the rotational

transform assumes the value of a low order rational number, island formation is observed. This island

formation generally occurs away from the magnetic axis, since the current, which provides the free

energy for instability growth, has a hollow profile and is thus concentrated away from the core.

The n=5 periodicity of the CTH configuration strongly influences which island structures appear in

this simulation. As the rotational transform increases with the net current, islands often appear where

the transform takes on values of low-order rational numbers that can be expressed with a numerator of

five. For example, an m = 12, n = 5 island structure corresponding to  ι = 5/12 is prominent at t = 8.30

ms, as shown in Figure 86. Even with much of the rotational transform provided by the plasma current,

the magnetic energy spectrum is dominated by the imposed n = 5 component and its harmonics, as

shown in Figure 87. The m = 12, n = 5 island chain disappears as the rotational transform is raised

above the resonant value by the increasing current.

Figure 86: Poincaré plot of field lines for t = 8.3 ms, ζ = 0. The loop voltage is 4 V. The plot and the expanded portion

show an m = 12, n = 5 island chain.

During the current rise, one might expect an m = 15, n = 5 island to form at the  ι = 1/3 surface.

While this is indeed observed, the island chain is very narrow. As seen in Figure 88, the  ι = 1/3

surface only remains in the plasma during the early part of the discharge, and the corresponding island

structure vanishes rather quickly and leaves behind topologically well-formed flux surfaces when the

 ι = 1/3 surface leaves the plasma.

With a further increase in driven current, the rotational transform is seen to increase and then
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Figure 87: Energy of the magnetic field, decomposed by Fourier mode number. The n = 5 periodicity continues to

dominate the spectrum, even with the presence of significant driven current.

flatten at  ι = 0.5 at t = 10.80 ms, as shown in Figure 88. From Figure 89, we observe that an m = 10,

n = 5 island structure appears at that time. As more current is driven, this island structure does

not disappear, but persists and evolves through the remainder of the simulation. Subsequently, flux

surfaces around this island structure break up and become stochastic. With increasing current, many

of the islands are overcome by the surrounding stochastic regions, leaving only an m = 2, n = 1

island structure as shown in Figure 90. Eventually the stochastic regions grow in radial extent, and

nearly all flux surfaces are lost. Because of the prescribed high resistivity layer at the edge of the

computational domain, the open magnetic fieldlines do not carry significant current to the wall. As

magnetic surface destruction ensues, the current carried by the remaining closed flux surfaces increases.

This results in large gradients in the current profile across the boundary between closed surfaces and

open fieldlines. The enhanced gradient further drives magnetic perturbations and reinforces the flux

surface destruction process. At this late stage, the simulation is not able to capture nonlinear coupling

to very high-n fluctuations and is terminated.

The evolution of magnetic topology merits further discussion. As noted previously, when the rota-

tional transform reaches  ι = 0.5, an m = 10, n = 5 island structure develops in the simulated magnetic

field structure. The rotational transform profile is non-monotonic because of the hollow current profile.

The maximum value of the rotational transform at an off-axis radius is  ιmax & 0.5; the m = 10, n = 5
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Figure 88: Time evolution of the rotational transform for the 4 V case at the ζ = 0 slice. Values are shown for locations

inside the last closed flux surface. The magnetic axis is at R = 0.725m. The flattening of the transform at  ι = 0.5 is

shown in the expanded view on the right.

structure is in fact a double tearing mode [109, 110]. As shown in Figure 89, two m = 10, n = 5 island

structures form very close to each other. At later times, when current has penetrated further into the

core and the rotational transform is further raised, the  ι = 0.5 rational surfaces move radially farther

apart. Interaction between the two magnetic island chains of this double tearing mode is not observed

[111]. Instead, the region between the  ι = 0.5 surfaces becomes stochastic as more current is driven, as

shown in Figure 91. The increased stochasticity is most likely caused by 3-D modes of incommensurate

helicity rather than island overlapping or coalescence of the two m/n = 10/5 island chains [112].

