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Many effects influence toroidal flow evolution in tokamak plasmas. Momentum sources and radial
transport due to collisional processes and microturbulence-induced anomalous transport are usually
considered. In addition, toroidal flow can be affected by non-axisymmetric magnetic fields; resonant
components cause localized electromagnetic toroidal torques near rational surfaces in flowing plasmas
and non-resonant components induce “global” toroidal flow damping torque throughout the plasma.
Also, poloidal magnetic field transients on the magnetic field diffusion time scale can influence plasma
transport. Many of these processes can also produce momentum pinch and intrinsic flow effects.
This paper presents a comprehensive and self-consistent description of all these effects within a
fluid moment context. Plasma processes on successive time scales (and constraints they impose)
are considered sequentially: compressional Alfvén waves (Grad-Shafranov equilibrium, ion radial
force balance); sound waves (pressure constant along a field line, incompressible flows within a flux
surface); and ion collisions (damping of poloidal flow). Finally, plasma transport across magnetic
flux surfaces is induced by the many second order (in the small gyroradius expansion) toroidal
torque effects indicated above. Non-ambipolar components of the induced particle transport fluxes
produce radial plasma currents. Setting the flux-surface-average of the net radial current induced by
all these effects to zero yields the transport-time-scale equation for evolution of the plasma toroidal
flow. It includes a combination of global toroidal flow damping and resonant torques induced by non-
axisymmetric magnetic field components, poloidal magnetic field transients and momentum source
effects, as well as the usual collision- and microturbulence-induced transport. On the transport
time scale the plasma toroidal rotation determines the radial electric field for net ambipolar particle
transport. The ultimate radial particle transport is composed of intrinsically ambipolar fluxes plus
non-ambipolar fluxes evaluated at this toroidal-rotation-determined radial electric field.

PACS numbers: 52.55.Fa, 52.25.Fi, 52.30.Ex, 52.65.Ww, 52.55.Dy

I. INTRODUCTION

Determining the magnitude, radial profile and evo-
lution of toroidal flow in tokamak plasmas is an im-
portant issue for both present tokamak plasmas and
ITER [1] — for E×B flow shear control of anomalous
transport, prevention of locked modes, control of Edge
Localized Modes (ELMs) via Resonant Magnetic Per-
turbations (RMPs) etc. Many effects [2] influence the
evolution of toroidal flow in tokamak plasmas. Radial
transport of toroidal flow due to collision-induced [3–
7] and microturbulence-induced “anomalous” processes
obtained using “mean-field” theory [8–13] are usually
considered within the context of an equilibrium axisym-
metric magnetic field model. In addition, the toroidal
flow is constrained by faster time scale processes and can
be affected by three-dimensional (3D) non-axisymmetric
magnetic field components [14–21], magnetic field tran-
sients [22–25] and externally-supplied toroidal momen-
tum sources (e.g., from neutral beam injection [26]).

Heretofore these diverse effects on the plasma toroidal
flow have been mostly considered separately and in an
ad hoc fashion. In this paper a detailed framework is
developed for describing toroidal flow evolution in toka-
maks that accounts for all these physical effects simul-
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taneously and self-consistently. A “neoclassical equilib-
rium” is obtained for time scales longer than the collision
time scales. It is briefly revisited to add self-consistently
possible effects due to microturbulence and momentum
sources (e.g., non-inductive current drives) on the lowest
order plasma flows and parallel Ohm’s law in tokamak
experiments. The overall toroidal flow equation is devel-
oped using an approach originally developed [27, 28] for
a neoclassical description of flows in non-axisymmetric
(e.g., stellarator) toroidal magnetic confinement systems,
but here extended to include microturbulence, magnetic
field transients, and momentum source and sink effects.

Non-axisymmetric (NA) magnetic field components in
tokamaks arise from coil irregularities, active control
coils and plasma collective magnetic distortions [e.g.,
neoclassical tearing modes (NTMs) and resistive wall
modes (RWMs)]. The NA components are typically
very small compared to the equilibrium magnetic field:
B̃/B0

<∼ 10−3. Thus, they will be considered to be of
first order or smaller in the small gyroradius expansion,
which will greatly facilitate analysis of the 3D effects.

This paper uses a fluid moment approach to develop
a comprehensive description of the various effects on the
particle fluxes, toroidal flow, radial electric field and re-
sultant net radial particle flux in a tokamak plasma. An
earlier more limited and abridged version of this work
has been presented elsewhere [2]. The magnetic field B,
electric potential φ and plasma parameters will be ex-
panded in terms of their axisymmetric equilibrium plus
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gyroradius-small non-axisymmetric perturbations. Both
externally induced perturbations and collective plasma
fluctuations are taken into account. Effects on succes-
sively longer time scales will be considered sequentially:
on the compressional Alfvén wave time scale the radial
ion force balance yields a relation between the poloidal
and toroidal flows within a flux surface and the radial
electric field; on Coulomb collision time scales, the den-
sity, temperature and pressure of each plasma species
become constant along a magnetic field line and flows
within a magnetic flux surface become incompressible;
and then, for times longer than the ion collision time, the
poloidal ion flow is usually damped to a diamagnetic-type
flow dependent on the ion temperature gradient.

Finally, there are many second order (in a small gyro-
radius expansion and the 3D NA magnetic field magni-
tudes) radial particle transport fluxes induced by toroidal
torques on a plasma species, both collision-induced in-
trinsically ambipolar ones and possibly non-ambipolar
ones. The collision-induced ones include classical [3],
Pfirsch-Schlüter, banana-plateau [5, 6] and paleoclas-
sical [29] particle fluxes, plus ones induced by paral-
lel non-inductive and dynamo current-drives, and the
EA×B/B2 pinch. Possibly non-ambipolar fluxes are
caused by: non-axisymmetric neoclassical toroidal viscos-
ity (NTV) flow damping effects [14–17, 27, 28], perpen-
dicular viscosities [3, 4, 7], toroidal torques on resonant
surfaces due to non-ideal effects (e.g, due to resistivity
[18] and two-fluid diamagnetic flows [19]) on NA resonant
magnetic field components combined with NTV effects
[20], polarization flows, microturbulence [8–13], magnetic
field transients [22–25], and momentum sources. Non-
ambipolar components of the particle fluxes cause radial
plasma currents. Setting the flux-surface-average of the
total radial current to zero (so from charge conservation
and the time derivative of Gauss’s law the radial elec-
tric field does not increase monotonically in time) yields
[2, 15, 27, 28] a transport-time-scale toroidal flow evolu-
tion equation. The radial electric field is determined from
the toroidal flow. The net radial particle flux is the sum
of the collision-induced intrinsically ambipolar particle
fluxes and the non-ambipolar particle fluxes evaluated at
the toroidal-flow-determined radial electric field.

We make a number of assumptions to facilitate deter-
mining comprehensive equations for the particle fluxes
and evolution of toroidal rotation in tokamak plasmas:

1) Small gyroradius expansion, which to zeroth order
yields magnetohydrodynamic (MHD) force balance
equilibrium, flows within flux surfaces at first order,
and second order “radial” transport fluxes.

2) Axisymmetric lowest order magnetic field structure,
with nested toroidal flux surfaces (i.e., no magnetic
islands in region of interest).

3) Gyroradius-small magnetic field non-axisymmetries,
such that toroidal non-axisymmetries (NA) in the
magnetic field B are first order or smaller in the
gyroradius expansion.

4) Banana-plateau collisionalty regime where electron
and ion collision lengths are long compared to the
poloidal periodicity length 2πRq and hence plasma
properties are constant on magnetic flux surfaces.

5) Gyroradius small plasma fluctuations which lead to
second order microturbulence-induced “anoma-
lous” radial plasma transport.

6) Slow poloidal magnetic field transients which at their
fastest occur on the transport time scale.

7) Poloidal damping of electron heat flow is neglected in
obtaining the parallel neoclassical Ohm’s law.

No explicit inverse aspect ratio (ε ∼ r/R0) expansion
will be made, except in estimating the magnitude of some
terms and in neglect of some minor O{ε2} terms. While
the analysis will be valid over most of a tokamak plasma,
because of assumptions 4) and 5) it might not apply to
its very edge. In particular, very close to the magnetic
separatrix in diverted tokamak plasmas assumption 4)
can be violated, in which case a two-dimensional (radial,
poloidal) description of plasma transport is needed. Also,
in the edge of L-mode tokamak plasmas fluctuations can
become so large that assumption 5) is violated, in which
case a fluid-type turbulent plasma description may be
needed there. Because of assumption 7), while scalings
of all the collisional radial particle fluxes will be correct,
some of their numerical coefficients will only be approxi-
mate. Finally, for simplicity we restrict our analysis to a
two species plasma — electrons plus hydrogenic ions.

This paper is organized as follows. The next section
(II) specifies the plasma and magnetic field models, and
perturbation procedure. Section III discusses the succes-
sive time scales and the constraints they impose. The
radial particle fluxes induced by the various effects indi-
cated above and the plasma toroidal flow evolution equa-
tion that results from setting to zero the net radial cur-
rents from their non-ambipolar components are devel-
oped in Section IV. (Appendix A describes the relation
of fluid flow velocities to guiding center velocities and
Appendix B describes the gyroviscosity and its effects.)
Some interesting properties of the various effects in the
evolution equation for the plasma toroidal rotation are
discussed in Section V. Finally, Section VI summarizes
the main results obtained in this paper.

II. PLASMA AND MAGNETIC FIELD MODELS

We use a plasma description based on fluid moments of
a general plasma kinetic equation for each species which
includes the Vlasov operator, the Coulomb collision op-
erator and sources. Some of the possible plasma par-
ticle and momentum sources and sinks are those due
to: collisions with neutrals, fast ions injected via en-
ergetic neutral beams [26], current sources and sinks,
and radio-frequency waves interacting with the plasma.
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Such a description is sometimes called a two-fluid de-
scription. But because we are considering the banana-
plateau collisionality regime, we will use the kinetically-
derived closure relations for the (typically first order in
the small gyroradius expansion) neoclassical parallel vis-
cous forces 〈B0 ·∇·π〉 [6]. The magnetic field descrip-
tion will be based on a lowest order axisymmetric mag-
netic field which is composed of nested magnetic flux sur-
faces. That is, any non-axisymmetric magnetic field per-
turbations will be assumed to be small enough that they
do not cause magnetic islands in the radial regions be-
ing considered. The dimensionless radial coordinate ρ
will be based on the toroidal magnetic flux, as is cus-
tomary for tokamak plasma transport modeling codes.
The first order perturbations will include both the “av-
erage” (axisymmetric) poloidal variations in the equilib-
rium (Pfirsch-Schlüter effects) and effects due to “zero-
toroidal-average,” gyroradius-small perturbations.

The conservative forms of the density, momentum
(force balance) equations for each plasma species ob-
tained from the

∫
d3v (1,mv) fluid moments of a full

plasma kinetic equation including sources are (in labo-
ratory coordinates x)

∂n/∂t|x +∇· nV = Sn, (1)

m
∂

∂t

∣∣∣∣
x

(nV) +∇· (mnVV)

= nq (E + V×B)−∇p−∇·π + R + Sm. (2)

Here, V is the species flow velocity, −∇ ·π is the viscous
force density, R (Re ' nee ηJ) is the Coulomb collision
dynamical friction force density, and the other notation is
standard [3]. The sources of density Sn and momentum
Sm will be assumed to be small and to mostly contribute
at the transport level (i.e., at second order in the gy-
roradius expansion). Also, the species label s has been
suppressed for simplicity; it will be added as needed.

