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Plasma toroidal rotation reduces reconnection of externally applied resonant magnetic perturbation (RMP)
fields 4B on rational (¢ = m/n) magnetic flux surfaces. Hence, it causes radial perturbations 6B,,,/, to
be small there, and thus inhibits magnetic island formation and stochasticity in the edge of high (H-) mode
confinement tokamak plasmas. However, electron collisional damping combined with the spatial magnetic
flutter dB,,,,/, induced by RMPs in the vicinity of rational surfaces causes a radial electron heat diffusivity

XEMP ~ (1/2) 32, 168, ym(@)/Bo)? X'éﬁ(m) in which X‘Zﬂf ~ (v7e/ve)/(1 + 2%/87) is an effective parallel
electron thermal diifusivity. These effects are reduced by magnetic shear effects at a distance = from rational
surfaces for |z| > 0 but amplified for 6B, ,,/,(x) > 0B,,/»(0). A kinetic, toroidal model of these RMP-
flutter-induced plasma transport effects is developed and compared to a previously developed cylindrical
model. The RMP-induced increases in plasma transport can be large enough to reduce plasma gradients in

H-mode pedestals. Thus, they may contribute to suppressing edge localized modes in tokamak plasmas.

PACS numbers: 52.55.Fa, 52.25.Fi, 52.55.Dy, 52.30.Ex, 52.55.xZ

I. INTRODUCTION

The desirable high (H-) modes of plasma confinement
in toroidal magnetic systems have large plasma parame-
ter gradients in their edge pedestals (outer few % of the
plasma radius). The width of the edge steep gradient
region usually increases in time until the ideal magneto-
hydrodynamic (MHD) peeling-ballooning (P-B) instabil-
ity criterion!™ is exceeded and an edge localized mode
(ELM5%) is precipitated. ELMs abruptly and repeti-
tively relax the edge plasma gradients and deposit unde-
sirable intense pulses of hot plasma onto solid materials
(e.g., divertor plates) outside the plasma confinement re-
gion. They are particularly problematic” for projected
high performance fusion plasmas in ITER.®

Pioneering experiments® 12 in DIII-D have used edge
resonant magnetic perturbations (RMPs) to suppress
ELMs. The physics of how RMPs control ELMs is not
presently understood. A working hypothesis'!' is that
multiple RMPs produce overlapping magnetic islands
in the edge that cause magnetic stochasticity and en-
hanced plasma transport there. The sensitivity of RMP
effects' 112 to field line pitch resonances and the striated
density deposition profiles on divertor plates are in qual-
itative agreement with this model. However, extended
MHD calculations usually predict'®!® that extant edge
plasma toroidal flows limit “penetration” of RMP fields
and thereby cause the RMP-induced radial perturbations
to be small on rational surfaces where ¢ = m/n. Thus,
toroidal flows inhibit magnetic reconnection, island for-
mation and stochasticity, particularly near the pedestal
top where P-B instability drives may be largest.!!

While toroidal plasma “flow screening” usually reduces
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radial perturbations on rational surfaces, RMPs nonethe-
less induce radial (p) magnetic perturbations 6B, ,,/, in
the vicinity of rational surfaces and hence throughout the
edge plasma. This RMP-induced spatial “magnetic flut-
ter” causes radial plasma electron heat transport!® that
is largest at rational surfaces. However, the radially-
averaged flutter-induced transport is dominated by the
“residual” level of transport between rational surfaces —
see Figs. 2 and 3. This residual transport is large enough
to reduce pedestal top plasma gradients and hence may
stabilize P-B modes, thereby suppressing ELMs. Flutter-
induced plasma transport'® does not require magnetic
stochasticity to produce radial electron heat transport as
the Rechester-Rosenbluth model'” does.

The physics involved in magnetic-flutter-induced
plasma transport can be illustrated by considering the
effects of collisions on electrons moving along radially
fluttering magnetic field lines. To do so the total mag-
netic field B = By + dB will be assumed to be composed
of an axisymmetric equilibrium By for which Bg-Vp =0
plus 3D perturbations dB. Here, the radial coordinate is
the toroidal-flux-based minor radius p = /¢ /7By -

The radial field line excursions induced by a small
m/n sinusoidal radial magnetic perturbation Vp-6B =
(5Bpm/n cos(mé — n¢) will be considered first. Here, 0
and ( are straight-field-line poloidal and toroidal angles.
Along magnetic field lines ¢ = ¢(p) 6. Near the m/n ra-
tional surface q(p) ~ m/n + xq" in which  ~ p — py, ,,
is the radial distance off the rational surface. Thus,
along field lines the radial perturbation can be written as
Vp-6B ~ 6B,/ coslk)(z)f] in which £ = Roq(6 — 6p)
is the distance along a field line from an initial 6,
ky(z) = —kox/Ls, kg = m/p and Ls = Roq/s is the
magnetic shear length with shear parameter s = p¢'/q.

In terms of these variables the radial projection of
the magnetic field line equation dx/d¢ = B/B is
dx/dl ~ (5Bpm/n/30) coslk) (x){]. Integrating this field



line equation over ¢ yields for an initial radial distance
Ty > T, = (5Bpm/nL5/k;gBo)1/2 = W/4 [i.e., outside
the assumed thin magnetic island of width W' the mag-
netically reconnected 6B, ,/,(0) produces at this ratio-
nal surface — see Appendix A]

5Bp m/n(l‘o) Sin[/{i” (xo)é}
Bo k” (.%'0) ’

x(f) ~ zo +

(1)

When kj(zo) £ < 1 the radial excursion of a field line is
Axp ~/{ (5Bpm/n/BO) while for & (x) ¢ > 1 the radial
excursions are oscillatory with a maximum radial excur-
sion of AIB ~ [1//{JH($0)] (5Bpm/n/BO)-

Neglecting drifts of electrons off flux surfaces, typi-
cal electrons just stream along magnetic field lines with
an electron thermal speed vr. = /2T./m.. However,
the maximum A/ for this reversible parallel stream-
ing motion is limited by the electron collision length
Ae = vre/Ve. Thus, the maximum radial excursions
of collisional electrons induced by the radial flutter of
field lines are Az ~ A 6B, 4, /n/Bo for kjj(wg)Ae < 1 and
Az ~ [l/k‘H(xo)] 6Bpm/n/BO for k”(xo))\e > 1.

Flutter plasma transport induced by electron collisions
at a damping rate v, can now be illustrated in terms of
the phenomenological radial diffusivity D ~ (Ax)?/2At
in which Az is the radial step taken in a time At ~ 1/v,:

R 2
2 |6B (z0)
VUTe pm/n L0
D . | B ] for kjj(zo)Ae < 1, (2)
5B, m(ao)]”
Ve m/n Zo
D~ £ f 1.
2k (o)? By ] or Ky (wo)Ae > 1. (3)

The kinetic analysis in Section III and Appendix A of
this paper show that these results are obtained under
the assumption that the effective v, is greater than both
the plasma rotation frequency w and the particle drift
frequency wq. The apparent divergence in (2) as v, — 0
would be resolved by finite w and/or wq effects.

The formula in (2) is applicable near (but outside any
magnetic island that may be present at) the m/n rational
surface. Its v%e /Ve coefficient is proportional to the usual
Braginskii'® collisional parallel electron heat diffusivity
Xe||- Far away from a rational surface, magnetic shear
reduces the effective parallel electron heat diffusivity and
yields (3) which decreases as 1/kj(z9)? ~ 1/z3. However,
flow-screened radial magnetic perturbations 6Bp m/n(T0)
typically™® 1% grow approximately linearly with distance
xo away from a rational surface. The spatial growth of
6B, m/n(x0)? away from rational surfaces tends to cancel
the magnetic shear reduction effects to produce a signif-
icant residual electron diffusivity between rational sur-
faces.

Fluid and kinetic approaches based on analyzing and
determining the parallel electron heat flows induced by
0B,/ near the m/n rational surface can also be used to
explore the physical processes involved in RMP-flutter-

induced transport — see Appendix A. This appendix dis-
cusses how electron collisions resolve the singular behav-
ior of the parallel electron heat flux near a rational sur-
face and cause B-VT, ~ By-VdT, + 6B-VT,, to be
small but nonzero for v, # 0 and large but finite x. In
addition, this appendix shows that outside a m/n mag-
netic island the gradient of T, is dominantly radial (i.e.,
VT, ~ VpdTe/dp). This is why the lowest order elec-
tron distribution is a Maxwellian fye(p) in the kinetic
analyses used in Ref. 19 and developed for toroidal ge-
ometry here and the “drive” for the RMP-induced kinetic
response is proportional to 05, /, dfue/dp.