Although there does not appear to be coalescence of the two double tearing resonances, the outer

m = 10, n = 5 island structure does eventually evolve to an m = 2, n = 1 island structure as shown

in Figure 90. The preceding evolution of the island structure is shown in Figures 92 and 93. The

m = 10, n = 5 islands first coalesce into an m = 4, n = 2 structure. Shortly thereafter, this structure

further evolves into the final m = 2, n = 1 structure shown in Figure 90. Rather than reaching this

final structure through coalescence, the upper and lower islands of the m = 4 structure deteriorate into

stochastic fields, leaving the m = 2, n = 1 structure. This evolution from the m = 10, n = 5 to the

final m = 2, n = 1 structure does not appear to be driven by the growth of a linearly unstable m = 2,

n = 1 mode, as independent growth of n = 1 energy is not evident in the fluctuation spectrum. Rather,

this magnetic field structure evolution appears to be driven by a coalescence process.
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Figure 89: Poincaré plot at t = 10.3ms, ζ = 0, for the 4 V case, showing two distinct m = 10, n = 5 island chains,

indicated by arrows.
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Figure 90: The Poincaré plot for the 4 V case at t = 17.8ms, ζ = 0 shows an m = 2, n = 1 magnetic island at the

 ι = 0.5 surface, amid a stochastic region.
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Figure 91: Poincaré plot for the 4 V case t = 10.5ms, ζ = 0. Note the stochastic regions which surround the islands, as

the island chains move radially away from each other.

Figure 92: Poincaré plots for the 4 V case, ζ = 0 at (a) t = 11.71ms, and (b) t = 11.73ms. Note the island coalescence

that is occurring as the m = 10, n = 5 structure becomes m = 4, n = 2.
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Figure 93: Poincaré plots for the 4 V case, ζ = 0 at (a) t = 11.74ms, and (b) t = 11.75ms. Note the island coalescence

that is occurring, in addition to one island completely disappearing as the m = 10, n = 5 structure becomes m = 4,

n = 2.
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Loop voltage = 4 V with increased magnetic Prandtl number

To help distinguish the effects of MHD dynamics from the asymmetries imposed by the vacuum field,

simulations are run for the 4 V case with an increase of the magnetic Prandtl number from the previous

value of PrM = 1 to PrM = 100. Here, the increased dissipation suppresses some of the high-n MHD

activity which eventually halted the PrM = 1 simulation. Initially, the simulations give results that

are nearly identical to the PrM = 1 case. With rising current, the rotational transform rises and

n = 5 islands form at low order rational surfaces. A m = 10, n = 5 island structure appears when

the rotational transform reaches  ι = 0.5. A double tearing mode on this surface is shown in Figure 94.

There are well-formed closed flux surfaces inside and outside of this pair of island chains. Stochastic

layers are not evident in the Poincaré plot despite the presence of other island chains. The applied loop

voltage continues to drive current and these m = 10, n = 5 surfaces retain their structure, but move

away from each other radially as shown in Figure 95. As even more current is driven, the m = 10,

n = 5 island structures continue to retain their integrity as they separate radially. The inner surface

becomes narrower as it moves toward the core, eventually vanishing and leaving behind well defined

topologically toroidal flux surfaces. The outer m = 10, n = 5 island chain moves toward the edge and

eventually disappears as the entire rotational transform profile rises above 0.5.

Figure 94: Poincaré plot for the 4 V case, Prm = 100, t = 10.2ms, ζ = 0. Note the m = 10, n = 5 double tearing layer,

and the lack of stochastic regions. Also shown is an m = 12, n = 5 island chain near the edge.

Current continues to increase with the sustained applied loop voltage, however very little stochas-

ticity is observed until the rotational transform reaches a value of  ι = 5/7. A double tearing layer
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Figure 95: Poincaré plot for the 4 V case, Prm = 100, t = 11.2ms, ζ = 0. Note the separation between the m = 10,

n = 5 double tearing layers, and the lack of stochastic regions. Also shown is an m = 11, n = 5 island chain near the

edge, and an m = 19, n = 10 island structure between the m = 10, n = 5 double tearing layers.

develops at this surface. As with the m = 10 islands, the rational surfaces become radially separated

with increasing plasma current. In this case however, the outer layer becomes enveloped in a stochastic

region as shown in Figure 96. Island coalescence is not observed. With higher current, this stochastic

region grows to cover the entire plasma and the simulation becomes under-resolved and is not able to

capture the very high-n activity.