The lowest order axisymmetric equilibrium magnetic
field B0 is composed of toroidal (Bt) and poloidal (Bp)
components. It will be represented by

B0 = Bt + Bp ≡ I∇ζ +∇ζ×∇ψp
= ∇ψp×∇(q θ − ζ) =∇×(ψt∇θ − ψp∇ζ). (3)

Here, I(ψp) ≡ RBt is the poloidal current function,
2π ψp(ρ) is the “equilibrium” poloidal magnetic flux
which will be allowed to evolve on the slow transport
time scale, ζ is the toroidal (axisymmetry) angle, q(ψp) ≡
B0 ·∇ζ/B0 ·∇θ = dψt/dψp is the inverse of the rota-
tional transform of the magnetic field B0, and θ is the
“straight-field-line” (on a magnetic flux surface) poloidal
angle. The Jacobian

√
g of the transformation from labo-

ratory (x) to the (non-orthogonal) toroidal magnetic flux
coordinates ρ, θ, ζ is

√
g ≡ 1
∇ρ ·∇θ×∇ζ =

dψp/dρ

B0 · ∇θ
=

ψ′p
I/qR2

, (4)

in which ψ′p ≡ dψp/dρ ' aRBp. Here, ρ ≡
√
ψt/ψt(a)

is the dimensionless radial (flux surface label) coordi-
nate based on the toroidal flux 2π ψt ≡

∫∫
dS(ζ) ·B0 =∫

d3xB0·∇ζ. It ranges from zero (at the magnetic axis)
to unity (at the plasma edge or divertor magnetic sepa-
ratrix of average minor radius a). Also, R(x) = R(ρ, θ)
is the major radius to the laboratory position x.

The flux-surface-average (FSA) of a scalar function
f(ρ, θ) is defined by

〈f〉 ≡
∫ 2π

0
dθ
√
g f(ρ, θ)∫ 2π

0
dθ
√
g

=

∫ 2π

0
dθ f(ρ, θ)/B0·∇θ∫ 2π

0
dθ/B0·∇θ

. (5)

Flux-surface-averaging is an annihilation operator for the
parallel derivative along a magnetic field line:

〈B0 ·∇f〉 = 0. (6)

In addition, the flux-surface-average of the divergence of
a vector function C(ρ, θ) is

〈∇ ·C〉 =
d

dV
〈C ·∇V 〉 =

1
V ′

d

dρ
(V ′〈C ·∇ρ〉) , (7)

in which V (ρ) ≡
∫ ρ

0
d3x = 2π

∫ ρ
0
dρ
∫ 2π

0

√
g dθ is the volume

of the ρ flux surface and V ′ ≡ dV/dρ = 2π
∫ 2π

0

√
g dθ.

Thus, the flux surface average is 〈f〉 = 2π
∮
dθ
√
g f/V ′.

The contravariant base vectors (ei ≡ ∇ui) for the
ui = ρ, θ, ζ coordinate system are eρ ≡ ∇ρ, eθ ≡ ∇θ,
eζ ≡ ∇ζ. The covariant base vectors (ei ≡ ∂x/∂ui) are
eρ =

√
g∇θ×∇ζ, eθ =

√
g∇ζ×∇ρ, eζ =

√
g∇ρ×∇θ.

These non-orthogonal base vectors satisfy Kronecker
delta relations: ei · ej = δji . Because of toroidal axisym-
metry, eζ ≡∇ζ = êζ/R and eζ = R2∇ζ = R êζ in which
êζ ≡∇ζ/|∇ζ| is the unit vector in the ζ direction.

To lowest order in the gyroradius expansion the den-
sity n, temperature T and pressure p ≡ nT of both
plasma species will be constant [5] on the poloidal
magnetic flux surfaces ψp(ρ). In first order we al-
low for “zero-toroidal-average” non-axisymmetric (3D)
perturbations (ζ-dependent, denoted by tilde, due to
instability-induced fluctuations plus those induced by
NA externally-imposed magnetic field components) and
poloidal variations in the ζ-average (denoted by an over-
bar) plasma parameters. Thus, we expand spatial depen-
dences of n, T and p as

p(x) = p0(ρ) + δ [p̄1(ρ, θ) + p̃1(ρ, θ, ζ)] +O{δ2}, (8)

in which δ ∼ %s/a� 1 is the small gyroradius expansion
parameter. Here %s = vTs/ωcs is the most probable gyro-
radius for a species s with thermal speed vTs ≡

√
2Ts/ms

and gyrofrequency ωcs ≡ qsB0/ms.
The electric potential φ will be expanded similarly. In

addition, we define E = −∇φ + EA in which EA ≡
− ∂A/∂t with A ≡ ψt∇θ − ψp∇ζ for the magnetic field
in (3). The ζ-average inductive electric field is

ĒA = (∂Ψ/∂t+ ψ̇p)∇ζ − ψ̇t∇θ ∼ O{δ2}. (9)
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Here, 2π ∂Ψ/∂t is the (vacuum) loop voltage V ζloop(t)
induced by the rate of change of magnetic flux in the
ohmic transformer (central solenoid). As indicated, it
is spatially constant but a function of time t; it repre-
sents a gauge transformation choice. Further, 2π ψ̇p rep-
resents the inductive (Lenz’s law) voltage induced within
the plasma by poloidal magnetic flux transients (e.g.,
from turning on a non-inductive current drive). The ψ̇t
term represents toroidal magnetic flux transients induced
by radial motion and shaping of the plasma. All these
slow, transport-time-scale transient effects are discussed
in Section IV.A below.

Because of the toroidal axisymmetry in the equilib-
rium, the zero-toroidal-average perturbations can be ex-
panded in a Fourier series. For example,

p̃1 =
∑
n

p̂ne
−inζ , p̂n ≡

1
2π

∫ 2π

0

dζ einζ p̃1. (10)

The toroidal average of a function F (x) is defined by

F (x) ≡ 1
2π

∫ 2π

0

dζ F (x), (11)

which is a function of ρ, θ. Note that since p̃1 = 0,

p(x) = p0(ρ) + δ p̄1(ρ, θ) +O{δ2}. (12)

The toroidal average of non-axisymmetric perturbations
times functions that do not depend on ζ vanishes.
However, the toroidal average of products of perturba-
tions does not in general vanish; for example, p̃1φ̃ =∑
n p̂−n φ̂n usually does not vanish.
The total (equilibrium plus perturbed) magnetic field

will be expanded as

B = B0(ρ, θ) + δ [B̃⊥ + B̃‖] +O{δ2}. (13)

The parallel ‖ and perpendicular ⊥ components are de-
fined relative to the equilibrium magnetic field B0:

A‖ ≡
B0 ·A
B2

0

B0, A⊥ ≡
−B0×(B0×A)

B2
0

. (14)

The magnetic field magnitude can be approximated by

B ≡ |B| =
(
B2

0 + 2 δ B0B̃‖ + δ2B̃2
⊥ + δ2B̃2

‖

)1/2

' B0(ρ, θ) + δ B̃‖(ρ, θ, ζ) +O{δ2}. (15)

The magnetic field perturbations B̃‖ and B̃⊥ are ex-
panded in Fourier series analogous to that for p̃1 in (10).

Perpendicular gradients of instability-induced fluctu-
ations will be assumed to scale as 1/δ to reflect the
short radial scale length of drift-wave-type perturbations.
Thus, for example, ∇⊥p̃1 ∼ (1/δ) δ ∼ δ0 ∼ 1. In contrast,
parallel gradients of fluctuations will be assumed to scale
with the overall tokamak plasma dimensions, and hence
as δ0; thus, ∇‖ p̃1 ∼ δ0δ ∼ δ � 1. Gradients of average
plasma properties will also be assumed to scale as δ0.
Hence, while ∇⊥p̃1 ∼ δ0 ∼ 1, we scale ∇⊥p̄1 ∼ δ � 1.

III. SUCCESSIVE TIME SCALES, PROCESSES

The plasma toroidal flow evolves on the long, transport
time scale (∼ seconds). Its evolution arises from effects
that are formally second order or smaller in the gyrora-
dius expansion. To obtain an equation for evolution of
the plasma toroidal flow on this long time scale we need
to take account of faster processes and constraints they
impose on plasma behavior. To analyze the various time
scale processes, we will analyze sequentially three inde-
pendent (but not orthogonal) components of the momen-
tum (force balance) equation: radial (O{δ0}, enforces
radial force balance on fast, compressional Alfvén time
scale), parallel (O{δ}, determines first order flows on
a flux surface on intermediate ion collision time scale),
and toroidal (O{δ2}, determines radial particle transport
fluxes and the desired toroidal plasma flow equation).

Summing the density and momentum equations in (1)
and (2) over species, we readily obtain to zeroth order the
ideal magnetohydrodynamic (MHD) plasma equations
∂ρm/∂t + ∇ · ρmV = 0 and ρmdV/dt = J×B − ∇P .
In obtaining these equations we have neglected viscous
force effects which are first order in the gyroradius expan-
sion and source effects which are assumed to be of first or
higher order. Neglecting electron inertia, the lowest order
electron momentum equation yields the collisionless two-
fluid Ohm’s law E+V×B = (J×B−∇pe)/nee. In these
equations ρm is the mass density, V ' Vi is the plasma
(' ion) flow velocity, J ≡ niqiVi − neeVe is the current
density and P = pe + pi is the total plasma pressure.
Adding the non-relativistic Maxwell equations∇·B = 0,
∇×B = µ0J and ∂B/∂t = −∇×E, and an isentropic
equation of state (d/dt) (lnP/ρΓ

m) = O{δ2} → 0, which
is derivable from energy balance equations, completes the
zeroth order plasma description.

The fastest time scale MHD processes are compres-
sional Alfvén waves, which propagate perpendicular to
magnetic field lines. On time scales longer than their
natural wave periods (τA ∼ a/cA <∼ µsec), together with
the condition B0 · ∇P0 = 0 =⇒ P0 = P0(ψp), they
cause tokamak plasmas to come into an MHD force bal-
ance equilibrium with J0×B0 =∇P0 = (dP0/dψp)∇ψp.
This relation together with the equilibrium Maxwell
equations yields the Grad-Sharanov equation for deter-
mining the equilibrium poloidal flux function ψp(ρ).

Replacing J0×B0 by ∇P0 = ∇pe0 +∇pi0 in the ζ-
average ideal (collisionless) two-fluid Ohm’s law yields

0 = ni0qi(Ē0 + V̄i×B0)−∇p̄i0, (16)

in which the lowest order electric field is electrostatic:
Ē0 ≡ −∇Φ0(ψp). This MHD equilibrium ion force bal-
ance equation can also be obtained directly from the equi-
libium limit (d/dt −→ 0) of the ion force balance equation
in (2) — by neglecting the frictional (R ∼ δ) and viscous
(∇·π ∼ δ) forces, and momentum sources (Sm ∼ δ, δ2),
which are all higher order in the gyroradius expansion.
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Taking the “radial” (eρ) projection of (16) yields

Ωt ≡ V̄i ·∇ζ = −
(
dΦ0

dψp
+

1
ni0qi

dpi0
dψp

)
+ qV̄i ·∇θ. (17)

This equation provides a relation between the average
(designated by overbar) toroidal flow V̄i·∇ζ ∼ V̄t/R,
lowest order radial electric field Ēρ ≡ − êρ·∇Φ0(ρ) =
−|∇ρ| (dφ0/dρ) = − |∇ρ| (dΦ0/dψp)ψ′p, toroidal ion dia-
magnetic flow −(1/ni0qi)(dpi0/dψp) and poloidal ion flow
V̄i ·∇θ ∼ V̄p/r. However, it does not specify any of these
quantities. Since in obtaining (17) we divided through by
qiB0, the poloidal and toroidal ion flows are first order in
the gyroradius (%s ∝ 1/qsB0). Thus, these flows within
tokamak flux surfaces are first order in the small gyro-
radius expansion; however, for simplicity of notation we
will not always indicate this by adding a subscript 1 to
these flows. Transport flows in the radial direction (i.e.,
V̄·∇ρ) will be of second or higher order in the gyroradius
expansion.

Coulomb collisions cause electrons to thermalize (be-
come Maxwellian) on the electron collision time scale
(∼ 1/νe >∼ 10µsec for Te >∼ 1 keV, ne <∼ 3×1019 m−3 and
Zeff

<∼ 3). Similarly, ions thermalize on the ion collision
time scale (∼ 1/νi >∼ msec for Ti >∼ 1 keV). In doing so
they cause their corresponding species temperatures to
equilibrate along magnetic field lines over distances of
order the collision length λ ∼ vT /ν > 102 m. From as-
sumption 4) above this causes [5] the species density and
temperature to become constant on poloidal flux surfaces
on the collision time scale of the species: n0 = n0(ψp),
T0 = T0(ψp) for t > 1/ν. On this same time scale the
species flow velocity becomes a defineable and physically
meaningful quantity.