For the parameters typical of those near the pedestal
top in DIII-D RMP experiments'?0 given in Appendix
B, the Braginskii'® x| ~ 10'® m*s~!. Thus, very small
RMP fields 5Bpm/n/BO 2 v/2 x 107° could in principle
produce radial electron diffusivities D that can exceed
the typical radial electron thermal diffusivity levels x, ~
1 m?s~! in tokamak H-mode pedestals.?!

A previous paper!? developed a model for the
magnetic-flutter-induced plasma transport effects of
RMPs in the plasma edge using a cylindrical screw-pinch
magnetic field model and compared various model pre-
dictions with low collisionality pedestal data from DITI-D
RMP experiments.!! This paper develops a more physi-
cally relevant and complete kinetic-based, toroidal theory
of these RMP-flutter-induced plasma transport effects. It
uses a Lorentz collision model, accounts for parallel flows
only being carried by untrapped particles, resolves a col-
lisional boundary layer in velocity space and includes the
finite aspect ratio effects of the toroidal geometry.

In developing models of RMP-flutter-induced plasma
transport, the magnetic perturbations are not calculated
self-consistently. Rather, it will be assumed that they are
provided by linear extended MHD modeling codes!'3 1%
that include the effects of flow-screening. Further, it will
be assumed that flow-screening causes the radial pertur-
bations to be small at rational surfaces. Thus, it will be
assumed that any magnetic islands the RMPs produce
have negligible width. Effects of finite width magnetic
islands on T, profiles?? are discussed in Section IV.

The body of this paper develops a kinetic-based,
toroidal model of RMP-flutter-induced radial electron
heat and density transport fluxes in the vicinity of ratio-
nal surfaces in the pedestal region of tokamak H-mode
plasmas. For comparison purposes, the next section
(IT) briefly summarizes the analogous results obtained
previously!® using a cylindrical model. The following sec-
tion (IIT) develops the more relevant kinetic-based, fully
toroidal model of the parallel flows and radial plasma
transport induced by RMPs. Section IV compares the
results of the two models and discusses various other is-
sues. The final section summarizes the results and im-
plications of this toroidal model for RMP-induced effects
on plasma transport, P-B stability and ELMs in H-mode
pedestals of tokamak plasmas. Appendix A discusses how
electron collisions produce the irreversibility needed for
flutter model plasma transport and validity conditions



for the model. Appendix B presents typical parameters
at the top of DIII-D pedestals in which RMPs suppress
ELMs which are used throughout this paper in numerical
evaluations of flutter model parameters.

II. CYLINDRICAL MODEL RESULTS

In the cylindrical (subscript ¢) model'® the in-phase
component of the lowest order parallel electron flow 6V,
and heat flux dq. . due to radial magnetic flutter 6 B
induced by a single m/n RMP field component are

Ne 6 Ve _ 5Bpm/n( )
le| = _p, 22pm/mX 1)
5qe\|c By

pm/n

dl e/d,
n pe/dp )
eH dT /dp

Here, the thermodynamic force for the electron flow is a
combination of the radial electron pressure gradient and
radial electric field E, = —d®/dp:

(& d(I)o

T. dp

dInpe _ dInpe

dr —  dp

__dlnp. ek,
= + T, (5)
These results were obtained using an effective electron
collision frequency veg independent of the electron speed
v. If the speed dependence of the collision frequency is
kept, in general the right side of (4) is replaced by a ma-
trix of diffusion coefficients driven by the thermodynamic
forces — see (34) below.

A Padé-approximate effective parallel electron thermal
diffusivity!® can be written in terms of the cylindrical

model reference parallel electron thermal diffusivity Xﬂ‘ff

and a magnetic-shear-induced geometric factor G.(x):
Xl = X[ (p) Ge(x),
v2 5 ( (ny)\ 02
ref UTe u Te
=c¢, ~— | — ] ==, 7
N )
L
1+ x2%/52

lle

in which (6)

G.(z) = . (8)

Here, x >~ p — py,/, is the radial distance off the rational
surface where q(pp,/n) = m/n, which is defined more
precisely in (27) below.

The analysis of Ref. 19 used an effective phenomeno-
logical electron collision frequency veg =~ v./((ny)/no)?
in which (n,)/no ~ 1 — (2/7)\/AB/Bmax is the flux-
surface-averaged (FSA) fraction of untrapped (u) par-
ticles. This form of veg crudely models the important
effect toroidal geometry has on collisions of untrapped
particles that is not present in cylindrical plasmas but
which will be derived in detail in the next section. Here,
AB = Bpax — Bmin in which Bax, Bmin are the max-
imum, minimum of |By| on an axisymmetric flux sur-
face. As indicated in the last form of (7), the coefficient
cor = (5/4) ((ny)/no) in this model.'? For the parame-
ters in Appendix B, Bpax/Bmin ~ 2, the inverse aspect
ratio is € ~ 0.33, (n,)/no =~ 0.55 and veg ~ 2 x 105 s71.

The parallel density diffusivity De|| in (4) has the same

form as (6) but with'® c,7 — c,n = (1/2) ((ny)/no). If
(ny)/no is set to unity, the numerical factor of 5/4 in
the reference parallel electron thermal diffusivity in (7)
is close to the Braginskii'® collisional parallel electron
thermal diffusivity for which ¢, = 1.6 for Z; = 1.

The magnetic-shear-induced factor G.(x) causes Xiﬂf
and Dgﬁf to decrease as 1/z? for |z| > d.. The pa-
rameter that characterizes the radial extent of the region
over which magnetic flutter induces the largest parallel
electron flows in this cylindrical model is'®

V2verLs _ 5 (<ZO>> kﬁi . (9)

kﬂ UTe
For the parameters given in Appendix B, §. ~ 0.22 cm.
Radial electron density and heat fluxes induced by the
m/n RMP-induced fluttering field are!®

6”‘3 =

ored™ | _ {neévep} _ | pe"dmpe/dp
SY/™ | 7 | 0dep | xw/mar.jdp |

Again, if the speed dependence of the collision frequency
is kept, in general the right side of (10) is replaced by a
matrix of diffusion coefficients driven by the thermody-
namic forces — see (36) and (38) below.

The cylindrical model? electron thermal diffusivity in-
duced by a m/n radial field Fourier coefficient 6B
can be written as

pm/n

. 2
5Bp m/n (x)
By

Xief(p)
ec - 9

m/n _

Ge(z).  (11)

The analogous magnetic-flutter-induced radial density
diffusivity Dm/ has the same form but with Xeﬂf — Deff

el

and hence ¢, — c,p; thus, DZZ/"/Xm/” = 2/5. For the
parameters in Appendix B, Xﬂef ~1.45 x 10 m?s~!.

The radial electron thermal diffusivity in (11) needs to
be evaluated using the radial magnetic perturbation pro-
file 5Bpm/n( ) in the plasma. Since the flow-screened
magnetic perturbations are not being calculated self-
consistently, a cylindrical model 0B, ,/, profile, which
is limited to |z| < 1/kg, was used in Ref. 19:

OB (x) = 0By 1/ f2, + KR (12)

Here, the pl superscript indicates the flow-screened value
in the plasma, the vac superscript indicates the vac-
uum value and fi, = dBY2¢ /5Bpm/n(0) is the “flow

m/n
screening factor” — ratiop of/ vacuum to flow-screened
field on the rational surface. For this assumed flow
screening function, at large distances from the ratio-
nal surface the 1/2% dependence of G. cancels the

ref —

kiz? dependence of cSBE1 /n(2)? to produce x =

m/n
(1/2) [53333 Jn/ Bol?Xel (kodc)?, which yields xsf, =

0.086 m?s~! for the parameters in Appendix B.



Since 1/kg ~ 6.7 cm and the spacing between rational
surfaces is 1/ng’ ~ 2.8 c¢cm for the parameters in Ap-
pendix B, the RMP-induced responses from a number of
m/n usually overlap. Thus, the total cylindrical model
RMP-induced radial electron density and thermal diffu-
sivities are obtained by summing over all the relevant
m,n magnetic field components in the edge plasma:

Xee® = Z xedn DEMT =) DRt (13)

mn

III. KINETIC-BASED TOROIDAL MODEL

The details of the collisional kinetics and the tokamak
magnetic field geometry cause modifications of the nu-
merical coefficients and radial structure of y7/™. For the
parameters in Appendix B, the electron collision length
Ae =~ 350 m is long compared to the poloidal periodicity
length along field lines of 27 Rgq ~ 37 m. Thus, electron
responses to RMP fields need to be averaged over the
poloidal periodicity. Also, since |By| varies significantly
over a flux surface (AB/Buin ~ 1), only circulating (un-
trapped) electrons contribute to the parallel flow J1;
and heat flux dq.|. Further, a kinetic approach is needed
because the parallel electron speed v varies along a field
line. Also, the effective circulating electron collision fre-
quency Veg needs to be derived kinetically. Finally, be-
cause of the large inverse aspect ratio ¢ ~ 0.33 and near-
ness of the pedestal region to the magnetic separatrix,
tokamak magnetic field geometry details are important.