Figure 96: Poincaré plot for the 4 V case, Prm = 100, t = 21.7ms, ζ = 0. The largest island is the inner m = 7, n = 5

surface. The outer m = 7, n = 5 island structure (just outside the last well-formed flux surface) is amid the stochastic

region, and a narrow island structure is between the double tearing layers at  ι = 0.75.
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5.3.3 Case 3: Loop voltage = 16 V, Prm = 1

A simulation is performed with constant loop voltage of 16 V and a magnetic Prandtl number of

PrM = 1. With our largest prescribed loop voltage, very hollow current profiles develop within 2 ms, as

shown in Figure 97. The large current quickly results in significant flux surface destruction, and all flux

surfaces are destroyed after only about one fifth of the resistive diffusion time, τη = a2µ0/(2.4042η),

where a is the minor radius; the current does not have time to penetrate toward the core. Total current

of about 110kA is generated by t = 5.5 ms. As the rotational transform passes through low order

rational values, n = 5 island structures appear, similar to the response observed in the 4 V case. A

mode appears at the  ι = 0.5 surface; this mode grows and results in complete flux surface destruction

after about 6ms.

Figure 97: Parallel current contours at t = 1.78ms, ζ = 0 for the 16 V case. Here magenta denotes the maximum of

λ = 2.4m−1.

Since the current drive is significantly larger in this case, more flux surface destruction is observed

and the time-scale for island growth is shorter. That is, the high current drive causes island chains

to form (and grow larger more quickly) at rational surfaces where no islands (or only small islands)

previously formed when the current drive was low. Therefore, in this high current drive case, more island

chains translate to more possibilities for overlap and severe flux surface destruction. For example, Figure

98 shows many island chains adjacent to one another at about 1.78 ms. A short time later, at about
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1.86 ms, these island chains have overlapped and mixed, destroying flux surfaces as shown in Figure 99.

Shortly thereafter, extensive flux surface destruction is observed as an m = 2, n = 1 island appears to

persist. Finally, all flux surfaces are destroyed, resulting in complete stochasticity.

Figure 98: Poincaré plot at t = 1.78ms, ζ = 0, for the 16 V case.

Figure 99: Poincaré plot at t = 1.86ms, ζ = 0, for the 16 V case.
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5.4 Comparison with Experimental Discharges

The computations described here have parameters that are similar to the discharges produced in CTH.

There are two key differences between the simulation and experiment. First, in the experiment, the

actual loop voltage at the plasma boundary cannot be maintained constant in time, but drops over

most of the duration of the shot. Our simulations could be refined to more closely reflect this temporal

variation in loop voltage, but at this time we leave this modification for future work. Secondly, the

experimental resistivity also varies spatially and temporally during the discharge. The NIMROD code

has the capability to model a temporally- and spatially-varying resistivity which depends on local

temperature [113]. Since the present simulations are zero beta, we leave this refinement for future work

where self-consistent Ohmic heating will be employed. Notwithstanding these differences, the vacuum

magnetic configuration with  ιvac ≈ 0.12 and the vacuum vessel boundary are modeled accurately.

The evolution of the experimental plasma current, loop voltage, and one of the Mirnov loops are

shown in Figure 100. The plasma current increases to a maximum of Ip = 54 kA after 21 ms. The

evolution of the current shows brief periods of relaxation during the current rise in which bursty MHD

activity is observed and the loop voltage transiently increases. The current relaxations occur when the

net edge rotational transform calculated from three-dimensional reconstructions[114] take on rational

values, e.g. between t =1.626 - 1.630 seconds.