Next, consider the form of the density equation (1) on
time scales longer than the species collision time. Since
the lowest (first) order equilibrium flows lie within a flux
surface, they can be written in terms of their poloidal
(V̄·∇θ) and toroidal (V̄·∇ζ) components as

V̄1 ≡ eθV̄·∇θ + eζV̄·∇ζ. (18)

This representation applies to either electrons or ions.
Alternatively, the equilibrium flows within a flux surface
can be represented in terms of their components parallel
to (‖) and cross (∧, perpendicular to B0 but within a
flux surface) the equilibrium magnetic field B0:

V̄1 = V̄‖B0/B0 + V̄∧. (19)

The equilibrium cross flow V̄∧ in each species is obtained
by taking the cross product of B0 with the lowest order
equilibrium (∂/∂t→ 0) momentum equation (2):

V̄s∧ =
B0×∇ψp

B2
0

(
dΦ0

dψp
+

1
ns0qs

dps0
dψp

)
. (20)

The two terms in parentheses represent the usual equi-
librium Ē0×B0 (V̄E) and diamagnetic (V̄∗) flows.

The comparable first order perturbed cross flow for
each species is obtained by taking the cross product of
the lowest order perturbed momentum equation from (2)
with B0:

Ṽs∧ =
1
B2

0

B0×
(
∇φ̃1 +

1
ns0qs

∇p̃s1
)
≡ ṼE + Ṽ∗. (21)

The terms in parentheses represent the perturbed Ẽ×B0

and diamagnetic flows. Since the first order perturbed
flows have a nonzero radial component, they lead to the
anomalous radial particle flux 〈 ñ1Ṽ∧ · ∇ρ〉. The relation
of the fluctuating fluid flow velocity Ṽ∧ to the guiding
center flow velocity usually calculated in gyrokinetics (see
for example [12]) is discussed in Appendix A.

Because the “equilibrium” density n0 only changes on
the transport time scale (∂/∂t ∼ δ2) and the radial trans-
port fluxes and density sources are second order, the low-
est order average density equation (1) reduces to

∇·V̄1 = 0 +O{δ2}. (22)

The divergence of a vector C is defined by ∇·C =
(1/
√
g )
∑
i(∂/∂u

i)(
√
gC · ei). Thus, using the facts that

V̄1 has no radial component and the equilibrium B0 is
axisymmetric (∂/∂ζ → 0), this reduces to

(B0·∇θ)
∂

∂θ

(
V̄1·∇θ
B0·∇θ

)
= 0. (23)

The solution [6] of this partial differential equation is that
a poloidal flow function Uθ is constant on a flux surface:

Uθ(ψp) ≡
V̄1·∇θ
B0·∇θ

=
V̄‖

B0
+

V̄∧·∇θ
B0· ∇θ

. (24)

Using the poloidal component of first order Ē0×B0 and
diamagnetic flows within a flux surface from (20) yields

V̄∧·∇θ
B0· ∇θ

=
I

B2
0

(
dΦ0

dψp
+

1
ns0qs

dps0
dψp

)
≡ − I

B2
0

Ω∧, (25)

in which Ω∧(ψp) = Ω∧(ρ) is constant on a flux surface.
The currents flowing within the flux surface can be

similarly determined. Using (19) and (20), we obtain

J ≡
∑
s

ns0qsV̄s1 ≡ J‖ + J∧ = J‖
B0

B0
+

B0×∇P0

B2
0

, (26)

which is the usual sum of the parallel and diamagnetic
current densities. Summing nq times the poloidal flow
components in (24) and (25), or using the fact that for
a quasi-neutral plasma the current density is also incom-
pressible (∇ · J = 0), yields

KJ(ψp) ≡
J · ∇θ
B0·∇θ

=
J‖

B0
+

I

B2
0

dP0

dψp
. (27)

The constant KJ is obtained from the flux surface aver-
age (FSA) of B2

0 times this equation:

KJ =
〈B0J‖〉
〈B2

0〉
+

I

〈B2
0〉

dP0

dψp
. (28)
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Using this form in (27) yields

B0J‖ =
〈B0J‖〉B2

0

〈B2
0〉

− I dP0

dψp

(
1− B2

0

〈B2
0〉

)
. (29)

Here, 〈B0J‖〉 is the flux-surface-average parallel current
which will be determined from a parallel Ohm’s law below
and the last term represents the Pfirsch-Schlüter current
whose flux-surface-average vanishes.

Similar considerations and orderings of the species en-
ergy balance equation and the heat flux fluid moment
equation yield analogous formulas [6] for the first order
equilibrium heat flows within a tokamak flux surface:

Qθ(ψp) ≡
q̄1·∇θ
B0·∇θ

=
q̄‖

B0
+

q̄∧·∇θ
B0· ∇θ

, (30)

q̄s∧·∇θ
B0· ∇θ

=
5
2

I

qsB2
0

d Ts0
dψp

. (31)

Finally, the flux-surface-average of the parallel (B0 · )
component of the lowest order parallel ion heat flux equa-
tion [6] is 〈B0 · R̄qi

〉 = 0 +O{δ2} in which R̄qi
∝ − νiq̄i

is the ion heat friction force. Solving (30) for q̄i‖ and
substituting it in this lowest order relation yields [6]

Qiθ =
1
〈B2

0〉

〈
B2

0

q̄i∧ ·∇θ
B0·∇θ

〉
=

5
2
ni0Ti0 I

qi〈B2
0〉

d Ti0
dψp

. (32)

The (first order) average parallel force balance for each
species is obtained from the parallel (B0 · ) component of
the momentum equation. Its most convenient form here
is obtained by using the density equation (1) to write

m(∂/∂t)(nV) +∇· (mnVV + π)
= mn[∂V/∂t+ V·∇V] +∇ ·π +mVSn. (33)

The viscous stress tensor π has components along B
(π‖), across magnetic field lines but within flux surfaces
(π∧) and perpendicular to flux surfaces (π⊥) [3]:

π = δ0π‖ + δπ∧ + δ2π⊥. (34)

For the parallel force balance the most important viscous
force will be the parallel component of −∇ ·π‖ which
we will discuss below. The gyroviscous stress π∧ indi-
cates a diamagnetic-type B×∇V effect. The gyroviscous
force −∇ ·π∧ it induces is higher order for equilibrium
flows. However, it is significant for fluctuating flows —
see Appendix B. The forces due to perpendicular viscous
stresses π⊥ are higher order and will not contribute to
the first order parallel momentum equation.

Thus, taking the FSA of the B0 (parallel) component
of the ζ average of the momentum equation in (2) with
all quantities expanded as in (8), employing (33), and
eliminating φ̄1 and p̄1 terms using (6) yields the O{δ}
parallel force balance equation for each species:

mn0

∂〈B0V̄‖〉
∂t

= n0q〈B0·ĒA〉 − 〈B0·∇·π̄‖〉+ 〈B0·R̄〉

+ 〈B0 · (S̄m −mV̄S̄n)〉

− 〈B0 · (mn0Ṽ1 ·∇Ṽ1 +∇ ·π∧ 〉

+n0q〈B0 · Ṽ∧×B̃⊥ 〉. (35)

The mn0Ṽ1·∇Ṽ1 term represents the force caused by
the Reynolds stress introduced by the fluctuations. To
lowest order the ζ-average gyroviscous force ∇·π∧ pro-
duces (see for example [30]) the “gyroviscous cancella-
tion” of the Ṽ∗·∇Ṽ contribution to the Reynolds stress
force — see Appendix B. The Maxwell-stress-type term
n0q 〈B0·Ṽ∧×B̃⊥ 〉 = −n0q 〈B̃⊥· [∇φ̃1 + (1/n0q)∇p̃1] 〉
will yield dynamo-type contributions to the parallel
Ohm’s law below. Both of these contributions are typi-
cally small for drift-wave-type fluctuations in the hot core
of tokamak plasmas [12, 31].

The electron Coulomb collision frictional force density
is given by [3] R̄e ' ne0e(J‖/σ‖ + J⊥/σ⊥). The per-
pendicular and parallel (Spitzer) electrical conductivities
are σ⊥ ≡ ne0e2/meνe and σ‖ ' 1.96σ⊥ for Z = 1. Thus,
the equilibrium limit (∂/∂t� νe) of the electron momen-
tum equation (35) yields an equation for the flux-surface-
average parallel current [5, 6] in the plasma:

〈B0J‖〉 = σ‖ 〈B0·ĒA〉+ (σ‖/ne0e) 〈B0·∇·π̄e‖〉
+ 〈B0·JCD〉+ 〈B0·Jdyn〉. (36)

The flux-surface-average parallel electron viscous force
can be written as [6] 〈B0·∇·π̄e‖〉 ' mene0µe00〈B2

0Ueθ〉 in
which the neglected poloidal electron heat flow damping
effects induced by Qeθ only modify some numerical coef-
ficients. Here, µe00 ' 2.24

√
ε νe is the viscous damping

frequency [6] (for Zi=1,
√
ε� 1) of the poloidal electron

flow Ueθ in which ε is the inverse aspect ratio which here
represents the variation of |B0| = B0(ρ, θ) on a flux sur-
face: ε ≡ (Bmax−Bmin)/(Bmax+Bmin) ' r/R0. Using the
definition J‖ = ne0e (Vi‖ − Ve‖), and (24), (25) for both
electrons and ions, the parallel viscous force contribution
to the parallel Ohm’s law in (36) can be written as
σ‖

ne0e
〈B0·∇·π̄e‖〉 ' −

σ‖

σ⊥

µe00

νe
〈B0J‖〉+ 〈B0·Jbs〉. (37)

Here, the bootstrap current is defined by

〈B0·Jbs〉 ' −
σ‖

σ⊥

µe00

νe

(
I

ψ′p

dP0

dρ
− ne0eUiθ〈B2

0〉
)
. (38)

Thus, in (36) the parallel electron viscous force in (37)
produces [6, 29] both the trapped particle modification
(∝ µe00 ∼

√
ε νe) of the Spitzer parallel electrical con-

ductivity σ‖ and the bootstrap current.
The “non-inductive” current drive (CD) in (36) is in-

duced by electron momentum and particle sources:

〈B0·JCD〉 ≡ − (σ‖/ne0e) 〈B0 · (S̄em −meV̄e S̄en). (39)

Most non-inductive current drives (e.g., due to electron
cyclotron current drive) result from the average electron
parallel momentum 〈B0·S̄em〉 they impart to the plasma.

Fluctuation-induced electron Reynolds and Maxwell-
type stresses cause a dynamo-type parallel current:

〈B0·Jdyn〉 =
σ‖

ne0e
〈B0 · (mene0Ṽe ·∇Ṽe +∇ ·πe∧ ) 〉

+σ‖ 〈B0 · Ṽe∧×B̃⊥ 〉. (40)
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In tokamak plasmas the ‖ electron Reynolds stress and
dynamo-type terms are usually negligible [31, 32].

Taking account of the bootstrap current and trapped-
particle effects from the parallel electron viscous force in
(37), (36) becomes a neoclassical parallel Ohm’s law that
includes non-inductive and dynamo current-drives:

〈B0·ĒA〉 = ηnc
‖ 〈B0J‖〉

− (1/σ‖) [ 〈B0·Jbs〉+ 〈B0·JCD〉+ 〈B0·Jdyn〉 ]. (41)

Here, the neoclassical parallel electrical resistivity is

ηnc
‖ '

1
σ‖

(
1 +

σ‖

σ⊥

µe00

νe

)
. (42)

Summing the electron and ion FSA parallel momentum
equations (35) and using the quasineutrality constraint∑
s ns0qs = 0 and the momentum conservation relation

for Coulomb collisions between species of
∑
s R̄s = 0

yields the overall plasma parallel force balance:

ρm
∂〈B0V̄‖〉
∂t

' −
∑
s〈B0·∇ · π̄i‖〉

−
∑
s〈B0 · (msns0Ṽs ·∇Ṽs +∇ ·πs∧ ) 〉

+ 〈B0 · J̃∧×B̃⊥ 〉,
+ 〈B0 ·

∑
s(S̄sm−msV̄sS̄sn)〉. (43)

The sums over species are dominated by the ion contri-
butions since the corresponding electron momentum con-
tributions are typically a factor of

√
me/mi ∼ 1/60� 1

smaller. The FSA of the equilibrium parallel ion viscous
force, which is O{δ}, is given by [6]

〈B0·∇·π̄i‖〉 ' mini0〈B2
0〉
[
µi00Uiθ + µi01

−2
5niTi0

Qiθ

]
.