The lowest order tokamak axisymmetric magnetic field
will be written as Bg = By + B, = IV( + V(X V1, =
Vi xV[q(1p)0 — (] in which the toroidal, poloidal fields
are By, By, I(¢p) = RBy, R is the major radius, 2w, (p)
is the poloidal flux and ¢(¢,) = B¢-V(/By-V0 =
dyy/dyp, = d(/df. The (non-orthogonal) curvilin-
ear coordinates that will be used are a toroidal-flux-
based radial coordinate p = /v:/7Bto, “straight-field-
line” poloidal angle 6 and axisymmetry toroidal angle
¢ for which the Jacobian is \/g = 1/Vp-VOXV( =
Y, /Bo -V = w;R2q/I in which = di,/dp. Here,
By = I(0)/Ry is the strength of the toroidal magnetic
field at the magnetic axis where R = Ry. Taking the V6§
projection of the dx/d¢ = Bg(p,0)/Bo(p,0) definition of
a magnetic field line yields for the distance ¢ along Bg
the differential equation d¢ = df By/B(-V. The flux-
surface-average (FSA) of a function f(x) is

[T ST d0GS [T dC ST db /B0

Jodc T doyg [T d¢ [T df/Bo-V6
(14)

(fr =

A. Drift-kinetic equation and analysis of it

Neglecting gyromotion, electron guiding centers (sub-
script ge) just stream along a magnetic field line and drift
slowly off of it: vy = vyB/B+vq = v(Bo+0B)/B+vq

in which vy = B- ng/B and vq is a combination of the
EXB, gradient-B and curvature drifts. Thus, the drift-
kinetic equation (DKE) for electrons becomes

afe de 0f.
ot +E de _C{fE} (15)

Here, the electron (g. = —e) guiding center energy is
€ = mev?%/2—e® in which  is the electrostatic potential.

The magnetic perturbations §B will be ordered to be
gyro-radius small: [6B|/By ~ |vq|/vre ~ 0e/L1 < 1.
In addition, the analysis will be restricted to field lines
outside any possible magnetic island at the m/n rational
surface so that field lines just flutter a small distance
radially oc 6B, ,,/,,/Bo as indicated in (1). Thus, the
lowest order equilibrium drift-kinetic equation obtained
using de/dt = 0 and neglecting the gyro-radius-small 6B
and vq effects is (v)|/Bo) Bo *V feo = C{ feo}. Its solution
is a Maxwellian constant along By (i.e., the axisymmetric
magnetic flux surfaces labeled by p):

_ ne(p) e @@/ Telp)

Jeo = fMe(pv 5) = [Z(W)Te(p)/me}s/2 € €/Tﬁ(p)’ (16)
in which the macroscopic radial variations of the electron
density n. and temperature T, and the lowest order po-
tential ®¢ are indicated explicitly.

Next, a perturbed DKE will be obtained for the per-
turbed electron distribution é6f. = fe — fme. A per-
turbed potential d® and toroidal inductive electric field
E4 will be allowed for in the initial, general analysis.
Then, doc/dt = (0/0t + Vg V) (— 65<I>) — evgerEA =
—e [8 6/t +(v|/Bo) (B -V®)+vq -VP] — evyer EA.
It will be convenient to write the perturbed DKE as an
equation for the perturbed non-adiabatic distribution:

Sh=6fe — (e/Te) 0P(x,1t) fue- (17)

Then, since when the collision operator acts on a
Maxwellian distribution it vanishes, C{d f.} = C{dh} and
hence the linearized perturbed DKE can be written as

[ (Bo+6B) + va|-V 1.

0dh UH
ot + |:BOB0 +Vd:| -V éh —C{5h}

v e
= - FL B *V fre — va -V e — - Vgc* EAfMe- (18)

T,

The last two terms on the right side of this equation will
be omitted henceforth since they represent drives for neo-
classical and fluctuation-induced (for vy ~ ExB/B?)
transport processes and the toroidal voltage induced by
the inductive electric field in the plasma that are not of
interest here. The non-adiabatic response dh is caused
by the magnetic flutter 6B, (x,t) = Vp- 0B of field lines
radially across plasma profile gradients:

BV fue = (0B-Vp) | 2] 55,x,0) e, (19)
£

n i_? dinT,
vi, 2) dp |

(20)

in which

fM _fM|: ed<I>0

T, dp

dInp,




Here, the radial component of 0B is really its contravari-
ant (e? = Vp) projection that would normally be labeled
as 0B In A subscript p is used here so this symbol is
similar to that used in the cylindrical model.

For kinetic analysis of dB-induced effects near a ¢ =
m/n rational surface, the most useful independent vari-
ables are local helical ones:?*24 p, # and a Clebsch-type
helical angle valid on all flux surfaces o = ¢ — (m/n) 6.
In terms of these variables the parallel derivative in (18)
is Bg:Voh = (Bo-V0) [0/00+(g—m/n) (0/0a)]| 6h. The
desired perturbed DKE in p, 8, a variables is thus

a5h v dh d6h
o T B, BV | g HlammmGes
+vq-Vh —C{oh} = — %53,) flee(21)
0

The spatially-dependent functions 6k and §B, will be
expanded in a Fourier series in the helical angle «. Al-
lowing for all possible m values in @ = ( — (m/n)é, a
sinusoidal e~** time dependence and an arbitrary phase
factor ¢, /,, the relevant Fourier series representation is

5h(X, t) = Z (ﬁLm/n (P, 9) eii(naerti@m/n)a (22>

27

. T da .
P/ E/ —ael(”a“’t*“’m/")(Sh, (23)
plus a similar Fourier representation for 0B,.

(Silm/n and 5Bpm/n are real. Hence, the physical mag-
netic field perturbation can be written as

Here,

5Bp(xa t) = Z 5Bpm/n(pa 9) CO8 (m9 —n( —wt+ (Pm/n)a
(24)

which is periodic in both the poloidal and toroidal angles.
Substituting Fourier series representations for dh and
0B, from (22) into (21), operating on the resultant equa-

tion with (1/27) [ da (M atwt=¢m /) and defining

wa = (1/21)[7_ dae i otot=bm )y N 6h)i6hy
yields

| 35ﬁm/n ) .

g, . _

B (Bo-V0) 50 +i(m —nq) hpm/n

— i (w = wa) Shum . — C{OR /)

v~
= _Ft&Bpm/n fl(/[g (25)

The terms on the left side of (25) represent various phys-
ical effects: parallel bounce motion along the By field,
parallel streaming in the sheared magnetic field when
m — ng # 0, the Doppler frequency induced by the
poloidal and toroidal flow of the plasma relative to the
laboratory rest frame plus any externally imposed RMP
frequency, the combination of the BX V®(, gradient-B
and curvature drift frequencies and finally the electron
collisional damping rate. Their characteristic frequen-
cies for untrapped (subscript u) thermal electrons are:

Wy vTe/qu, (m—th) Wy, W, wa ~ kg(2T./eBoRo) and
Veff ~ 7C{5hm/n}/5hm/n

In edge plasmas the electron collisional damping rate
is usually much larger than the Doppler and drift fre-
quencies. Thus, the bounce-average physics is domi-
nated by the interplay between the collisional damping at
rate veg and the magnetic-shear-induced parallel stream-
ing frequency (m — nq) w, = kj(x)vr.; hence, there are
no Landau-type resonances or effects. For the param-
eters in Appendix B, the approximate rates (s~!) are:
Wy =~ 3% 10% (m — ng)w, ~ (0-8)x105, w ~ 10%
wg ~ 10* and veg ~ 2 x 10°. Since the w and wy fre-
quencies are negligible relative to the other frequencies
in (25), especially veg, they will be neglected henceforth.