It is interesting to compare a specific episode of current relaxation of the experiment to the simulation

results. At about 8 ms into the discharge in the experiment, at t = 1.628 ms, a current relaxation occurs

when the total current is about Ip = 40 kA. Coincidentally, the simulations for the 4 V, PrM = 1 case,

discussed in Section (5.3.2), show a temporal flattening at about this same value of current, at 13 ms

into the computation. As shown in Figure 101, in both the simulation and the experiment, this temporal

flattening of the current profile evolution occurs when the  ι = 1/2 surface enters the plasma. In CTH,

some m = 2 activity between sharp current relaxations can be distinguished on Mirnov loop arrays. As

shown in Section (5.3.2), the simulations indicate that an m/n = 2/1 island structure occurs due to a

coalescence of m/n = 10/5 islands that initially enter the plasma as the rotational transform exceeds

1/2. Double-tearing, producing an m/n = 2/1 island structure directly, as in the current-rise phase of

tokamak discharges[8] is another possible source for the Mirnov signals, but our modeling finds n=5
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Figure 100: Evolution of plasma current (top), loop voltage (middle), and B-dot signal (bottom) in experimental CTH

discharge.

activity to be dominant.
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Figure 101: Comparison of edge rotational transform for experiment (top) and simulation (bottom). The simulation

captures the temporal flattening of edge transform evolution as the  ι = 1/2 surface appears. The simulation driving loop

voltage and resistivity are not identical to that in experiment.
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5.5 Discussion

Our numerical study of CTH is the first to consider current-driven resistive instabilities in a stellarator

plasma starting from a 3-D vacuum state. The results show that transient effects play an important role

in the evolution of the magnetic topology. Like start-up in other configurations with plasma current, the

penetration of driven current takes a finite amount of time due to inductance and resistivity. Changing

the level of applied loop voltage affects the rate at which current builds, as evident when comparing the

three cases presented in Section (5.3). In the 4 V case, for example, current rises sufficiently quickly

that the  ι=1/2 surface is resonant in approximately one resistive diffusion time, whereas the 16 V case

achieves this level of current in much less time. Thus, the transport effects of magnetic diffusion at finite

resistivity dictate increasingly hollow current profiles with increasing voltage when combined with finite

inductance. Our time-dependent 3-D simulations then describe the interplay between the rotational

transform profile evolution, current gradients that drive instability, and the n=5 periodicity imposed

by the external coils. Any anomalous current penetration resulting from MHD fluctuations in the large

range of numerically resolved spatial scales is modeled self-consistently in the evolving topologically

diverse 3-D magnetic configuration.

Our approach to studying MHD activity in CTH is in contrast to methods typically applied for

analyzing tokamak MHD. With axisymmetry being part of the original tokamak concept, it is often

sensible to start from Grad-Shafranov theory. Linear analysis with MHD or other models determines

whether symmetry-breaking perturbations lead to states of lower potential energy. Analyses such as

Rutherford-type island evolution, as well as many nonlinear computations, consider the nonlinear evolu-

tion of asymmetric perturbations to symmetric equilibria under the assumption that magnetic topology

changes over time-scales that are short relative to transport times. One exception is a study of pressure-

driven disruption where modeled heating drives the configuration from a marginally stable state [115].

Even in this application, where transient effects are important, small symmetry-breaking perturbations

are imposed as part of the initial conditions. Of course, real tokamak devices are not perfectly sym-

metric as finite levels of error fields and ripple fields are always present. Combining transport with

magnetic topology evolution, as described for CTH in this work, may similarly reveal important aspects

of transients and MHD activity in tokamak discharges.
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In these numerical simulations of current-driven CTH plasmas, the coalescence of the m = 10, n = 5

island chain into an m = 2, n = 1 island structure is a prominent feature. Although symmetry-breaking

harmonics in the vacuum magnetic field are finite as shown in Figure 78, these harmonics do not appear

to cause significant magnetic island formation as current is driven. Other n = 5 harmonics should also be

susceptible to the coalescence instability, e.g. m/n = 20/5 → m/n = 4/1, orm/n = 15/5 → m/n = 3/1,

etc. However, the simulations do not show this behavior. The  ι = 1/4 and  ι = 1/3 surfaces are within

the plasma when the current is relatively small. Hence, the current source for instability is insufficient

to drive island growth and subsequent coalescence. Another potentially important factor preventing

island growth is the shaping of the plasma. The flux surfaces have significant shaping at the beginning

of the simulated discharges. See, for example, the elongated shape of the flux surfaces in the left half of

Figure 82. As time progresses and more current flows, the vertical elongation of the plasma is reduced

and shaping effects are gradually lost.