(44)
Here, µi00 ' 1.1

√
ε νi and µi01 ' 1.17µi00 for Z = 1 and√

ε � 1, in the asymptotic banana collisionality regime
[6] [i.e., for ν∗i ≡ νiRq/ε

3/2vTi � 1]. They are damping
frequencies for the poloidal ion flow and heat flow.

Physically, the ion parallel viscous force 〈B0·∇·π̄i‖〉 is
caused by ion collisional drag by trapped particles (ft ∼
1.46
√
ε) on the untrapped (circulating, fc ≡ 1− ft) ions

that carry the parallel (poloidal) flow. This viscous force
damps the poloidal (ion) flow to an ion-temperature-
gradient diamagnetic-type flow because hotter ions are
more collisionless than bulk ions and hotter regions at
smaller radii damp less than colder ones at larger radii.

Thus, (43) is an evolution equation for the average par-
allel ion flow V̄i‖ or the average poloidal ion flow function
Uiθ. The parallel and poloidal ion flows come into equi-
librium (see [33] and references cited therein) on the ion
collision time scale t > 1/νi ∼ msec. In the absence of
the usually small parallel momentum sinks and sources
on the second through fourth lines of (43), the equilib-
rium poloidal ion flow can be obtained by setting the
parallel ion viscous force in (44) to zero:

U0
iθ ' −

µi01

µi00

− 2
5niTi0

Qiθ = cp
I

qi〈B2
0〉
d Ti0
dψp

. (45)

The poloidal flow coefficient k = cp ≡ µi01/µi00 is 1.17 for
ν∗i � 1,

√
ε � 1. However, cp depends on the ion colli-

sionality regime and ε [6]; with impurities it also depends
on gradients of impurity densities and temperatures [34].
It is often evaluated using the NCLASS code [35].

When sinks and sources on the second and third lines
of (43) are significant, they cause a poloidal ion flow of

Uiθ(ψp) = U0
iθ −

〈B0 · (mini0Ṽi ·∇Ṽi +∇ ·πi∧ ) 〉
mini0µi00〈B2

0〉

+
〈B0·J̃∧×B̃⊥ 〉+ 〈B0·

∑
s(S̄sm−msV̄sS̄sn)〉

mini0µi00〈B2
0〉

. (46)

The additions to the poloidal ion flow U0
iθ in (45) are

induced by Reynolds stresses, dynamo-type effects, and
ion “flow drive” effects due to 〈B0 · S̄im〉, respectively.
They are usually thought to be small in tokamak plasmas
— see Eqs. (22), (25) and discussion in [12].

Having determined the average poloidal ion flow
V̄i·∇θ = Uiθ B0·∇θ, we substitute it into the Ωt expres-
sion obtained in (17) to obtain the more specific toroidal
rotation frequency relation (for t > 1/νi >∼ msec)

Ωt = −
(
dΦ0

dψp
+

1
ni0qi

dpi0
dψp

)
+ Ω∗p = Ωi∧ + Ω∗p. (47)

Here, the poloidal flow contribution to Ωt is

Ω∗p(ρ, θ) ≡
I

R2
Uiθ(ρ) ' cp I

2

qiR2〈B2
0〉
d Ti0
dψp

, (48)

in which the last approximate form neglects the usually
small parallel momentum sink and source terms. Since
for rigid body rotation Ωt must be a flux function, toka-
mak plasmas rotate toroidally as a rigid body only when
the poloidal flow is negligible so Ωt ' Ωi∧(ψp).

The neoclassical literature contains a number of forms
for the average ion flow velocity V̄1 in addition to those
given in (18) and (19). In particular, using the definition
of Ω∧ at the end of (25) in (47), one can write the first
order average ion flow within a flux surface as [6]

V̄i = Ωi∧eζ+UiθB0 = Ωi∧(ψp)R2∇ζ+Uiθ(ψp)B0. (49)

The ∇ζ projection of this representation of V̄i readily
yields the toroidal rotation frequency given in (47) above.
Also, the plasma parallel flow speed can be written as

V̄‖ ≡ B0·V̄i/B0 = Ωi∧(ψp) I(ψp)/B0 + Uiθ(ψp)B0

' −R
(
dΦ0

dψp
+

1
ni0qi

dpi0
dψp

)
+ k

R2
0

qiR

dTi0
dψp

. (50)

In (48)–(50), R ≡ R(ρ, θ) ' R0(1 + ε cos θ).
For given radial ion pressure and temperature gra-

dients, (47) provides a consistency relation between
the plasma toroidal rotation Ωt ≡ V̄·∇θ ' V̄t/R
and the lowest order radial electric field Ēρ ≡
−|∇ρ|ψ′p(dΦ0/dψp). However, it does not specify either
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of these quantities. To proceed further we need to deter-
mine either the radial electric field or the toroidal flow
— from their own evolution equations. We proceed by
calculating the radial particle transport fluxes and hence
net radial current in the spirit of seeking to calculate the
radial electric field.

IV. TRANSPORT TIME SCALE

The collision-induced radial particle fluxes of electrons
and ions are mostly determined from the second order
flux n0V̄2 ·∇ψp. To determine them we first note that

eζ·V×B0 = −V· eζ×B0 = V·∇ψp = ψ′pV·∇ρ. (51)

Thus, the radial particle flux can be determined from the
toroidal angular component (eζ · ) of the force balance
(2), i.e., from the toroidal torques on the plasma species.

Next, consider the eζ projection of the ∇ ·mnVV
term in (2). Employing a vector, tensor identity for a
general tensor T, it can be written in the form:

eζ · ∇ ·T =∇ · (eζ ·T)−∇eζ : T. (52)

Using a cylindrical coordinate system R, ζ, Z with R = 0
being the ζ symmetry axis, since ∇R = êR and ∇êζ =
êζ∂êζ/∂ζ = − êζ (1/R)êR, one can show that

∇eζ =∇(R êζ) = êRêζ − êζ êR. (53)

Since this is an anti-symmetric tensor, its contraction
with any symmetric tensor TS vanishes: ∇eζ : TS = 0.
Hence, for any symmetric tensor TS , (52) simplifies to

eζ · ∇ ·TS =∇ · (eζ ·TS). (54)

Therefore, since mnVV is a symmetric tensor, the
toroidal component of the terms on the left side of the
momentum equation (2) can be written as

eζ· [∂/∂t|x (mnV) +∇· (mnVV)]
= ∂/∂t|x [mn(eζ·V)] +∇· [mn (eζ·V)V]. (55)

Thus, the ζ average of the toroidal (eζ · ) component of
the momentum equation (2) for each species with all
quantities expanded as in (8) can be written (in labo-
ratory coordinates x) to lowest order as:

∂/∂t|x [mn0(eζ·V̄1)] +∇ ·mn(eζ·V1)V1

= n0q(eζ·ĒA + V̄2·∇ψp) + q ñ1Ṽ1 · ∇ψp
+n0q eζ·Ṽ1×B̃− eζ·∇·π + eζ · R̄ + eζ · S̄m. (56)

After taking into account the requirement for ambipolar-
ity of net radial particle fluxes, the flux surface average
of (56) will produce an equation for the toroidal angular
momentum density mn0〈eζ·V̄1〉 and hence Ωt.

A. Transient magnetic field effects

The poloidal and toroidal magnetic fields in toka-
maks evolve during plasma startup and the approach
to steady-state on the slow magnetic “skin” diffusion
time scale. Also, non-inductive current drive and other
poloidal flux transient effects, particularly radially lo-
calized ones like electron cyclotron heating (ECH) and
current drive (ECCD), can cause transient poloidal field
effects on transport time scales of the plasma thermody-
namic parameters n, T , eζ·V̄1. Thus, we need to allow
for transient magnetic flux effects in analyzing (56).

To do so, we need to determine our density and toroidal
flow equations on poloidal flux surfaces ψp, upon which
drift kinetics and gyrokinetics are based — because Grad-
Shafranov equilibria determine the poloidal flux surfaces,
and neoclassical transport [22] and microturbulence-
induced anomalous transport are determined relative to
them. Magnetic field transient effects were not consid-
ered above because they are O{δ2}; hence they were neg-
ligible in obtaining the O{δ0} radial force balance, and
O{δ} parallel force balance and flows within flux surfaces.

Equations for the slow, transport-time-scale evolution
of the poloidal ψp and toroidal ψt magnetic fluxes can be
obtained from Faraday’s law. Representing the magnetic
field by B = ∇×A, Faraday’s law can be written as
∇×(∂A/∂t|x−∇φ+EA) = 0. Using the vector potential
A = ψt∇θ − ψp∇ζ for the B0 field given in (3), the
temporal evolution of the toroidal and poloidal magnetic
fluxes at a given laboratory position x are

∂ψt
∂t

∣∣∣∣
x

= − eθ ·EA = − qR2 Bp ·EA

I
, (57)

∂ψp
∂t

∣∣∣∣
x

= + eζ ·EA − ∂Ψ
∂t

= R2∇ζ ·EA − ∂Ψ
∂t
. (58)

Here, ∂Ψ/∂t ≡ V ζloop(t)/2π is a spatial constant (gauge
variable) that is usually positive [see (66)–(68) below] to
drive current in the plasma. It represents the toroidal
loop voltage induced in vacuum by the rate of change
of magnetic flux in the central solenoid (ohmic trans-
former) of a tokamak. In tokamak modeling codes that
include flux surface evolution [23–25] it is usually taken
to be zero; then the tranformer-induced flux change is
imposed as a boundary condition on the plasma domain
and causes the poloidal flux to increase linearly with time
for an ohmically heated tokomak plasma in steady state.
The ∂Ψ/∂t 6= 0 term is introduced here so that in near
steady-state conditions the poloidal flux function ψp(ρ, t)
represents poloidal flux changes within the plasma and
does not increase approximately linearly with time t.

Multiplying these equations by 1/R2, taking their ζ
averages and flux-surface-averaging them yields

∂ψt
∂t

∣∣∣∣
x

= − q〈Bp · ĒA〉
I〈R−2〉

≡ − ūG
∂ψt
∂ρ
≡ ψ̇t, (59)

∂ψp
∂t

∣∣∣∣
x

=
〈∇ζ · ĒA〉
〈R−2〉

− ∂Ψ
∂t
. (60)
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The small radial “grid” speed ūG of toroidal flux surfaces
relative to laboratory coordinates (x) defined in (59) is
[23]

ūG ≡ 〈uG · ∇ρ〉 =
〈Bp · ĒA〉
ψ′pI〈R−2〉

. (61)

Since our radial coordinate ρ is based on the toroidal
flux surfaces, this grid speed represents the radial speed
of our coordinate system relative to fixed laboratory co-
ordinates (x). It is caused by inductive poloidal electric
fields produced by the poloidal magnetic field system as it
moves the tokamak plasma radially or changes its cross-
section (e.g., ellipticity, triangularity) in the ζ = constant
plane. Note also that on a flux surface the time rate
of change of the toroidal flux surface differential volume
V ′ ≡ dV/dρ is given by [23, 25] the compressibility of the
toroidal flux surfaces:

1
V ′

∂V ′

∂t

∣∣∣∣
ρ

= 〈∇ ·uG〉 =
1
V ′

∂

∂ρ
(V ′〈uG · ∇ρ〉). (62)

Using the relation Bp ≡ ∇ζ×∇ψ = B0 − I∇ζ, (61)
can be rearranged to yield for the toroidal electric field

〈∇ζ · ĒA〉/〈R−2〉 = 〈B0 · ĒA〉/(I〈R−2〉)− ūGψ′p. (63)

The parallel electric field 〈B0·ĒA〉 in the plasma is ob-
tained from the parallel Ohm’s law in (41). The parallel
plasma current can be written in terms of ψp as [5, 29]

µ0〈B0J‖〉 = I〈R−2〉∆+ψp, (64)

in which the second order cylindrical-type operator is

∆+ψp ≡
I

〈R−2〉V ′
∂

∂ρ

[〈
|∇ρ|2

R2

〉
V ′

I

∂ψp
∂ρ

]
' 1
ρ

∂

∂ρ
ρ
∂ψp
∂ρ

.