In (25) v = £vy/1 = ABo(p,0)/Bmax is the parallel
electron speed in which v = /(2/m.)(€ + e®) is the
total speed, € = mevﬁ/2 + By — e®Pq is the total guiding

center energy, u = m.v3 /2B is the magnetic moment
and A = pBnax /€ is a dimensionless velocity-space pitch-
angle variable. For untrapped electrons 0 < A < 1, while
for trapped electrons 1 < A < Bax/Bmin-

The first term in (25) will be annihilated by integrat-
ing over a bounce period using the operator § d¢/ v =
¢ Bodf/(vyBo-V#). Integrating over the cyclic trapped
electron trajectories yields an equation for the trapped-
particle 6h; in which the inhomogeneous term on the
right vanishes; its solution requires dh; to vanish. Physi-
cally, trapped particles don’t carry any parallel flows over
distances longer than the poloidal periodicity length.

Next, (25) will be integrated over the poloidal
periodicity of untrapped electrons using a bounce-
averaging operator [*_df By/(vBo-V#6). Then, ne-
glecting w and wq, wusing a Lorentz scattering
model electron Coulomb collision scattering operator
Cu{f(e,w)} = mevyr(v) (9/0u)[(1v)/Bo)(df/0p)] in
which v(v) = (4mnZoge* InA)/({4meq}>m20?) with
o = ZZ nZ-Zi2 /mne is the Lorentz model collision fre-
quency and dividing by (By/v) [ d6/Bg-V6 yields

Biax 0 ()\<v|>66hu)

kv Shy — 2 (A=
T Y5 A\ Mo o
<5Bpm/n> !
- — . 2

v BtO fMe ( 6)

Here, (---) indicates the flux surface average in (14).

The magnetic-shear-induced parallel wavenumber

—nla(p) — m/n]/Rq(p) = Kj(p)x in which k|(p)

—mdq'(p)/ld*>(p)R] = —keo/Ls with poloidal wavenum-

ber kg = m/p, local magnetic shear length Lg =

Rq(p)/s(p), local shear parameter s(p) = pq'(p)/q(p)

and ¢'(p) = dq(p)/dp. The radial distance off the ra-
tional surface is defined most generally by

q(p) —m/n
T=E ———"— 0= Pm/n- 27
7(p) / @
_In these formulas the FSA average major radius is
R = (Byo/2mq) ffﬂ d0/Bo-VO = (Byo/27I) ffﬂ df R? ~



Ry in which Ry is the major radius of the mag-
netic axis. In (26) the poloidal-angle-averaged un-
trapped non-adiabatic distribution is &hy(p,v,\) =
(1/27) [T _dO Ry sy and a () 8 6hy/ON) ~ O{e?} term
due to O{e} poloidal variations of v and Shom /n inside
the collision operator has been neglected. The magnitude
of the radial component of the m/n magnetic perturba-
tion source term on the second line of (26) is
6B 0B-Vp

[ o 5
/ |

which yields the usual definition for the “normal” (radial)

projection of the m/n component of RMPs. 315

Since 6h, is a mostly separable function of its three
independent variables, it is convenient for write it as

et (mO—nC+om /n)
<6Bp m/n> =

B,-V9

Shu(p,v,\) = — D(p) V(v,p) A\, z,v), (29
D(p) = (6B, mn)/Bro, (30
V(v,p) = [v/2v(v)] fie- (31
Using this representation of dh,,, the perturbed DKE (26

can be written as a second order partial differential equa-
tion for the pitch-angle function A()):

(8- (35 2

o — T T

>A1, (32)

in which z and v are parameters. The boundary condi-
tions (B.C.) for A(\) solutions of this differential equation
are: 1) JA/ON finite at A = 0 and 2) A(A=1) = 0, to
connect smoothly to the trapped particle solution where
the corresponding A;(A) =0 for 1 < A < Bax/Bumin-

B. RMP-induced parallel flows, radial fluxes

In terms of the v, A\ velocity-space coordinates, the

integral over the untrapped region of velocity space is
1

Jud () = X, (7Bo/Buax) fy v*dv fy dX/lvy| (--+)

in which ¢ = sign{yj}. Thus, the untrapped elec-

tron density perturbation induced by <6BP m/m) Will be

o1y = 3, (7Bo/Bmax) [, vidv fol dARe{df}/lvy|. As
is evident from the v symmetry properties of (26) and
(32) and will be demonstrated explicitly below, the real
part of dh, is odd in v)|. Hence, it does not contribute
to dn. and the perturbed electron density is just the adi-
abatic response on, = neged®/T,. A similar analysis
for ions also yields an adiabatic response. The quasineu-
trality condition 0 = Y _gs0ns = (>, nsq2/Ts )(5<I> thus
yields the requirement that §® = 0. Hence, <6Bpm/n>
perturbations do not induce an electrostatic potential
perturbation §® and the perturbed electron distribution
is only due to the non-adiabatic contribution: d fo = dh.

Since 0h,, is odd in v||, the <6f3pm/n> helical pertur-
bations induce an electron flow and conductive heat flux
parallel to the m/n helical pitch of the field lines:

A L3/
|:5qe|t/Te] /d””\l [ng’a/z) dfe

By /“’3 { 1
= — 27 [ v2dv
Bmax 0 (y -

in which Lé?’/z) =1 and L(13/2) = 5/2 — y are Laguerre
polynomial functions of the normalized electron kinetic
energy y = mev?/2T,. Averaging the flows over poloidal
angle 0 [at constant helical angle « = { — (m/n)6)], again
neglecting O{e?} effects due to O{e} poloidal variations
of By and dh,, and using for the Lorentz collision fre-
quency v(v) = (3y/7/4) Ve (v7e/v)? and the representa-
tion of §h, in (29), the poloidal-average of m/n helical
flows in (33) induced by 5Bf;lm/n in the plasma are

g)} /Old/\ Re{oha}], (33)

— 1
ne OVl 0B (OB} n)
— —ne—Le PN o5 (nav+ wt — Oy i
6qe”t/T€ Ve Bto ( pm/ )
" Koo Ko | dInp./dp (34)
K10 K11 dlnTe/dp

in which the dimensionless kinetic coefficients K;;(x) are

Koo Ko1 Byo
= A
l:KIO Kll:l max 37r/dyy < /dA‘Re{ }|

Lol 0] )

The flux-surface-averaged radial electron density and
conductive thermal fluxes induced by a single m/n com-
ponent of the RMP-induced dB in the plasma can be
calculated from the kinetic-based radial flux definitions:

ST/ :[ (6T~ V p) }
sY™/ T, |~ | (0ae-Vp)/Te

</d3v5fe [ )]Vgc Vp>
- </ud3v5he {(y_lg)} Yl 5]3‘;(-)Vp>

- Ne (57‘/6‘“ 5Bpl 'Vp
3qepe/Te Bto

— _ne[Det DT

Xn Xet

[maser)oo

Here, the matrix of radial transport diffusivities are

pr/m pn/ _ Ve 1 M Koo Ko
m/n _m/n Ve 2 Bio Kio Kui1 |

Xn Xet
(37)




The radial electron density and heat fluxes in (36) are the
same as the flutter-induced I'yy g in Eq. (112) of Ref. 25
and thermal flux Tq in Eq. (58) of Ref. 26.

The effects of the various m/n helical §B components
on the parallel flows and radial transport fluxes are inde-
pendent. Thus, they have been calculated quasilinearly.
Since the transport responses from various m/n RMPs
usually overlap to some degree at each radius in the edge
plasma, the total RMP-induced radial transport fluxes
result from summing over all relevant m,n values:

(SFE;MP _ DRMP DRMP dln ﬁe/dp
STRMP/T | © | xBMPyRMP dInT,/dp
(38)

in which the total RMP-induced diffusivities are

DRMP  pRMP pm/n pm/n
{ RMP , RMP ] - Z l ;t/n ;L/n ] - (39)

XTL Xe mn Xn Xet
Because the K;; matrix in (35) is symmetric, so
are the RMP-induced diffusivity matrices in (37) and
(39). Thus, the RMP-induced transport fluxes are
Onsager-symmetric in terms of the thermodynamic forces
dnp./dp = dlnp./dp — (e/T.)(dPo/dp) and dInT,/dp.