Another factor that determines which island structures go on to destroy flux surfaces is related

to the amount of viscous dissipation in the system. Studies of linear MHD stability in axisymmetric

configurations indicate that viscous dissipation affects the threshold of some MHD instabilities and may

influence the growth rate of all of them [116, 117]. In the low dissipation case discussed in Section

(5.3.2) (PrM = 1), the m = 10, n = 5 island chain is observed to coalesce into an m = 4, n = 2

structure, then it further evolves into an m = 2, n = 1 island structure. However, for the PrM = 100

case described in Section (5.3.2), the m = 10, n = 5 island chain forms, but retains its integrity until its

resonant surface disappears from the plasma. As shown in Figure 95, well-formed closed flux surfaces

exist over much of the plasma while the m = 10, n = 5 double tearing layer exists benignly. The

additional dissipation present in the PrM = 100 case damps high-n MHD fluctuations which would

nonlinearly interact with and cause destruction of the surfaces near  ι = 1/2. At higher plasma current,

another double tearing-induced island chain forms resulting in an m = 7, n = 5 island structure. At

this higher level of driven current and a less shaped plasma column, the outer island structure breaks

up and disappears into a stochastic region. Free energy available from this high level of current drive

results in high-n MHD activity which finally overcomes the additional damping, destroying flux surfaces

throughout the plasma.

Further steps beyond this initial exploration of stability and evolution of the equilibrium in CTH
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include finite beta effects, temperature-dependent resistivity, self-consistent Ohmic heating including

anisotropic thermal conduction, and the application of time-dependent loop voltages consistent with

experimental values. These additions may result in peaked temperature profiles for some cases, although

we expect hollow current profiles to remain part of the transient response. Using a time-dependent

code with self-consistently determined field quantities will allow computation of anisotropic heat flow

as profiles evolve through inductive processes.
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Chapter 6

Conclusions

6.1 Summary and discussion

Stellarators offer several advantages as a fusion reactor in terms of stability and confinement. Since

stellarators utilize fully 3-D magnetic field structures to provide confinement, investigation of stellarators

requires a fundamental change in mindset as compared with the investigation of tokamaks. Because of its

3-D nature, the equilibrium magnetic field of a stellarator may contain magnetic islands or stochastic

regions, even in vacuum. Well-formed closed flux surfaces are not guaranteed to exist in stellarator

configurations. These 3-D features of stellarators pose analytical and computational challenges. Grad-

Shafranov solutions which are 2-D by nature are not able to capture these 3-D magnetic structure

features. Also, standard computational and analytical techniques applied to 2-D configurations like

tokamaks are typically not applicable to stellarators.

Additionally, in a stellarator the concepts of equilibrium and stability are intertwined, apparently

as a manifestation of the intrinsic 3-D nature of the magnetic field structure. The equilibrium field

changes in response to appearing and growing instabilities. As the equilibrium changes, a feedback

effect occurs, changing how the instability develops. This feedback effect may be to attenuate the

instability. In fact, the dependence of equilibrium and stability on each other appears in some cases

to nonlinearly prevent an instability from causing disruption, even when stability boundaries (β-limits

predicted by stability codes) are breached. Moreover, the push and pull between equilibrium and

stability is a time-dependent process, where transport effects can play a significant role. Although

workers who analyze stellarators understand that well-formed closed flux surfaces are only a lowest

order approximation (as a consequence of the 3-D nature), the concept of the dependence of equilibrium

and stability on each other is often not considered. Conventional numerical techniques for determining
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equilibrium structure do not consider this interdependence, and these numerical techniques often do not

include time-dependent effects like transport. Conventional 3-D MHD equilibrium codes which attempt

to construct equilibrium solutions also do not typically calculate the field quantities self-consistently,

and moreover there is no general agreement on how to properly constrain the profiles for general 3-D

magnetic topology. Furthermore, conventional stability analyses of these 3-D equilibria do not allow for

the equilibrium to evolve in response to the emerging instabilities. These shortcomings notwithstanding,

conventional 3-D equilibrium codes often provide a good estimate of 3-D equilibrium field structure

relatively quickly. However, the above points should be kept in mind when considering results of these

numerical calculations.