(65)
Substituting (63) into (60), and using the neoclassical
parallel Ohm’s law in (41) and the definition of 〈B0J‖〉
in (64) yields a diffusion equation for the poloidal flux
[29]:

∂ψp
∂t

∣∣∣∣
x

= Dη ∆+ψp − Sψ − ūGψ′p. (66)

Here, the magnetic field diffusivity Dη and parallel
“current-drive sources” Sψ of poloidal flux are [29, 39]

Dη ≡
ηnc
‖

µ0
, (67)

Sψ =
∂Ψ
∂t

+
1/σ‖
I〈R−2〉

[〈B0·(Jbs + JCD + Jdyn)〉]. (68)

As indicated in (59), the toroidal flux moves only
slightly relative to laboratory coordinates — due to the
usually small grid speed ūG. In contrast, the poloidal
flux is much more mobile; it moves radially in response
to non-ideal MHD effects from the parallel electric field

〈B0·ĒA〉 caused by changes in ηnc
‖ and 〈B0J‖〉, the boot-

strap current, and non-inductive and dynamo current
drives. Thus, tokamak modeling codes [23, 25] usu-
ally use a magnetic flux coordinate system based on the
toroidal flux in the plasma region, as we have in this pa-
per. Taking account of (59), the temporal change of the
poloidal flux on a toroidal flux surface is given by

ψ̇p ≡
∂ψp
∂t

∣∣∣∣
ψt

= Dη ∆+ψp − Sψ. (69)

The density and momentum equations in (1) and
(2) are written in terms of laboratory coordinates (x).
However, drift-kinetic and gyrokinetic analyses used for
obtaining collision- and fluctuation-induced transport
fluxes are performed [22] in terms of poloidal magnetic
flux coordinates ψp, θ, ζ. In particular, they are per-
formed on poloidal magnetic flux surfaces — so the guid-
ing center canonical toroidal angular momentum pζg ≡
mv‖I/B−qψp naturally emerges as a constant of motion.

Transforming the drift-kinetic equation and hence its
fluid moments in (1), (2) from laboratory to ψp, θ, ζ coor-
dinates requires taking account of the fact that the equa-
tion for the poloidal magnetic flux ψp in (66) includes
possible transient and grid motion effects, and poloidal
flux diffusion. A transformation procedure based on the
mathematical characteristics of the drift-kinetic equation
on poloidal flux surfaces has been developed [36]; also,
a simplified model illustrating its key physics has been
presented [37]. In response to a Comment [38] on the
derivation in [36], a more systematic derivation based on
an analysis of the second order radial guiding center mo-
tion was published [39]. The net result [36, 37, 39] of
this coordinate transformation is that a “paleoclassical”
diffusion-type operator D{f} is added to the right side
of the drift-kinetic equation, which then becomes

∂f

∂t

∣∣∣∣
ψp

+ (v‖ + vd) · ∇f + Ė ∂f
∂E

= C{f}+D{f}. (70)

Here, in general we have f = f(ψp, θ, ζ, µ, E , t). For a
lowest order distribution function f that is constant on
a flux surface, [i.e., f̄(ρ) ≡ f(ψp, µ, E , t)], the FSA of the
paleoclassical operator can be written using (7) as [39]

〈D{f̄(ρ)}〉 ≡ −ρ̇ψp

∂f̄

∂ρ
+ 〈∇·f̄uG〉+

1
V ′

∂2

∂ρ2
(V ′D̄η f̄).

(71)
Here, ρ̇ψp indicates motion in the toroidal-flux-based ρ
coordinate as the radial position of a given ψp surface
changes during poloidal flux transients within the toka-
mak plasma. Since remaining on a given ψp surface dur-
ing transients requires dψp = 0 = dρ ∂ψp/∂ρ+dt ∂ψp/∂t,
the ρ motion to remain on the same ψt surface is
[36, 37, 39]

ρ̇ψp ≡ ψ̇p/ψ′p. (72)

The second term in (71) indicates grid (coordinate) speed
effects as indicated in (62). The final term represents pa-
leoclassical transport effects due to the guiding centers
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of charged particles being carried along with the diffus-
ing poloidal magnetic flux [36, 37, 39]. The normalized
magnetic diffusivity in (71) has units of s−1 [29]:

D̄η ≡
Dη

ā2
,

1
ā2
≡ 1
〈R−2〉

〈
|∇ρ|2

R2

〉
. (73)

Here, ā is an effective minor radius of the ρ flux surface.
The scaling of the operator D{f} in (71) is determined

from the scaling of its diffusion coefficient, which is the
magnetic field diffusivity from (67): Dη ≡ ηnc

‖ /µ0 ∼ νeδ2
e

in which δe ≡ c/ωp is the electromagnetic skin depth.
Since δe is of order the ion gyroradius, the terms D{f}
introduces in the drift-kinetic equation are O{δ2}; they
have been negligible up to now because they were not
needed in the O{δ0, δ1} analyses in Section III.

B. Density conservation equation

Before solving the ζ-average toroidal momentum equa-
tion (56) for the collisional radial particle flux n0V̄2·∇ψp,
we discuss the net particle flux that arises in the den-
sity conservation equation. The relevant density conser-
vation (continuity) equation can be obtained from the
flux-surface-average (FSA) of the

∫
d3v moment of the

drift-kinetic equation in (70). First, we note that [25] for
a lowest order Maxwellian distribution function f̄M (ψp)
that is constant on a flux surface, 〈

∫
d3v ∂f̄M/∂t|ψp

〉 =
〈∂n/∂t|ψp

〉 = (1/V ′)(∂/∂t|ψp
(V ′n0). Also, the FSA of

the D{f} contribution to the right side of the density
equation is 〈

∫
d3vD{f̄M}〉 = 〈D{n0}〉. Thus, taking the∫

d3v moment of the drift kinetic equation in (70), av-
eraging over toroidal angle ζ and taking its flux surface
average using (7), we find that in terms of the toroidal-
flux-surface-based coordinate ρ the O{δ2} density con-
servation equation on a poloidal flux surface ψp is

1
V ′

∂

∂t

∣∣∣∣
ψp

(V ′n0) + ρ̇ψ
∂n0

∂ρ
+

1
V ′

∂

∂ρ
(V ′ Γ) = 〈S̄n〉. (74)

This density equation can also be obtained by taking
the FSA of the ζ average of (1) with all quantities ex-
panded as in (8) and adding 〈D{n0}〉 to its right side to
take account of its transformation from laboratory (x) to
poloidal flux coordinates. The quantity dN ≡ (V ′n0) dρ
is the number of particles contained between the ρ and
ρ + dρ flux surfaces. The quantity V ′n0 is an “adia-
batic” plasma property [5, 6, 23–25] that is conserved
in the absence of particle fluxes and density sources, in-
cluding those induced by poloidal flux changes induced
by ρ̇ψp

∝ ψ̇p 6= 0.
For each plasma species the particle flux in (74) is

Γ ≡ Γaν + Γnaan + Γapc. (75)

It includes: the “direct,” second order ambipolar (super-
script a) collision-induced flux,

Γaν ≡ n0 〈(V̄2 − uG) · ∇ρ〉; (76)

possibly non-ambipolar (superscript na) “anomalous”
(subscript an) fluxes induced by correlations of first order
density fluctuations and fluid flows,

Γnaan ≡ 〈 ñ1Ṽ∧ · ∇ρ〉; (77)

and the ambipolar paleoclassical particle flux given by

Γapc = − 1
V ′

∂

∂ρ
(V ′D̄ηn0) = − D̄η

∂n0

∂ρ
− n0Vpc. (78)

Here, the paleoclassical particle pinch speed (s−1) is

Vpc =
1
V ′

∂

∂ρ
(V ′D̄η). (79)

The grid velocity uG has been incorporated into the defi-
nition of the collisional part of Γaν in (76) via 〈V̄2·∇ρ〉 →
〈(V̄2 − uG)·∇ρ〉 because while [5, 6, 22, 23] collisional
(classical and neoclassical) transport theory determines
particle fluxes across poloidal flux surfaces it uses a
toroidal flux coordinate system (ρ ∼

√
ψt) that moves

with grid velocity uG.

All the contributions to the particle flux in (75) are
O{δ2} or smaller in the gyroradius expansion. The units
of Γ are m−3 s−1 (because ρ is dimensionless and |∇ρ| ∼
1/a ∼m−1). Note also that the particle fluxes are defined
relative to ∇ρ here rather than to ∇ψp as was used in
[2]; thus, the Γψ ≡ 〈Γ·∇ψp〉 ≡ 〈Γ·∇ρ〉ψ′p = Γψ′p in [2] is
ψ′p times the Γ defined here.

The toroidal force balance equation (56) also needs
to be transformed from laboratory to poloidal flux co-
ordinates. Analogous to the effects in the density equa-
tion [see discussion between Eqs. (69) and (74) above],
the transformation adds a term eζ·D{

∫
d3vmvf} =

eζ·D{mn0V̄1} to the right side of (56). Then, since the
unit vector êζ ≡∇ζ/|∇ζ| = R∇ζ does not change with
ρ and hence ∂êζ/∂ρ = 0, we find that the flux surface
average of this contribution becomes

〈eζ·D{mn0V̄1}〉 ' − ρ̇ψp

∂

∂ρ
[mn0〈eζ·V̄1〉]

+ 〈∇ · [mn0(eζ·V̄1)uG]〉

+
1
V ′

∂2

∂ρ2
[V ′D̄ηmn0〈eζ·V̄1〉]. (80)

Here, the approximate equality indicates that O{ε2} in-
verse aspect ratio terms have been neglected in bringing
the R factor in eζ ≡ R êζ through the ρ derivatives.

Thus, transforming (56) to poloidal flux coordinates,
taking its FSA, and solving it for the second order radial
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particle fluxes for each species yields

ψ′p(Γ
a
ν+Γnaan ) ≡ 〈n0(V̄2 − uG)·∇ψp〉+ 〈 ñ1Ṽ∧ ·∇ψp〉

= − 1
q

[
〈eζ · R̄〉+ n0q〈eζ · ĒA〉 − 〈eζ·∇·π〉

]
− 1

q
〈eζ ·D{mn0V̄1}〉

+
1
qV ′

∂

∂t

∣∣∣∣
ψp

(
V ′mn0〈eζ·V̄1〉

)
+

1
qV ′

∂

∂ρ

(
V ′mn0〈 (eζ·Ṽ1)(Ṽ1·∇ρ) 〉

)
− 〈eζ · n0Ṽ1×B̃〉

− 1
q
〈eζ · S̄m〉. (81)

Here, (7) has been used to obtain the fluctuation-
induced contribution to the particle flux on the fourth
line. Successive lines in (81) indicate that the radial
particle flux has many O{δ2} components: collision-
induced fluxes, collision-induced paleoclassical processes,
polarization flux due to time-dependent toroidal flows,
microturbulence-induced Reynolds stresses, effects due
to the Maxwell stress J̃×B̃ induced by fluctuations
and non-axisymmetric magnetic field components, and
toroidal momentum sources.