The toroidal model parallel fluxes and radial trans-
port fluxes in (34)—(39) are analogous to the cylindrical
model results!? that were summarized in (4)—(13). How-
ever, there are some key differences. The main one is
that there are off-diagonal transport flux contributions
due to the D;'f/n and /™ coefficients in (36) and (38).
Thus, the RMP-induced radial electron density flux in-
cludes an electron-temperature-gradient-driven flux con-
tribution and the conductive electron thermal flux in-
cludes a pressure-gradient-driven contribution. In ad-
dition, definitions of various quantities are changed: the
radial components of the RMP-induced magnetic pertur-
bations ((5Bpm/n <5B/1;’lm/n>), the spatial variation of
the diffusivities [coefficient G.(z) — K;;(x) coefficients],
the width of the region of maximum RMP-flutter-induced
transport [0 — J); to be defined in (53) below], the ref-

erence parallel electron thermal diffusivity [X”c — Xﬂif

in (43) below| and the ratio of the density diffusivity to
the electron thermal diffusivity (2/5 — Koo/K11)-

Next, solutions of (32) for A(A, p,v) will be obtained
and the Kj; coefficients determined in relevant asymp-
totic regimes, along with their regimes of validity. These
results will then be stitched together to obtain the to-
tal magnetic-flutter-induced parallel electron flow Weut

and conductive thermal flux Ee”t, and resultant radial
electron density and thermal fluxes STREMP and §TEMP.

C. Solution for A near a rational surface (kj~0)

On and near the ¢ = m/n rational surface k| ~ 0. Set-
ting k) = 0 in (32) and integrating the resultant equation
over \ from 0 to A and then once again from A to 1 using

the boundary condition dh, (A=1) = 0 to connect to the
vanishing trapped particle solution yields

1 /
dA
Ak :()(/\) 5/7. (40)
: x (o (N, 0))/v
As noted earlier, this function is odd in the sign of v).
The pitch-angle integral in (35) of the Ay ~o in (40) can
be integrated by parts over A to yield

! ! Ad\ 4B,
AdAAkIIZO :~/0<g/1_)\B/Bmax>:3 < > fC
(41)

Here, f. is the flow-weighted fraction of circulating (un-
trapped) particles that is well-known from neoclassical
transport theory.?” Since this result does not depend on
v, performing the y (energy) integrals in (35) is straight-
forward. Neglecting O{e?} effects so (BZ) ~ B2, yields

Ko Km} < max) 8 [6 9 }
= c —_— . 42
{Kw Ky, oy 0 / By ) 97 |9 75/2 (42)

Thus, using xg/ " from (37), the reference parallel diffu-
sivity in (7) is changed for the toroidal model to

1)2 mdx
X —K11k||~0 Je

100 13,
By .

3T Ve

(43)

The numerical coefficient in this toroidal model is an
order of magnitude larger than the cylindrical model co-
efficient of (5/4) ((ny)/no)® in (7) — mainly because
in the kinetic toroidal model a Lorentz model colli-
sion frequency with v(v) oc v=2 has been used which
emphasizes contributions of suprathermal electrons in
the Maxwellian distribution to parallel flows. In the
toroidal model (f. Bmax/Bto) replaces ((n,)/ng)® as
the factor that accounts for the fact that only un-
trapped electrons contribute to parallel flows. Setting
the untrapped particle factor in (43) to unity yields the
Lorentz model parallel electron thermal diffusivity of
Xgl\ = (200/37) (Te/mev.) which is 1.7 times the value
Braginskii'® quotes for the Z; — oo Lorentz collision
model limit. The ratio of the off-diagonal coefficients to
Koo ky~o of 3/2 in (42) reflects the electron thermal force
effect and its Onsager-symmetric frictional heat flux con-
tribution, which in the Lorentz collision model limit is
3/2 instead of the usual 0.71 factor!® for Z; = 1.

Using the results from (42) in the first row of (34) yields
a parallel electron current density W” = —nee We”t for
Ky ~ 0 induced by the m/n RMP-induced field of

cos(na + wt — Py, /)

. 1 .
T

T, dlnp, e dPgy 3dInT,
— - - 44
X@K dp Tedp>+2 dﬁ]’()

in which the toroidal Lorentz model parallel resistivity is

1 3l MeVe
chmax/BtO 32 n662

ne = (45)



When the untrapped particle factor f.Bmax/Bio is set to
unity, this is the usual Lorentz model collisional parallel
electrical resistivity'® with numerical coefficient 37/32 =
0.29 for Z; — 0o. As can be seen from the form of (44),
this W” can be derived from the equilibrium parallel elec-
tron momentum equation. The T, gradient contribution
to (44) results from the electron parallel thermal force.
For the Appendix B parameters € ~ 0.33 yields®® f, ~
0.25, and hence (Bmax/Bto) fe =~ 0.33 which is about
double the ({n,)/ng)? value of about 0.17. The toroidal
Xﬂif ~ 2.45%x10'% m? s~ is about 17 times larger than the

corresponding cylindrical result in (7). And the toroidal
Lorentz model parallel resistivity is nf ~ 0.9 mv,/n.e?.

D. Boundary layer solution off rational surface

To evaluate the RMP-induced effects off the m/n ra-
tional surface in the kinetic toroidal model, a solution of
(32) is needed for kj # 0. For large k| the untrapped
electron distribution solution of (32) for A will be local-
ized in A near the untrapped-trapped particle boundary
where A < 1. Thus, defining A = 1 — X and anticipating
that A < 1, the A inside the collision operator in (32) can
be approximated by unity and (v|/v) can be evaluated
at A = 1. Thus, in the large k& limit (32) becomes

k 1
i koS, v i B W

ot /o)” (46)

in which the effective (large, complex) wavenumber is

_ [1ky(@)] v (Bto/Bimax) 1/2
= 41/(U) |<’UH|X:1/U>|

Complementary solutions of the homogeneous part of
(46) are of the form e*VEZkaA — o2(1£)kaA - The un-
trapped solution of (46) must vanish at the trapped par-
ticle boundary (A = 1, A = 0). For kaA > 1 its real
part must asymptotically vanish and have Zm{Ag 20} =
— (1/2k3) (kg /k)/{v)[x=1/v). The boundary-layer-type
particular solution of (46) that satisfies these B.C. is

(i/2k3) (kyy /1y |)
(v)|x=1/v)

. . k .
X [1 — e X coska\ — z‘k—”| sin k;)x)] . (48)
I

kx(z,v)

(47)

Agyzo=—

Since, as for the & ~ 0 solution in (40), this solution is
odd in v, dne = neoed®/T,, which by quasineutrality
requires & = 0. The pitch-angle integral in (34) of the
Ak, 20 in (48) can be integrated (for kaX > 1) as follows:

1 1 1 ~ ~
dARefA = —/ dhe” B3 sin ky )\
JRCEN 2R2 oy o /)] Jo .
1

= T o /o) (49)

The criterion for the validity of the large k| solution
in (48) is kx(z,v) > 1. Using the Lorentz model col-
lision frequency v(v) = (3/7/4) ve v, /v, the effective
wavenumber k) can be written as

ka(z,0) = [X|V2 07, = |X[V?y, (50)
in which the normalized distance from p,, ,, is

X = = ~ ) (51)
It 7' (p) o6 7' (p) o6
Here, the toroidal magnetic-shear-influence width is
Ct LS
o = —— =Cct—n\y 52
|t ‘kﬂ | /\e Ct k‘g)\e ( )
Bmax
e = 3V [(v)[a=1/v)] ot (53)
t0

For a model field By(6) = Bmax —
one can show that |(v)[x=1/v)| = (

(Bmax — Bmin ) sin6/2,
1 — By(0)/Bmax) =~
(2/m)\/1 — Bmin/Bmax- For the parameters in Appendix
B where Buin/Bmax ~ 1/2, this yields |[(v)[ax=1/v)| ~
0.45. Hence, together with Bp,ax/Bio ~ 4/3 this gives
¢t ~ 3.2, which is about 2/3 of the analogous factor of
V2 (no/(n.))? ~ 4.7 obtained in (9) for the cylindrical
model. For the parameters in Appendix B the character-
istic radial layer width d); is about 0.146 cm.

Using the integral of A from (49) and the definition of
ky from (50) in (35), the integrand of the integral over y
in the matrix of Kj;; coefficients for &k # 0 is just e™¥.
Thus, performing the integrations over y in (35) yields

[Koo Km] 1
Kio Kn

BtO/Bmax 1

ko X7 (vj]aa /o) 6

<[ a2 130 |

(54)

This toroidal result for kj # 0 decreases as |z|~%/? with
distance from the rational surface — because of the colli-
sional boundary layer effects. Thus it decays more slowly
than the cylindrical model’s =2 decay in (8).