Another change required in the mindset of the stellarator community is a seemingly obvious, but

often ignored point: detailed understanding of 3-D effects like island dynamics requires the inclusion

of all relevant physics. Examples of physics which are not typically included in conventional 3-D MHD

equilibrium codes which calculate equilibrium field structure include, for example, anisotropic transport

physics, bootstrap current effects, and flow-induced island healing. The accuracy of the results of

equilibrium calculations can be limited by the accuracy of the model employed.

For these reasons, analysis techniques are required for stellarators that are outside of that typically

applied to either stability calculations or equilibrium calculations. To address the issues raised above,

a 3-D self-consistent, time-dependent, initial value nonlinear extended MHD code can be employed.

The use of such a code allows the proper treatment of fully 3-D configurations, where the equilibrium

is allowed to evolve even as instabilities are observed to appear. Transport effects can also be self-

consistently calculated with such a treatment. Such a code could adequately address behavior of the

configuration as an instability saturates nonlinearly. And, such codes presently have many closure

options to allow the inclusion of all necessary physics, e.g. anisotropic transport.

These points are addressed in the present work. First, the analytic theory of magnetic island physics

is extended to account for finite parallel transport in general 3-D magnetic topology, unencumbered by

restrictions on aspect ratio or beta. In this analysis, it is shown for sufficiently small magnetic islands

that the inclusion of additional key physics (refinement to the pressure closure by including finite

parallel transport) can change the final result. These anisotropic transport effects become important

in the detailed pressure equilibration processes. This implies that in numerical calculations, the choice
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of closure schemes to model pressure and heat transport can affect the outcome. Equally important,

the additional physics that is included analytically here is often completely missing in conventional 3-D

MHD equilibrium codes. In cases where conventional 3-D equilibrium codes predict small islands (if

these codes are even able to accommodate 3-D features like magnetic islands), the island widths could

be mistakenly calculated since the pressure closure typically would not include finite parallel transport

effects.

Next, two investigations are presented which demonstrate the first use of a 3-D self-consistent time-

dependent nonlinear extended MHD code (the NIMROD code) to analyze the push and pull between

equilibrium and stability in stellarator configurations. In the first, the equilibrium field structure is

observed to evolve in response to increasing beta. Large differences in peak beta are observed to

correlate with differences in vacuum rotational transform. Details of flux surface destruction are shown

as critical MHD stability boundaries are breached. Sometimes well-formed flux surfaces are recovered.

In other cases, the instability grows and causes disruption. In still other cases, relatively quiescent

stochastic regions persist. Small changes to the vacuum field structure (the addition of small 3-D

field components) are introduced and their effects are observed. The addition of small symmetry-

spoiling harmonics appears to lower the critical MHD threshold for instability formation. Since this

early-triggered instability appears at lower beta, there is apparently less drive for instability growth.

This perhaps provides a hint at explaining why stellarators may be more robust than tokamaks to

the beta-induced breaching of stability boundaries, although more work is required in this area to

definitively determine the mechanism for this behavior. In addition, in this investigation, changes in

the heat transport closure scheme employed produced different results. That is, changing the degree

of heat transport anisotropy was shown to affect pressure-induced flux surface destruction. Changing

the degree of heat transport anisotropy effectively changed how heat escaped from the plasma near the

plasma boundary, changing the gradient that could be supported in a stochastic edge region.