C. Ambipolar collisional particle fluxes

Consider first particle fluxes induced by the collisional
friction force R̄e ' nee(J‖/σ‖+ J∧/σ⊥) = − R̄i (neglect
of poloidal heat flows changes some numerical coefficients
but does not affect the qualitative results or scalings):

ψ′pΓ
a
ν ≡ −

1
qs
〈eζ · R̄s〉 − n0〈eζ · ĒA〉. (82)

A vector identity relating the toroidal, parallel and
poloidal directions is useful for analyzing 〈eζ · R̄s〉:

eζ ≡ R2∇ζ =
I B0

B2
0

− B0×∇ψp
B2

0

. (83)

The collisional-friction-induced toroidal torque is thus

1
qs
〈eζ·R̄〉 =

I

qs

〈
B0·R̄
B2

0

〉
− 1
qs

〈
B0×∇ψp

B2
0

· R̄
〉

= − ne0I

σ‖

〈
B0J‖

B2
0

〉
+
ne0
σ⊥

〈
|∇ψp|2

B2
0

〉
dP0

dψp
. (84)

The FSA J‖ term can be worked out using (29) and (36):〈
B0J‖

B2
0

〉
=
〈B0J‖〉
〈B2

0〉
+
〈
J‖B0

(
1
B2

0

− 1
〈B2

0〉

)〉
=
σ‖〈B0·ĒA〉+ (σ‖/ne0e)〈B0·∇·π̄e‖〉

〈B2
0〉

+
〈B0·JCD〉+ 〈B0·Jdyn〉

〈B2
0〉

− I dP0

dψp

〈
1
B2

0

(
1− B2

0

〈B2
0〉

)2〉
. (85)

Next, we use this result in (84) to obtain the total
collision-induced particle flux from (75), which has 7 con-
tributions: classical (cl), Pfirsch-Schlüter (PS), banana-
plateau [6] (bp) collisionality regime and paleoclassical
(pc) fluxes plus the radial particle fluxes due to the non-
inductive and dynamo parallel currents 〈B0 · JCD〉 and
〈B0 · Jdyn〉, and the ĒA×B0/B

2
0 pinch effect [5],

Γaν+Γapc = Γcl+ΓPS+Γbp+Γpc+ΓCD+Γdyn+ΓEA . (86)

Here, for each species we have defined

Γcl ≡ −
ne0
σ⊥

〈
|∇ρ|2

B2
0

〉
dP0

dρ
, (87)

ΓPS ≡ −
ne0I

2

σ‖ψ′2p

〈
1
B2

0

(
1− B2

0

〈B2
0〉

)2〉
dP0

dρ
, (88)

Γbp ≡
I

e〈B2
0〉ψ′p

〈B0·∇·π̄e‖〉, (89)

Γpc ≡ − D̄η
dne0
dρ
− ne0Vpc, (90)

ΓCD ≡
ne0I

σ‖ψ′p〈B2
0〉
〈B0 · JCD〉, (91)

Γdyn ≡
ne0I

σ‖ψ′p〈B2
0〉
〈B0 · Jdyn〉, (92)

ΓEA ≡ −ne0
ψ′p

[
〈eζ·ĒA〉

(
1− I

2〈R−2〉
〈B2

0〉

)
− I〈Bp·ĒA〉

〈B2
0〉

]
.(93)

Note that all 7 of these particle fluxes are the same for
electrons and ions [5, 6, 40]. Thus, they are ambipolar
(superscript a) and cause no FSA radial plasma current:

〈Ja· ∇ρ〉 ≡
∑
s

qs (Γasν + Γaspc) = 0. (94)

For a Fick’s law particle flux form Γ = −〈D∇n·∇ρ〉 =
−D〈|∇ρ|2〉(dn0/dρ), the collision-induced diffusion coef-
ficients are of order Dcl ∼ νe%

2
e, DPS ∼ (q2σ⊥/σ‖)Dcl,

Dbp ∼ µe00%
2
eB

2
t /B

2
p ∼ (q2/ε3/2)Dcl, and Dpc ≡

ηnc
‖ /µ0 ∼ Dcl/βe, which is the largest D for the usual

situation where βe ≡ pe/(B2
0/2µ0) � ε3/2/q2 � 1. In

addition there are non-diffusive radial fluxes due to the
Ware pinch [5, 6] [∝ 〈B0 · ĒA〉, from Γbp via the parallel
viscous force in (37) using (41)], paleoclassical pinch flow
(79), outward flows due to non-inductive co-current-drive
and dynamo effects, and ĒA×B0/B

2
0 inward pinch [5].
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D. Possibly non-ambipolar particle fluxes

Next, consider the particle flux induced by the toroidal
(eζ · ) component of the viscous force density −∇·π̄:

ψ′pΓπ ≡ (1/qs) 〈eζ·∇·π̄〉. (95)

The viscous stress tensor π̄ was described in (34) above.
The parallel stresses, which are in principle the largest,
can be written in the Chew-Goldberger-Low (CGL) form:

π‖ = (p‖ − p⊥)(BB/B2 − I/3). (96)

They can be split into their axisymmetric (superscript
A) and non-axisymmetric (superscript NA) parts, which
when averaged over the fluctuations can be written as

π̄‖ = π̄A
‖ + π̄NA

‖ . (97)

Using equilibrium, average quantities in the definition of
π‖ in (96) and J0×B0 = (∇×B0)×B0/µ0 =∇P0 yields

∇·π̄A
‖ = B0 (B0·∇)

(
p̄‖ − p̄⊥
B2

0

)
+
p̄‖ − p̄⊥
B2

0

∇
(
B2

0

2
+ µ0P0

)
− 1

3
∇(p̄‖ − p̄⊥). (98)

Taking the toroidal angular (eζ · ) component of this vis-
cous force, the terms on the second line vanish because
of axisymmetry (∂/∂ζ → 0) in the equilibrium. Thus,
using (6), the flux-surface-average of the toroidal viscous
torque in an axisymmetric magnetic field vanishes [5, 6]:

〈eζ·∇·π̄A
‖ 〉 = I

〈
(B0·∇)

(
p̄‖ − p̄⊥
B2

0

)〉
= 0. (99)

Alternatively, since π̄A
‖ is a symmetric tensor, one can use

the vector, tensor identity in (54) and the FSA property
in (7) to obtain the same result. Physically, this toroidal
viscous force vanishes because there is no toroidal inho-
mogeneity in the equilibrium magnetic field strength to
impede flow in the toroidal (axisymmetry) direction.

However, non-axisymmetric (NA, 3D) magnetic field
components in (15) cause toroidal torques on toroidally
flowing plasmas that are typically second order in B̃‖
and hence in the gyroradius expansion. They are usually
calculated [15–17] in the absence of fluctuation and mo-
mentum source effects from the relation 〈eζ·∇·π̄NA

s‖ 〉 =
qsψ
′
pΓ

NA
sπ‖. The net ion torques, which are typically a fac-

tor of order (mi/me)1/2 ∼ 60 larger than the electron
ones, can be written in the generic form [2, 14–17, 41]

〈eζ·∇·π̄NA
i‖ 〉 = mini0µi t

B̃2
eff

B2
0

[〈R2Ωt〉 − 〈R2Ω∗〉]. (100)

Here, µi t (s−1) is an effective ion viscous toroidal damp-
ing frequency due to TTMP [14, 15], banana-drift [16, 41]
and ripple-trapping effects (see [17] and references cited

therein). And (B̃eff/B0)2 is a weighted sum over all m,n
components of B̃‖ which represents the effective magnetic
field non-axisymmetry (NA) through which the tokamak
plasma flows toroidally.

The intrinsic (or “offset” [42, 43]) rotation frequency

〈Ω∗〉 ≡ 〈R2Ω∗〉/〈R2〉 ' (cp + ct)(1/qi)(dTi0/dψp) (101)

is a diamagnetic-type toroidal rotation frequency propor-
tional to the radial ion temperature gradient. It is caused
by ions of different energy drifting radially at different
speeds. In most NA transport processes, ions on the tail
of the ion distribution drift radially more rapidly than
thermal ions; this causes Ω∗ < 0 for dTi0/dψp < 0. The
poloidal coefficient cp in (101) was discussed after (45);
the toroidal coefficient ct ranges from −0.67 to 2.4, de-
pending on which non-axisymmetric process is involved
[2, 41].

Next, we consider the cross and perpendicular stresses
and their effects. The cross stress π∧ ∼ B0×∇V is a
symmetric, diamagnetic-type stress tensor (see [30] and
references cited therein) for which an approximate form
is given in (B1). The gyroviscous force it induces is given
in (B2). The flux-surface-average of its toroidal angular
component vanishes for the equilibrium first order neo-
classical flow velocity V̄1 for up-down symmetric plas-
mas [7], which we will assume. (For up-down asymmetric
plasmas it is very small unless there is “extreme asym-
metry,” perhaps near a divertor separatrix in the Pfirsch-
Schlüter collisionality regime [7]). Also, for collisionless
plasmas it vanishes [44]. Thus, for equilibrium flows we
will assume

〈eζ·∇·π̄∧〉 = 0. (102)

However, for fluctuations it does not vanish. That is,
〈eζ·∇·π∧〉 6= 0 — see Appendix B.

The ion perpendicular stresses cause both classical [3]
and neoclassical [4, 7] radial transport of the plasma
toroidal angular rotation Ωt through their respective per-
pendicular viscous forces 〈eζ·∇·π̄cl

s⊥〉 and 〈eζ·∇·π̄nc
s⊥〉.

They cause diffusive radial transport of Ωt with diffusion
coefficients (classical [3]) χcl

t ' 0.3 νi%2
i and (neoclassical

[4]) χnc
t ' 0.1 q2νi%

2
i . It is important to note that the

neoclassical toroidal angular momentum diffusivity χnc
t

is a factor of order 0.1 ε3/2 smaller than the ion neoclas-
sical radial ion heat diffusivity [5] χi ∼ (q2/ε3/2) νi%2

i . In
addition, neoclassical radial transport of toroidal momen-
tum includes a momentum pinch type effect [4, 7] that
is comparable in magnitude to the diffusive radial trans-
port of toroidal momentum. In most tokamak plasmas of
fusion interest the classical and neoclassical toroidal an-
gular momentum diffusivities χt are less than 0.1 m2/s;
hence the radial transport of Ωt they induce is usually
negligible. The combination of all these cross and per-
pendicular classical and neoclassical viscous stress effects
are discussed in detail in [7].

Paleoclassical processes due to the 〈eζ ·D{mn0V̄1}〉
defined in (80) also produce radial transport of toroidal
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angular momentum. The Dη-induced part of electron
and ion paleoclassical effects can be characterized as per-
pendicular viscous torques on the toroidal angular mo-
mentum density of each species. The ion paleoclassi-
cal viscous torque is larger than that for electrons by
mi/me ∼ 3672 � 1. It is caused by the ion Dη-induced
term in (80):

〈eζ·∇· π̄pc
i⊥〉 ' −

1
V ′

∂2

∂ρ2

[
V ′D̄ηLt

]
= − 1

V ′
∂

∂ρ

[
V ′
(
D̄η
∂Lt
∂ρ

+ Lt Vpc

)]
, (103)

in which the plasma toroidal angular momentum (torque)
density is

Lt ≡ mini0〈eζ · V̄i〉 = mini0〈R2Ωt〉. (104)

The ion term −ρ̇ψp
(∂/∂ρ)mini0〈eζ·V̄i〉 in (80) leads to

an additional toroidal torque density on the right side
of (56) of −ρ̇ψp

(∂Lt/∂ρ). It is caused by poloidal mag-
netic field transients in the plasma that produce ψ̇p 6= 0
and is analogous to the ρ̇ψp∂n0/∂ρ term in (74). The
〈∇ ·mini0(eζ·V̄i)uG〉 ion term in (80) contributes, as
in particle fluxes, to properly determining the neoclas-
sical perpendicular viscosity discussed above when there
is grid motion of the toroidal flux surfaces.

Paleoclassical radial momentum transport in (103)
causes radial diffusion of Lζ with a diffusivity χpc

t ≡ Dη,
plus a momentum pinch Vpc that is the same as that
for the density, i.e., (79). The paleoclassical momentum
diffusivity is the same as the magnetic field diffusivity:
Dη ≡ ηnc

‖ /µ0 ∼ 1400Zeff/Te(eV)3/2, which becomes less
than about 0.1 m2/s for Te >∼ 1 keV. While it can be sig-
nificant in ohmic-level tokamak plasmas and towards the
plasma edge, it is usually negligible in the hot plasma
core unless fluctuation-induced transport is suppressed.