E. Comprehensive radial transport fluxes

The k| # 0 solution in (48) is only valid asymptotically
for k) > 1. Hence, using the definition of &y in (50), the
Ky # 0 solution in (48) is applicable for

y > 1/|X|"/2, for k # 0 solution in (48).  (55)
When k) < 1, the pitch-angle “boundary layer” covers
the entire untrapped particle region of velocity space.
Then, the k| ~ 0 solution is applicable. The k) < 1
criterion yields

y < 1/|X|Y2,  for k| ~ 0 solution in (40). (56)



One additional constraint on the solution in (48) is that
untrapped electrons must remain in a low collisionality
regime where the effective electron collision frequency V§§
in the boundary layer is less than the bounce-averaged
transit frequency (w,) for the relevant untrapped elec-
trons. The effective collision frequency in the boundary
layer can be estimated from the bounce-averaged collision
operator in (26): V§§ ~ 2v(v) k3 (Bmax/Bio) (v)[a=1)/v.
Since at the edge of this boundary layer A = 1, the
bounce-averaged transit frequency will be estimated to
be (wy) ~ (v)|x=1)/Rq. Using these estimates, the crite-

rion Vfé < {(wy) can be reduced to

2 By )_‘6(10)
3ﬁ Bax RQ(P).

For the pedestal parameters in Appendix B X =~ 17.
The boundary layer constraint in (55) and the low colli-
sionality constraint in (57) for the validity of the kj # 0
solution in (48) can be combined into a single constraint
on the dimensionless electron energy variable:

1X| < Xt = (57)

y > ymin = max{1/| X"/, 1/X) (58)

The A solutions obtained in the preceding two subsec-
tions can be combined into a Padé approximate?® form
by energy smoothing3® via integrating the solutions over
their applicable energy ranges and adding the results.
Doing so using the constraint conditions in (56) for the
k) ~ 0 solution in (40) and in (58) for the k) # 0 solution
in (48) yields for the total toroidal model dimensionless

kinetic coefficients [normalized via (13/4) K11, 0]

[Koo Km} _ Bio/Bmax 13 {Goo Gm] (59)
Kio Ku |, (v)la=1/v) 247 [ Gio Gi1 |’

in which the matrix G;;(x) of dimensionless, spatially
dependent geometric coefficients is

Goo Gor _ 4
Gio G11 13|X‘3/2
1/2
XP”/“XE_ /m N[ v
x| —— [ dyye Y+ [dye? 2 1.(60)
( CHt 0 Ymin yig (yi %)2

The |X[*/?/¢, coefficient of the first integral represents
the ratio of the coefficient preceding the matrix in (42)
to the corresponding one in (54), which yields

3 BtQO/B2
cly = — ——Lmax 61
1t = 16 7, {oy s /) (61)

For Appendix B parameters this coefficient is about 0.94
and the coefficient of the G matrix in (59) is about 0.29.

The energy (y) integrals in (60) can be written in closed
form but are rather complicated; hence they will not be
written out here. The G;; matrix coefficients are even
functions of X. For |X| > 1 they decrease as |z|~3/2,
which indicates a slower decrease with increasing x than
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FIG. 1. Function X3/2G11(X) for Xeme values of 1 (blue), 3
(red), 10 (yellow) and > 25 (green) for ¢y = 0.94.

the 272 decrease in the cylindrical model indicated in (8).
As Figure 1 shows, the G;; matrix has been constructed
so the radial electron heat flux coefficient | X |3/2G1; be-
comes unity in the |X| — oo limit when X5 — oo
(Ymin — 1/|X|1/2). For small |X|, Gy; is larger than
unity. At the rational surface it becomes rather large:
limx 0 G11(X) = 150/ (13 ¢);) to yield the x}°f in (43).

It
All the other | X|*/2G;; coefficients are less than unity
in the |X| — oo limit. In particular, in this limit the
ratio Goo/G11 = 4/13 for X5 — 0. Thus, the ratio

m/n

of the electron thermal to density diffusivity x7/"/D""
is about 3.25 in this limit, which is approximately appli-
cable midway between rational surfaces. Also, whereas
the ratio DI/"/D™/™ is 3/2 on a rational surface [see
(42)], this ratio is about —3/2 midway between rational
surfaces [see (54)]. Thus, the sign of the dInT,/dp con-
tribution to the RMP-induced radial particle flux 6T RMF
reverses sign and thus reduces it as one moves away from
rational surfaces. Similarly, the pressure gradient ther-
modynamic force defined in (5) reduces the RMP-induced
conductive radial electron heat flux §YEMP midway be-
tween rational surfaces.

IV. DISCUSSION

The radial variations of the RMP-flutter-induced elec-
tron thermal diffusivities deduced from the toroidal and
cylindrical models will now be compared for the DITI-D
pedestal top parameters in Appendix B. The sum of the
Xéo/s and Xil/g diffusivities induced by 10/3 and 11/3
RMP fields will be illustrated in the 1/ng’ ~ 2.8 cm be-
tween these two rational surfaces in terms of the dimen-
sionless radial variable X = x/J of the toroidal model.
The cylindrical-based formula given in (12) will be used
for the radial variation of the m/n RMP fields in the
plasma for both the cylindrical and toroidal models. The
resultant electron thermal diffusivities are shown in Fig. 2
for the cylindrical model with flow-screening factors fycr
of 4 (visco-resistive MHD model’®9) and 30 (resistive
MHD model*®1%19) " and for the toroidal model in the
physically most relevant fs.; = 4 case.

The salient features of the radial profiles of the RMP-
induced electron thermal diffusivities shown in Fig. 2 are
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FIG. 2. Radial variation of Xé0/3 + Xé1/3 for the cylindrical

(dashed lines) and toroidal (solid line) model radial electron
thermal diffusivities induced by the 10/3 and 11/3 RMP fields
in the ~ 1/ng’ ~ 2.8 cm between their rational surfaces for the
parameters in Appendix B. Here, X = x /) is the normalized
radial distance from the 10/3 rational surface.
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FIG. 3. Schematic illustration of the predicted electron tem-
perature (keV) profiles in the ~ 1/nqg’ ~ 2.8 cm between the
10/3 and 11/3 rational surfaces for the fser = 4 cylindrical
(dashed line) and toroidal (solid line) model electron thermal
diffusivities shown in Fig. 2.

as follows. In the cylindrical fi., = 30 case YRMF is spa-

tially constant at a value of about 0.172 because the spa-
tial variations of G.(z) and 5B§1m /n(x) cancel for the cho-
sen parameters.'® On the rational surfaces (| X| — 0, 20)
the fyor = 4 diffusivities are large — X;Z/"(o) ~5m?s7!
for the cylindrical model and y"/™(0) ~ 85 m2s~! for
the toroidal model. However, as shown in Fig. 3, while
such large yEMF values flatten the T, profile around ra-
tional surfaces, the average gradient of the T, profile is
determined mainly!?3! by the minimum thermal diffu-
sivity between rational surfaces.

The minima midway between the 10/3 and 11/3 ra-
tional surfaces are only slightly different for the cylin-
drical and toroidal models: min{Y}MP} ~ 0.4 m?s~!
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and min{xEMF} ~ 0.5 m2s~!. The spatially-averaged!?

RMP-flutter-induced radial electron thermal diffusivities
inferred from the AT,/Ap changes they induce between
the 10/3 and 11/3 surfaces are also only slightly different:
YEMP ~ 0.7 m?s7! and YBMP ~ 0.9 m?s7! for fi, ~ 4.

The RMP-flutter-induced yEMF ~ 0.7-0.9 m2s~! val-
ues estimated here for fi., = 4 are slightly larger than the
experimental x2%5, ~ 0.6 m?s~! in the absence of RMPs
at the top of DIII-D pedestals.!? If the effects of addi-
tional m/n RMP fields were added they would increase
the estimated values slightly. However, the predicted
YEMP values would still be less than the RMP-induced

experimentally inferred value!® of X?é\f(g ~4m?s7! In

addition, the experimentally observed!!:'? gg5 ~ 3.5 res-
onance sensitivity is not evident in the present estimates.

A key determining factor in these estimates is the use
of the cylindrical-model-based flow-screened radial RMP-
induced profile in (12). Recent M3D-C1%5 fully toroidal
two-fluid visco-resistive simulations by Ferraro®? indi-
cate the flow-screened 6E§1m /n(x) profiles can increase to
roughly their vacuum values before they reach the next
rational surface. This implies that the kg factor in (12)
should perhaps be replaced by 2 ng’, which would in-
crease the predicted YRM¥ values by a factor of 2-4. Also,
radial variations around the 10/3, 11/3 and 12/3 ratio-
nal surfaces are apparently more complicated than (12)
indicates. Thus, the most important factor for making
detailed comparisons of this RMP-flutter-induced plasma
transport model’s predictions with experimental results

is to use the numerical §B”  (z) profiles!®:32
pm/n

ating the /" formulas in (11) and (37).