In the second investigation presented, the dependence of equilibrium and stability on each other

is again highlighted. In this first study to consider current-driven resistive instabilities in a plasma

starting from a 3-D vacuum state, the transient nature of Ohmic current drive and resulting magnetic

diffusion emphasize the importance of analyzing problems of this type with a time-dependent code. The

influence of the details of the vacuum magnetic field are underscored, as these details strongly affect
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the seeding of magnetic islands as current is driven. That is, the n = 5 periodicity of the vacuum

magnetic field encourages magnetic island formation at rational surfaces with a numerator of 5. The

coalescence processes observed spotlight the evolution of the equilibrium field structure in response to the

appearance of current-driven instabilities. Another interesting result from this work is the role of viscous

dissipation in affecting how free energy in the system contributes to instability growth. But perhaps

more importantly, these numerical simulations provide predictions of how the dominant m = 2, n = 1

instability appears in CTH discharges. Both experimental diagnostics and the 3-D MHD equilibrium

code, V3FIT, showed evidence of m = 2, n = 1 activity, but the details of how the equilibrium evolved

to this state were only speculative prior to these numerical simulations being completed.

6.2 Future work

The sum of this work lays the foundation toward a study of a more comprehensive treatment of the

macroscopic properties of stellarators. The conclusions drawn here provide a guide for future work in the

analysis of stellarators. First, physics that are shown analytically to significantly affect magnetic island

formation and flux surface destruction should be incorporated into numerical codes which attempt to

construct 3-D equilibrium solutions. Missing from many of the conventional 3-D MHD equilibrium

codes are anisotropic effects, bootstrap current effects, and flow-induced island healing effects. At a

minimum, results of these codes produced without these physics should be reviewed with this absence

in mind.

Next, this work stresses the importance of considering stellarator discharges in a time-dependent

manner, where 3-D equilibrium and stability properties are allowed to affect each other nonlinearly, and

where transport effects may play a prominent role. Increasing computational power enables the analysis

of larger, more realistic problems with self-consistent time-dependent nonlinear MHD codes. Results of

these codes should be used in concert with experimental measurements to provide a full understanding

of discharge evolution, much like the analysis presented Chapter 5. These types of computational studies

can provide a fine level of detail both spatially and temporally. The equilibrium field structures can

be observed as they evolve. These analysis tools should be used in addition to conventional 3-D MHD

equilibrium codes. Conventional 3-D MHD equilibrium codes have the advantage of producing results
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relatively quickly, with the caveats mentioned previously. Therefore, the more detailed self-consistent

initial value nonlinear MHD codes should regularly be used to verify results of the 3-D MHD equilibrium

codes. Lastly, codes which predict stability boundaries should likewise be verified with self-consistent

time-dependent nonlinear MHD codes.

With regard to other future work, perhaps more important than the above recommendations is to

obtain a more complete understanding of the dependence of equilibrium and stability on each other

and how this interdependence relates to the intrinsic 3-D nature of stellarator configurations. Here, the

addition of small 3-D effects resulted in measurable differences from comparable helically symmetric

cases. However, only three general vacuum configurations were investigated, all of which were m = 2

stellarator configurations. More of this solution space should be explored. For example, cases which

are shearless or cases with a non-planar magnetic axis should be examined. Also, the space of 3-D

effects (choice and degree of symmetry-spoiling harmonics) can be further explored. Another possibility

for future study is the inclusion of prescribed flows and their effect on the magnetic topology. In fact,

modifications to the NIMROD code have been completed to allow this work. This prescribed flow source

operates in practice much like the ad-hoc heating source discussed in Chapter 4 used to increase beta

and excite interchange instabilities.

Finally, the results presented in Chapter 4 use a straight stellarator configuration for simplicity.

Although this configuration was chosen so that interchange instabilities would be easily excited, perhaps

toroidal effects are important for a clearer understanding of the push and pull between equilibrium and

stability. Specifically, as the NIMROD code currently stands, only cases with axisymmetric vessels can

be studied. Experiments like CTH can be analyzed easily within this framework. More generally, the

work presented in Chapter 5 provides the basis for further work on the mitigation of current-driven

instabilities and disruption avoidance in tokamaks through the application of non-axisymmetric fields

generated by external coils. To analyze configurations with non-axisymmetric vessels, major changes

to the NIMROD code would be required. This is another area for possible future work.
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