Taking into account all of the classical, neoclassical
and paleoclassical processes of radial transport of Ωt, the
total collision-induced perpendicular viscous torque is

〈eζ·∇·π̄s⊥〉 ≡ 〈eζ·∇·(π̄cl
s⊥ + π̄nc

s⊥ + π̄pc
s⊥)〉

' 〈eζ·∇·π̄pc
s⊥〉. (105)

Combining this with the parallel viscous force due to 3D
non-axisymmetric magnetic field components, the radial
particle fluxes induced by ‖, ⊥ viscous forces become

ψ′pΓπ‖ ≡ (1/qs)〈eζ·∇·π̄NA
s‖ 〉, (106)

ψ′pΓπ⊥ ≡ (1/qs)〈eζ·∇·π̄s⊥〉. (107)

The other particle fluxes in (81) are induced by
polarization flows, perturbation-induced Reynolds and
Maxwell stresses, poloidal magnetic flux transients and

momentum sources:

ψ′pΓpol ≡
1

qsV ′
∂

∂t

∣∣∣∣
ψp

(
V ′msns0〈eζ·V̄s1〉

)
, (108)

ψ′pΓRey ≡
1

qsV ′
∂

∂ρ
(V ′Πsρζ), (109)

ψ′pΓMax ≡ −〈eζ · ns0Ṽ1×B̃ 〉, (110)

ψ′pΓJxB ≡ −〈eζ · ns0ṼNA
‖mn×B̃NA

⊥mn 〉, (111)

ψ′pΓψ̇p
≡

ρ̇ψp

qs

∂

∂ρ
(mn0〈eζ · V̄1〉), (112)

ψ′pΓS ≡ − (1/qs) 〈eζ · S̄sm〉. (113)

The toroidal Reynolds stress Πsρζ has been considered
in fluid models [9, 10], but is now usually obtained from
gyrokinetic-based theories [11–13]. The definition of it
that emerges from this fluid-based approach is

Πsρζ ≡ msns0〈 (∇ρ ·Ṽs∧)(Ṽs· eζ) 〉+ 〈∇ρ ·π∧ · eζ〉.
(114)

The gyroviscous stress π∧ in the last term is described
in Appendix B and an approximate form of it is specified
in (B4); this term provides a partial gyroviscous can-
cellation [see discussion before (B2)] of the first term in
(114). Also, we have split the Ṽ×B̃ contributions into a
fluctuation-induced Maxwell stress part ΓMax and a part
ΓJxB induced by externally-imposed non-axisymmetric
(NA) resonant (at q = m/n) magnetic perturbations,
which will be discussed after (120) below.

The sum of the rest of the particle fluxes in (81), in
addition to those included in (86), for each species is thus

Γnaan = Γπ‖+Γπ⊥+Γpol +ΓRey +ΓMax +ΓJxB +Γψ̇p
+ΓS .
(115)

These 8 particle flux components are all, in principle,
different for electrons and ions, and hence non-ambipolar
(superscript na).

E. Radial current, toroidal rotation equation

Next, we consider the flux surface average of the
plasma current continuity equation obtained by multi-
plying the FSA density equation (74) by the charge qs
and summing over plasma species (〈ρq〉 ≡

∑
s ns0qs):

1
V ′

∂

∂t

∣∣∣∣
ψp

(V ′〈ρq〉) + ρ̇ψp

∂〈ρq〉
∂ρ

+
1
V ′

∂

∂ρ
(V ′〈J·∇ρ〉) = 0.

(116)
Here, V ′〈J·∇ρ〉 ≡

∑
s qsV

′Γs is the net FSA plasma
current (in Amperes) flowing radially across a magnetic
flux surface. For simplicity, we have assumed the particle
sources are ambipolar and hence that

∑
s qs〈S̄sn〉 = 0 —

because inside tokamak plasmas the electron and ion den-
sity sources Ssn are usually equal and hence ambipolar.
Thus, using the FSA of Gauss’ law (〈ε0∇·Ē0〉 = 〈ρq〉)
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and (7), this last equation becomes

1
V ′

∂

∂ρ

[
V ′
(
ε0

∂

∂t

∣∣∣∣
ψp

〈Ē0 ·∇ρ〉+ 〈J ·∇ρ〉
)]

+ ρ̇ψp

∂

∂ρ

[
ε0
V ′

∂

∂ρ
(V ′〈Ē0 ·∇ρ〉)

]
= 0. (117)

The radial electric field contribution here is 〈Ē0 ·∇ρ〉 =
〈|∇ρ|2〉∂Φ0/∂ρ. It is proportional to one of the key terms
in the toroidal rotation Ωt given in (47). Hence, the
radial ion current due to the ion polarization particle
flow Γipol in (108) includes a term that is of the form
(∂/∂t)(mini0〈R2〉∂Φ0/∂ψp) in (117). This term is larger
than the vacuum field term ∂〈ε0Ē0·∇ρ〉/∂t in (117) by
a factor of mini0〈R2〉/(ε0ψ′2p 〈|∇ρ|2〉) ' c2/c2Ap � 1, in
which cAp ≡ Bp/

√
µ0mini0 is the Alfvén speed in the

poloidal magnetic field. The electric field term propor-
tional to ρ̇ψp

is of a similar magnitude relative to this
inertial electric field term from Γipol. Thus, since typ-

ically c2/c2Ap ∼ 105 � 1, both of the 〈Ē0 ·∇ρ〉 elec-
tric field terms in (117) are negligible compared to the
neoclassical MHD polarizability [45] arising from the
(∂/∂t)(mini0〈R2〉∂Φ0/∂ψp) term in ∂Lt/∂t. This iner-
tial term produces the neoclassical perpendicular dielec-
tric ε̂⊥ = c2/c2Ap for this plasma when the poloidal flow
is in equilibrium on the transport time scale, for which
the equilibrium poloidal flow is given in (46).

Thus, as in stellarator neoclassical transport theory
[15, 27, 28], since the 〈Ē0·∇ρ〉 terms are negligible in
(117), this equation requires that there should be no net
radial current in the plasma on the transport time scale:

0 = 〈J ·∇ρ〉 =
∑
s

qsΓs =
∑
s

qsΓnasan. (118)

As indicated, only non-ambipolar particle fluxes cause
net radial currents. Setting to zero the net radial plasma
current caused by contributions produced by all 8 non-
ambipolar particle fluxes in (115) for both species yields

1
V ′

∂

∂t

∣∣∣∣
ψp

(V ′Lt)︸ ︷︷ ︸
inertia

' − 〈eζ·∇·π̄NA
i‖ 〉︸ ︷︷ ︸

non-res. NA B̃‖

− 〈eζ·∇·π̄i⊥〉︸ ︷︷ ︸
cl, neo, paleo

− 1
V ′

∂

∂ρ
(V ′Πiρζ)︸ ︷︷ ︸

ion Reynolds stress

+ 〈eζ · J̃×B̃ 〉︸ ︷︷ ︸
Maxwell stress

+ 〈eζ · J̃NA
‖mn×B̃NA

⊥mn 〉︸ ︷︷ ︸
resonant NA B̃mn

− ρ̇ψp
∂Lt/∂ρ︸ ︷︷ ︸

ψ̇p 6= 0 trans.

+ 〈eζ ·
∑
sS̄sm〉︸ ︷︷ ︸

mom. sources

. (119)

This comprehensive conservation equation for the
toroidal angular momentum Lt ≡ mini0〈R2Ωt〉 of a toka-
mak plasma is the primary result of this paper. Here, the
approximate equality indicates that we have neglected
the electron ‖, ⊥ viscous and Reynolds stresses which
are usually smaller by a factor of order

√
me/mi ∼

1/60. Similar to the density, V ′Lt represents the plasma
toroidal angular momentum between the ρ and ρ + dρ
flux surfaces; it is also an adiabatic plasma property that
vanishes in the absence of dissipative processes and mo-
mentum sources.

The Maxwell stress contributions in (119) are induced
by microturbulence. They can be made more explicit by
using Ampere’s law for the fluctuations and the vector
identity C×(∇×C) =∇(|C|2/2)−C ·∇C:

〈eζ·J̃×B̃ 〉 = 〈eζ·
1
µ0

(∇×B̃)×B̃ 〉 = 〈eζ·
1
µ0

B̃·∇B̃ 〉.

(120)
However, for radially local fluctuations that do not con-
nect to “external” magnetic fields, the average of this
contribution over a narrow radial region of the plasma
vanishes — see Eq. (28) and discussion in [12].

The 〈eζ · J̃×B̃ 〉 toroidal torque vanishes for ideal

MHD perturbations throughout the hot core of tokamak
plasmas [18]. However, in the vicinity of a low order ra-
tional surface (e.g., q = m/n) non-ideal effects can allow
an externally imposed non-axisymmetric (NA) magnetic
field component to induce a finite parallel current J̃‖mn
and nonzero B̃⊥mn within the thin non-ideal boundary
layer [18, 19] around the low order rational surface. This
process produces the toroidal torque 〈eζ · J̃NA

‖mn×B̃NA
⊥mn 〉

in (119) in the vicinity of low order q = m/n rational
surfaces in a toroidally rotating plasma.

F. Rotation, radial electric field, net particle flux

The flux surface average toroidal plasma rotation fre-
quency 〈Ωt〉 is defined in terms of Lt by

〈Ωt〉 ≡
Lt

mini0〈R2〉
=
〈R2Ωt〉
〈R2〉

= Ω∧ +
〈R2Ω∗p〉
〈R2〉

= −
(
dΦ0

dψp
+

1
ni0qi

dpi0
dψp

)
+

I

〈R2〉
Uiθ

' − 1
ψ′p

(
dΦ0

dρ
+

1
ni0qi

dpi0
dρ
− cp
qi

dTi0
dρ

)
. (121)
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Thus, determination of Lt and hence 〈R2Ωt〉 from a so-
lution of (119) also determines the radial electric field:

Eρ ≡
∇ρ
|∇ρ| · Ē0 = − |∇ρ| dΦ0

dρ

= |∇ρ|
(
〈Ωt〉ψ′p +

1
ni0qi

dpi0
dρ
− I

〈R2〉
Uiθψ

′
p

)
' |∇ρ|

(
〈Ωt〉ψ′p +

1
ni0qi

dpi0
dρ
− cp
qi

dTi0
dρ

)
. (122)

The |∇ρ| factor accounts for the bunching together
(|∇ρ| > 1/a) of poloidal flux surfaces on the tokamak’s
outboard side but stretched separations (|∇ρ| < 1/a) on
the inboard side — due to the Shrafranov shift, etc.

The resultant Eρ (or 〈Ωt〉) causes the electron and ion
non-ambipolar radial particle fluxes to become equal (i.e.,
ambipolar) and produce no net radial current:

Γnaean(Eρ) = ZiΓnaian(Eρ) =⇒ 〈Jnaan (Eρ) · ∇ρ〉 = 0.
(123)

Note that obtaining no net radial current in the plasma is
the same as determining 〈Ωt〉 (or Eρ) from the evolution
equation for Lt given in (119). Because (118) and hence
(119) are determined predominantly by the sum of the
non-ambipolar ion particle fluxes, the radial electric field
Eρ obtained here is what is referred to as the “ion root”
in the stellarator literature [46].

Thus, from (75) the net ambipolar radial particle flux
is the sum of the intrinsically ambipolar fluxes Γaν + Γapc

and the non-ambipolar fluxes Γnaan evaluated at Eρ:

Γnet
e = Γaeν + Γaepc + Γnaean(Eρ) = Γnet

i . (124)

As indicated, since the non-ambipolar ion particle fluxes
mostly sum to zero to yield 〈J·∇ρ〉 ' eZiΓnaian(Eρ) ∼ 0,
it is easiest to determine the net ambipolar particle flux
using the non-ambipolar electron fluxes.

Since electron perpendicular-viscosity-driven classical
and neoclassical particle fluxes are me/mi

<∼ 1/3672� 1
smaller than the corresponding already small ion ones,
the lowest order electron particle flux is likely to be de-
termined by the paleoclassical particle flux (Γpc) plus the
electron Reynolds and Maxwell stress particle fluxes:

Γnet
e ' Γapc + ΓnaeRey(Eρ) + ΓnaeMax(Eρ)

= − D̄η
dne0
dρ
− ne0Vpc

− 1
e

1
ψ′pV

′
∂

∂ρ
[V ′Πeρζ ]

− 1
ψ′p
〈eζ · ne0Ṽe×B̃ 〉. (125)

However, electron particle fluxes due to parallel viscous
force effects from NA magnetic fields (via Γeπ||) and
momentum source effects (via ΓeS) may be important
for particular tokamak plasma situations. Also, during
poloidal magnetic flux transients the FSA density equa-
tion (74) has the additional contribution ρ̇ψp

∂ne0/∂ρ =

(ψ̇p/ψ′p)(∂ne0/∂ρ). This added ambipolar, radial motion
effect could lead, for example, to the “density pump-out”
effect (see for example [47]) as Electron Cyclotron Heat-
ing (ECH) is applied to a tokamak plasma, locally rapidly
increases Te, reduces Dη ∝ ηnc

‖ ∼ 1/T 3/2
e , and causes

ρ̇ψp ∝ ψ̇p < 0 and hence ∂ne0/∂t ∼ − ρ̇ψp
∂ne/∂ρ < 0

there.