The preceding discussion assumed that RMP-flutter-
induced radial plasma transport occurs throughout the
region between the 10/3 and 11/3 rational surfaces and
that if magnetic islands are present at either of these ra-
tional surfaces they have negligible widths. While mag-
netic islands of half width W/2 (~ 0.7 cm, Xy ~ 5
for fs.r = 4) bifurcate the magnetic topology?? and dra-
matically increase the effective radial plasma transport
near rational surfaces,?® the RMP-induced 7T, gradient
midway between rational surfaces is not affected much.
Thus, the presence of non-overlapping magnetic islands
at the rational surfaces would probably reduce the aver-
age AT, /Ap somewhat. However, they would not change
the overall conclusion here that the radially-averaged
YEMP s determined mainly by the minimum electron
thermal diffusivity midway between rational surfaces.

The RMP-induced flutter can also have other ef-
fects on plasma transport in the edge of tokamak plas-
mas. Because parallel flows are proportional to the par-
allel diffusivities, the corresponding RMP-induced ion
parallel flows and radial fluxes will be smaller than
those for electrons by a factor of (v3,/v;)/(v%,/ve) ~
(me/mi)?(T;/T,)>/? ~ 1/60 and hence are negligible.
Thus, the RMP-induced radially outward electron den-
sity flux STREMP causes an inward radial current density
6J,§MP = —edI'BMP | This causes a co-current toroidal

in evalu-



torque density on the plasma of 07, = eéI‘?MPw; > 0,
which results from a (e¢-0Jx0B1 ) term in Ref. 25,
in which e = R*V( = Ré; is the covariant base vec-
tor. This process produces a quasilinear-type toroidal
torque density on the edge plasma in the co-current di-
rection, which would increase plasma toroidal rotation
there. This is qualitatively consistent with the RMP-
induced increases in the toroidal rotation of the carbon
impurity component observed in DIII-D — see Fig. 6h in
Ref. 11 and Fig. 4.19b in Ref. 20.

These RMP-induced torque effects are not included in
the present linear calculations'®1® of the RMP-induced
fields in the edge plasma. Thus, the present analysis is
not self-consistent. Exploration of these nonlinear RMP-
flutter-induced plasma transport and torque effects on
the 53351771 /n(x) profiles, magnetic reconnection and for-
mation of magnetic islands is left for future work.

V. SUMMARY

This paper has developed a kinetic, toroidal model of
plasma transport induced by externally applied resonant
magnetic perturbations outside magnetic islands at ratio-
nal surfaces. To lowest order the ideal MHD constraint
requires B VT, ~ 0 which causes the fluid collisional®
parallel electron heat flux g to vanish. However, the
kinetic effects of electron collisional damping in combina-
tion with RMP-induced spatial flutter produce a higher
order dg. # 0 and B-VTye # 0. The physics and irre-
versible processes responsible for transport are discussed
in the Introduction and Appendix A.

The RMP-flutter-induced radial electron density and
heat transport fluxes are given in (38), for which dif-
fusivity coefficients are specified in (37), (39), (59) and
(60). Also, as discussed in the preceding Section, since
the corresponding ion fluxes are negligible, the outward
non-ambipolar radial electron density flux creates a ra-
dial current density which usually induces a co-current
toroidal torque density on the edge plasma.

These toroidal model results are qualitatively simi-
lar to the previously derived cylindrical model results.!?
Most of the results are quantitatively less than a factor
of two different for the DIII-D pedestal top parameters

in Appendix B — except for Xﬂ‘;f in (43) which is more

than order of magnitude larger than yef

lle
because a Lorentz collision frequency v(v) ~ 1/v3 is used
in the toroidal model. Some of the main physics-based
differences are: the v(v) ~ 1/v3 used in the toroidal
model causes the plasma transport fluxes in (38) to have
“off-diagonal” contributions in contrast to the “diagonal”
cylindrical model fluxes in (10); the f. factor in (43) rep-
resents the fact that only circulating particles carry paral-
lel flows in low collisionality plasmas; the toroidal model
magnetic-shear-influence width d; defined in (53) scales
differently with aspect ratio and is somewhat smaller
than the J)¢ in (9); and, far from rational surfaces the

in (7), mainly
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toroidal model geometric factor G;; ~ 1/|z|3/2 in (60) de-
creases more slowly than the cylindrical model G ~ 1/x?
in (8) — because of the kinetic-based boundary-layer ef-
fects in the pitch-angle distribution given in (48).

The radial variation of the RMP-flutter-induced radial
electron thermal diffusivities in the toroidal and cylin-
drical models are illustrated in Fig. 2. While they differ
significantly near rational surfaces and spatially, Fig. 3
shows their effects on the T, profiles are similar. The
radially-averaged!? RMP-induced radial electron thermal
diffusivity is determined primarily by the minimum dif-
fusivity midway between rational surfaces.

The RMP-flutter-induced electron thermal diffusivity
at the top of DIII-D H-mode pedestals is estimated to
be slightly larger than the corresponding diffusivity be-
fore RMPs are applied. See Section IV and Ref. 19 for
more details on comparisons with DIII-D data. Thus,
the RMP-flutter-induced electron transport should re-
duce the T, and n, gradients at the pedestal top. These
decreases reduce the pressure-gradient-drive for peeling-
ballooning instabilities and can thus contribute signifi-
cantly to suppression of ELMs in these discharges.'%!

More precise quantitative comparisons with experi-
mental results will require numerical evaluations using
detailed flow-screened RMP-induced radial magnetic per-
turbations 6351171 /n(x) in the edge plasma obtained from

linear two-fluid MHD modeling.'® Also, consideration of
the quasilinear toroidal torque density induced by the
RMPs and its effects on plasma toroidal rotation (and
hence radial electric field?) are left for future work.
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Appendix A: Irreversibility in and validity
conditions for the flutter transport model

Collision-induced irreversibility is critical for produc-
ing RMP-flutter-induced radial plasma transport. It is
manifested through the finite electron-collision-induced
parallel electron thermal and density diffusivities and
fluxes. These effects on the T, profile near a rational



surface will be illustrated by first considering the ef-
fects of an infinitely large (collisionless) parallel electron
thermal diffusivity using a cylindrical model. Then, the
kinetic-based effects of an electron collision damping rate
Ve that is comparable to the free-streaming frequency
ky(z) vre will be considered and related to the cylindri-
cal model results developed previously!'® (see Section IT).
In particular this appendix discusses, for field lines out-
side any island at the m/n rational surface, how elec-
tron collisions cause a finite dq.| # 0 and consequently
a small B-VTY # 0, and why the radial gradient of
T. and the lowest order electron Maxwellian distribu-
tion are just functions of p, i.e., VT, ~ VpdT,/dp and
V fume = Vpdfae/dp 50 6B -V fare > 6B, dfue/dp.

The collisional Braginskii'® parallel electron conduc-
tive heat flux is

BB B
Qe|| =~ NeXe| Bz VT, = —nexe|\§v||Te~ (A1)

Near the ¢ = m/n rational surface the 6B,.,, , magnetic
perturbation is usually dominant. Then, using the local
helical variables 7,0, in which & = ( — (m/n)6 and
a total magnetic field B = Bg + 6B,,/,, the parallel
gradient of T, can be written for the cylindrical model as
[see discussion preceding Eq. (21)]

BV”Te =B-VI,=By-VT,+ 5Bm/n°VTe

oT,
°+6B VT,
da + m/n

e )

k()

T,
>~ — BO
n

Oa

The last form is obtained using B -V8/By ~ 1/Ryq and
ky(z) = — (¢ —m/n)/Roq ~ —nq'z/Roq = — kox/Ls.

Neglecting local sources and sinks, the flux sur-
face average (FSA) equilibrium electron energy balance
equation in the vicinity of a rational surface becomes
(V-qe) ~ 0. In the limit where collisional parallel elec-
tron heat transport is large compared to perpendicular
electron heat transport, this becomes simply

+ 0By jn-VT.. (A2)

0~ <V'qe||> = %% [T<qe||'ér>]

1d [ /é&-0B
=—-— [7“ <B neXe|V|Te>:| , (A3)
0

rdr

in which &, = Vr is a unit vector in the radial direction.

In the collisionless limit where x| — oo, (A3) is sat-
isfied by setting the VT, in (A2) to zero. Assuming
T. = Teo(r) + 6T (r,a) and a radial magnetic pertur-
bation 6B, ,,/n = €+0Bp,m = 5B, m/n €08 (nav), the
BV T, = Bo -V T, + 6B, /,- VT, = 0 condition is

_ k}H(I) 8§Te 4 5Brm/n
By

cos (na) 2 [Teo + 0T¢] = 0.

ar
(Ad)
Neglecting 07, /0r and using the boundary condition
that 67, should vanish if 6 B,.,,,, vanishes, this equation

n Ja
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can be integrated over a to yield

1 5Brm/n
By

sin (na) %, (A5)

which is likely to be too small and radially localized to
be experimentally observable.

The nonlinear term 6B, ,,, /, |d 0T, /dr| in (A4) is negli-
gible in obtaining (A5) from (A4) if

|dTeo/dr| > |d 6T, /dr|, (A6)
which yields the condition
. 1/2
6Brm/n(rm/n) Lg w
= | ——= = = —. A

Here, W is the width?? of the magnetic island produced
by the § B,.,,, /, helical magnetic perturbation at the ratio-
nal surface that results from magnetic reconnection there.
Physically, this condition indicates the flutter transport
analysis will only be valid outside any island around the
m/n rational surface. This is also the validity condition
for the radial field line flutter equation in (1). For the
DIII-D pedestal top parameters given in Appendix B,
x. ~ 0.36 cm for a flow-screening factor fe, = 4 while
for fir = 30 one obtains x, ~ 0.13 cm.

The ¢6T.(r, ) solution in (A5) represents the effect
of advection of the electron temperature by the ideal
MHD magnetic field perturbation éB = V X (§€xBy)
induced by a fluid perturbation 0. To see this
note first that an incompressible fluid perturbation
5¢ = &,0¢, sin (—na) causes a 0B,,,/, = €-0B ~
(Bo-V)(&,-6€) ~ ky(x)cos(—na)By 6¢,. On a heli-
cally perturbed (but still closed) magnetic flux surface
Te(x + 6&) =~ Teo(r) + 06, dTeo/dr = constant. Note
that since —na = kj(x)f, the fluid displacement 0§, =

(6B, m/n/Bo)[sin(—na)/k|] is the same as the radial field
line excursion dx = & — x in (1). The radial fluid per-
turbation ¢&, induces the T, perturbation 0&, dTeo/dr ~
— (1/ky)) (0B, ynjn/ Bo) sin(na) dT.o /dr, which has the op-
posite sign of the §T,(r,a) in (A5) which is the 6T, ~
— (B +V)~1B -VT, required for obtaining B -V T, = 0.
In the collisionless limit it is x| ~ 1/v, — oo which
enforces B-VT, — 0. Then, T, is constant along the
total magnetic field B = By + 6B and q,; = 0. This
is the ideal MHD limit in which the “frozen flux the-
orem” requires electrons and the entire electron fluid
to move together with the magnetic field as it is per-
turbed. However, this is a singular limit since from (A1)
—qe|/ne = (B/B) x|V Te — 00 x 0, which is taken to
be zero in ideal MHD. This singular limit is resolved by
electron collisions, whose effects will be discussed next.
In contrast to ideal MHD, in dissipative fluid mod-
els electron collisions facilitate irreversible parallel flows
and radial electron motion relative to the magnetic field.
They do this via a combination of the electrical resistiv-
ity in the parallel electron momentum equation (Ohm’s



law) which causes slippage of the electron fluid through
magnetic field lines and finite parallel electron heat flux
in the electron energy balance equation. These electron
collisional effects resolve the singular behavior and allow
0B,,/,, perturbations to produce a finite dg.| near m/n
rational surfaces when x| is finite, not infinite.

For example, the parallel component of the per-
turbed collisional heat flux equation is given by 0 =
—v%eneV“Te — Ve0qe. While to lowest order in v, this
relation requires VT, — 0, electron collisions cause the
higher order V| T¥¢ to be nonzero when dq # 0. Thus,
outside any magnetic island at the m/n rational surface,
to lowest order T, is just advected by the ideal MHD
fluid perturbation §&, = x — xg, but at higher order elec-
tron collisions cause dg.| # 0 and V| TY¢ # 0. Since
0Te ~ sinna and 0qe| ~ 6By, n ~ cosna are different
out of phase fluid moments and both are unknowns, a
kinetic-based description is needed to determine the ef-
fects of v, on the higher order relationship between dq.
and V) Tye.

Kinetic distortions of the electron distribution away
from a lowest order Maxwellian distribution fye are
caused by the parallel motion of the electron guid-
ing centers along the radially fluttering RMP field éB:
dofe/dt ~ —(v)/Bo)dB -V fye — see Egs. (15)-(18).
The question then is: what does V fye depend on? This
can be determined by exploring the r, o dependence of
VT, =¢6.(6.-VT,)+é,(é,-VT.). As indicated in (A6),
when the condition in (A7) is satisfied the radial gra-
dient of §T, is negligible and hence &,-VT, ~ dT./dr.
Further, e,-V T, is negligible compared to the lowest or-
der dT,o/dr for x > Ls(0B; y,/n/Bo), which is generally
a less stringent condition than (A7). Thus, under these
conditions VT, ~ &, dT.o(r)/dr. Hence, as long as the
condition in (A7) is satisfied fye will only be a function
of r or p and 0B -V fye ~ 6B, 1 jndfue/dr, as derived in
(16) from the lowest order drift kinetic equation.

The kinetic-based electron collisional damping effects
can be illustrated by analyzing the solution of the
bounce-averaged Eq. (26). Representing the Lorentz
electron collision operator in this equation by — vegdh,
and re-inserting the frequency w, Eq. (26) becomes

[l/eff +1 (k‘HO'”U — w)] Ohy + (O’U/BQ)<5Bm/n-VfMe> =0,
(AS)
in which o = sign{v)}. The physically relevant solution
of this equation is of the form

(Jv/BO)<6Bm/n'VfMe>
Vot + i [ky(2)ov — W]

Re{dh,} = —Re{ } . (A9)

In the collisionless limit this solution is singular and
an electron Landau-type resonance occurs. This pro-
duces a response that is finite within a distance xj ~
wLg/(kgvre) (~ 0.01 cm for Appendix B parameters) of
a rational surface but is exponentially small outside this
extremely narrow region. The collisionless ideal MHD
analysis above effectively neglects this very thin layer and
thus concludes that g, — 0 everywhere as veg — 0.
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However, at the top of H-mode pedestals with pa-
rameters like those in Appendix B the effective electron
collision damping rate veg is comparable to the RMP-
induced magnetic shear streaming frequency kj(z)vre
and both are much larger than w. Then, the energy
flux moment of the solution in (A9) with v — vy, yields
5qz‘f|fc =— nexzﬂfc(x) (0B, i /n(x,t)/Bo)(dTeo/dr) in which

Xefle(@) ~ vieven/[kf (2)v7 + 1] ~ X /(1 +22/5F).
Equating this to g = —ne(v%e/ue)V“Te implies that
VT ~ (0B m/n/Bo) ((nu) /10)’/ (14+2%/ 6, ) (dTeo/dr),
which is both smaller than V|7, and proportional to
the electron collision frequency v, in the physically most
important region where || > 4.

Thus, electron collisional damping resolves the ideal
MHD singularity near rational surfaces induced by
RMPs. It also produces a finite parallel conductive
heat flux dg.| along the total B = Bg + 6B helical
field lines and a nonzero V) T¢ which is smaller than
the characteristic magnitude of the ideal MHD VT, ~
(1/B) (Bo:VT,) defined in (A5). These electron colli-
sion effects on the RMP-flutter-induced parallel electron
heat flux and radial electron heat transport are what have
been calculated more precisely in Ref. 19 for a cylindrical
model (see Section II) and in Section III for the kinetic
toroidal model, assuming the condition in (A7) is satis-
fied.

Appendix B: H-mode pedestal, RMP parameters

The Braginskii!® collisional parallel electron ther-
mal diffusivity for a purely hydrogenic (Z; = 1) ion
plasma is x| ~ 3.2(T./mev.) = 1.6v%,/v. in which
vre = /2Te/m. is the electron thermal speed, v, ~
5 % 107" (ne Zog /[Te(eV)]>/?) (In A/17) s~" is the elec-
tron collision frequency and e = vpe/ve ~ 1.2 X
107297, (eV))?/[ne(m™2) Zeg (In A/17)] m is the electron
collision length in which Z.g is the effective ion charge
Zet = Y., niZ2/ne. These plasma, and relevant mag-
netic and geometric parameters in the top [at Uy =
Yp(p)/1p(a) = 0.95] of a typical DIII-D H-mode pedestal
in which RMP fields suppress ELMs'!1920 are listed in
Table I. The usual Z; = 1 Braginskii'® collisional paral-
lel electron heat diffusivity is x| ~ 10'® m?s~! for the
parameters in Table I.
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