V. DISCUSSION

The seven contributions on the right of the toroidal
torque equation (119) have a wide variety of effects. In
the following we describe briefly for each contribution, in
order of its appearance in (119), the parameter regime in
which it is likely to be significant and if it were dominant
what effect it would have on the plasma toroidal rotation
frequency 〈Ωt〉:

1) Neoclassical toroidal viscosity due to NA fields:
When field errors are very large or large
non-axisymmetric (NA) control fields are de-
liberately applied, the neoclassical toroidal
viscous (NTV) torque in (100) acts as a drag
throughout the plasma. It relaxes the plasma
toroidal rotation toward an “intrinsic” or “offset”
[42, 43] rotation frequency in the “counter”
(to the current) direction given by (101):
〈Ωt〉 ' 〈Ω∗〉 ' (cp + ct)(1/qiψ′p)(dTi0/dρ) < 0.

2) Collision-induced perpendicular viscosities: In plas-
mas with approximately ohmic-level heating and
near the plasma edge where Te <∼ 1 keV, and
when fluctuation-induced transport is suppressed,
paleoclassical perpendicular viscosity in (103) may
be dominant and cause 〈Ωt〉 ' 0 through a combi-
nation of radial diffusion of Lt with diffusivity Dη

from (67) and an inward pinch Vpc from (79).

3) Fluctuation-induced ion Reynolds stress: Various
properties of microturbulence can lead [8–13] to
radial diffusion, plus non-diffusive typically co-
current “intrinsic” rotation (or “pinch velocity”)
[12, 48–53] and “residual stress” [13, 54] effects
that do not depend on either 〈Ωt〉 or its radial
derivative.

4) Fluctuation-induced Maxwell stress: This tends to be
small for low β plasmas, but its electron component
could be important in the radial particle flux.

5) Resonant non-axisymmetric (NA) magnetic fields:
They produce a toroidal torque in the vicinity
of low order resonant rational surfaces where
q = m/n. Toroidal flow inhibits penetration of
resonant field errors into the plasma by producing
a shielding effect on the rational surfaces. Above
a critical field error amplitude — termed the
penetration threshold — the plasma rotation can
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no longer suppress the resonant torque, and plasma
rotation at a m/n rational surface rapidly (in a few
ms) locks to the wall (laboratory frame) [18, 21].
Then, the diffusive radial momentum transport
due to perpendicular collision-iduced viscosity and
the ion Reynolds stress slows toroidal rotation
throughout the plasma on a fraction of the global
momentum confinement time scale [55]. The net
result is then a toroidal rotation profile that is
locked to the wall on low order rational surfaces
with some residual toroidal rotation between
rational surfaces if the plasma toroidal torque
source 〈eζ ·

∑
s S̄sm〉 is large.

6) Poloidal magnetic flux transients: Poloidal flux tran-
sients that cause ψ̇p 6= 0 move Lt ≡ mini0〈R2Ωt〉
radially at a speed dρ/dt = ρ̇ψp

= ψ̇p/ψ
′
p. The rota-

tion frequency 〈Ωt〉 typically decreases with minor
radius; thus, from (72) one usually has ∂Lt/∂ρ < 0.
If, in addition, ψ̇p < 0 (e.g., due to EC heating
or turn-on of a non-inductive co-current source),
this effect dynamically reduces the plasma toroidal
angular momentum on the magnetic field diffusion
time scale: (1/V ′)∂(V ′Lt)/∂t|ψp

' − ρ̇ψp
∂Lt/∂ρ ∼

D̄η ∂Lt/∂ρ < 0.

7) Momentum sources: A net toroidal momentum source
〈eζ·

∑
s S̄sm〉 applies toroidal torque to the plasma.

For example, uni-directional tangential energetic
neutral beam injection (NBI) used to heat tokamak
plasmas also causes a toroidal torque on the plasma
via the injected fast ions collisionally transferring
[26] their momentum to the background plasma —
in the direction of the NBI. In steady state this
torque on the plasma is usually balanced by the
fluctuation-induced ion Reynolds stress discussed
in 3) above. Similar considerations apply to the
radial current induced by “energetic” electrons in-
volved in lower hybrid current drive (LHCD) ex-
periments [56]. In LHCD, the wave momentum in-
put transferred to the energetic electrons provides a
plasma momentum source via collisional transfer of
the momentum in energetic electrons to the back-
ground plasma. This LHCD plasma momentum
source is in the direction opposite to the wave mo-
mentum input — because the negatively charged
energetic electrons cause a current in the opposite
direction from the wave momentum input. Thus,
co-current LHCD produces a plasma torque in the
counter-current direction.

In the preceding discussion, particularly point 7), it
was assumed that the only effects of the sources and
sinks are through their particle and momentum inputs.
However, for tangential NBI the mechanical momentum
source from the collisional slowing down of the injected
untrapped fast ions only comprises [26] a fraction ∼ 1− ε
of the total momentum input — because at birth the v‖
of the NBI-injected fast ions is less than their toroidal

velocity. The remaining ∼ ε fraction results from the
change in the fast ion guiding center canonical toroidal
angular momentum pζg ≡ mv‖I/B − qiψp caused by the
difference of their birth radius from the bounce average of
their radial guiding center position: 〈∆ψf〉θ ∼ ψ′p〈∆ρf〉θ.
For a fast ion injection rate [26] ṅf this causes a radial
fast ion current 〈Jf ·∇ρ〉 ' ṅfqf〈∆ρf〉θ. At the plasma
edge this radial current can also be induced by direct fast
ion losses to the surrounding vacuum vessel wall.

Equation (118) did not include this fast-ion-induced
current. However, it should be added there [57], in which
case this equation becomes 〈J ·∇ρ〉+ 〈Jf ·∇ρ〉 = 0. Mul-
tiplying (51) by nq we see that J ·∇ψp = (J ·∇ρ)ψ′p =
eζ · J×B ' RJrBp. Thus, the toroidal torque the fast
ion current induces can be accommodated in the formal-
ism of this paper by including an extra fast ion momen-
tum source [57]:

〈eζ·S̄fm〉 ≡ − 〈Jf ·∇ρ〉ψ′p ' −RBpṅfqf〈∆ρf〉θ. (126)

This is positive for tangentially co-injected ions that
on average drift inward of their birth radius and cause
〈∆ρf〉θ < 0. This extra toroidal angular momentum in-
put due to a fast-ion-induced radial current causes a “re-
turn current” in the plasma [57]: 〈J ·∇ρ〉 = −〈Jf ·∇ρ〉.

For tangential NBI this momentum input is typically
a small fraction (∼ ε) of the direct momentum input
and hence can usually be neglected; however, for near-
perpendicular NBI this fast-ion-induced radial current
momentum source effect can be dominant. Similar con-
siderations apply to the radial current induced by the
energetic electrons involved in lower hybrid current drive
(LHCD) [56] due to the average radial guiding center mo-
tion of the “extra species” of energetic electrons. In ad-
dition, a probe inserted into a plasma [58] that draws
or emits a current Iprobe ≡ V ′〈Jprobe · ∇ρ〉 produces
an analogous toroidal momentum source 〈eζ · S̄pm〉 =
− (Iprobe/V

′)ψ′p at the radial position of the probe.

VI. SUMMARY

Three independent components of the plasma force
balance have been considered on sequential time scales:
1) plasma MHD force balance (16) on the fast Alfvén
time scale which leads to a fundamental relation (17)
between toroidal and poloidal flows, and E×B and ion
diamagnetic flows; 2) plasma parallel force balance (43)
which on the intermediate ion collision time scale leads
to the specification (46) of the ion poloidal flow in terms
mainly of the radial ion temperature gradient; and finally,
3) toroidal force balance (56) on the slow transport time
scale which leads to radial particle fluxes.

The transport-time-scale density equation on a
poloidal flux surface is specified in (74). The net particle
flux Γ ≡ 〈Γ · ∇ρ〉 is composed of: 7 ambipolar collisional
fluxes (86) due to classical, Pfirsch-Schlüter, banana-
plateau neoclassical, paleoclassical, current-drive, dy-
namo current and ĒA×B/B2 pinch transport processes;
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plus 8 non-ambipolar fluxes (115) due to parallel (non-
axisymmetric, NA) and perpendicular viscosities, polar-
ization flows, fluctuation-induced Reynolds and Maxwell
stresses, externally-imposed resonant NA magnetic fields,
poloidal flux transients, and momentum source effects.

Finally, a new comprehensive evolution equation for
the plasma toroidal angular momentum density Lt ≡
mini0〈R2Ωt〉 in (119) has been obtained by requiring the
net radial current to vanish on the transport time scale.
The net radial current is determined by summing over
species current contributions from all 8 non-ambipolar
particle fluxes. The toroidal rotation frequency 〈Ωt〉 in
(121) and hence radial electric field in (122) are obtained
from Lt. For this radial electric field the net electron
and ion particle fluxes become equal (ambipolar) (124)
and are determined mainly by the electron particle fluxes
indicated in (125).

This paper has also developed a general, self-consistent
framework for taking account of all the anomalous trans-
port effects of microturbulence on tokamak plasmas.
These effects are explicitly included in equations for the
parallel Ohm’s law (36) and (40), poloidal ion flow (46),
particle fluxes (109) and (110), momentum flux (114),
and plasma toroidal angular momentum (119).
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Appendix A: Fluid and guiding center flows, fluxes

Since the first order perturbed flows have a nonzero
radial component, they lead to the anomalous radial
particle flux 〈 ñ1Ṽ∧ · ∇ρ〉. The species fluid flow ve-
locity V∧ ≡ VE + V∗ is related to the guiding cen-
ter flow velocity usually calculated in drift kinetics and
gyrokinetics via [3] nq (VE + V∗) = nqVg + ∇×M.
Here, Vg ≡

∫
d3v qvdfM/n is the flow velocity of par-

ticle guiding centers having drift velocities vd and M ≡
− pB/B2 is the magnetism produced by the magnetic

moments of the charged particles. Since to lowest order
in β ≡ µ0p/B

2
0 << 1 and the gyroradius parameter δ,

ṽd ' Ẽ×B0/B
2
0 and ∇×M̃ ' B0×∇p̃/B2

0 , we obtain

Ṽg =
∫
d3v qṽdfM/n0 ' ṼE , (A1)

ṼM = (1/n0q)∇×M̃ ' Ṽ∗. (A2)

Thus, Ṽ∧ = Ṽg + Ṽ∗ +O{βδ, δ2}. And in general, since
∇ ·∇×M = 0, we have (1/V ′)(∂/∂ρ)(V ′〈 ñ1Ṽ∧ 〉) =
〈∇· ñṼ∧ 〉 = 〈∇· ñṼg 〉 ≡ (1/V ′)(∂/∂ρ)(V ′Γg), where Γg
is the fluctuation-induced particle flux evaluated in gy-
rokinetic codes — see for example [12]. Also, since E×B
flows are the same for electrons and ions, the net par-
ticle fluxes Γg determined from guiding center flows are
ambipolar to lowest order.

Appendix B: Gyroviscosity and its effects

The gyroviscous stress π∧ is a symmetric tensor that
is caused by diamagnetic-type B×∇V effects. It is de-
scribed in detail in [30]. The gyroviscous stress tensor
can be written to lowest order (in δ and neglecting heat
flux effects) for illustrative purposes as [3]

π∧ = (p/4ωc)[W∧ + WT
∧]. (B1)

Here, W∧ ≡ b̂×W · (I+3b̂b̂) in which b̂ ≡ B/B, I is the
identity tensor, W =∇V + (∇V)T − (2/3) I (∇·V) and
the superscript T indicates the transpose of that tensor.
For this form of the gyroviscous stress where the heat
flux effects are neglected, to lowest order in β and δ the
gyroviscous force can be written as [30]

−∇ ·π∧ ' mnV∗ · ∇V = (m/q)∇×M · ∇V. (B2)

This gyroviscous force cancels the V∗·∇V part of V·∇V
in (33) and causes it to become approximately VE·∇V,
which has been speculated [59] to be in general Vg·∇V.

Since the ζ-average fluctuation-induced gyroviscous
stress π∧ is a symmetric tensor, using (54) we find in
general that

〈eζ · ∇ ·π∧〉 = 〈∇ · (eζ ·π∧)〉 =
1
V ′

∂

∂ρ
〈eζ ·π∧ · ∇ρ〉.

(B3)
To lowest order in β, neglecting heat flux effects and gra-
dients of equilibrium quantities, the gyroviscous stress
induced by fluctuations is

π∧ ' (1/4ωc0) p̃ [W̃∧ + W̃
T

∧] . (B4)
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