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Abstract

The stability of ideal MHD ballooning modes in the presence of sheared
flow is investigated for three-dimensional equilibria. Application of balloon-
ing formalism reduces the problem to a partial differential equation in three
dimensions that can be solved in the limit of small flow. Analytic calculations
demonstrate the stabilizing effect of shear flow. The derived stability crite-
rion generalizes prior work related to axisymmetric equilibrium with sheared
toroidal flow.
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I. INTRODUCTION

A distinctive property of many of the new stellarator experimental designs
is the presence of a quasi-symmetry [1, 2, 3]. In these devices, neoclassical
theory predicts weak damping of the plasma flows in the symmetry direction.
Recent experimental observations of the Helically Symmetric Experiment
(HSX) have demonstrated this effect [4] for quasi-helically symmetric stel-
larators. With weak viscous damping, plasma flows can be more prominent in
this class of three-dimensional equilibria relative to conventional stellarators.
These flows can then produce a stabilizing effect on magnetohydrodynamic
(MHD) modes, microinstabilities and anomalous transport. In the following,
an explicit demonstration of this stabilizating effect on ideal MHD ballooning
modes in three-dimensional configurations is presented.

A number of authors have addressed the effect of sheared toroidal flow on
the high-k stability properties of tokamak plasmas [5, 6, 7, 8, 9, 10, 11, 12].
These calculations rely on using a ballooning mode WKB-like formalism
[13, 14]. In the static limit (no equilibrium flow), the ballooning transforma-
tion produces a lowest order solution in the form of an ordinary differential
equation along the field line. Solutions of this equation yield local eigen-
values that depend upon the flux surface and normalized radial wavelength,
v = v(V,0;). Here, ¥ labels the flux surface and 6y is the ballooning mode
angle. Most studies on sheared flow’s influence on ballooning stability use
the Cooper form for the eikonal, which is explicity time dependent [5]. The

theory is then formulated as an initial value problem that can be solved



numerically or analytically using asymptotic techniques. These calculations
show that sheared flow has the effect of convecting the mode along 6, arising
from the relative effects of magnetic shear and rotation shear. Eventually,
all points in 6, are experienced and a long time averaged growth rate can be
identified. This averaged growth rate was originally derived in Ref. [8] and
given by the formula

v=<q>= ]{C;ffv(&) (1)
Since the average of v is clearly smaller than the peak of v along 6 (which
is the growth rate in the static case), sheared toroidal flow has a stabilizing
effect on ballooning modes in tokamaks; the critical plasma [ for destabiliza-
tion rises in the presence of sheared toroidal flows.

There are important differences in the theory of ballooning modes in
three-dimensions configurations [13] relative to axisymmetric devices [14].
As in two-dimensional configurations, the ballooning transform for three-
dimensional systems yields a lowest order solution from an ordinary differ-
ential equation along the field line [15]. In systems without a continuous
symmetry, the ballooning mode eigenvalues depend upon three coordinates,
U, 0, and a where « labels the field line. The local eigenvalues are required
to satisfy periodicity conditions in both the toroidal and poloidal directions.
As such, the ballooning mode growth rate is given by the general formula
13
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where ¢ = q(V) is the safety value and « is written o = { — ¢f for straight
field line poloidal and toroidal angles 6 and (, respectively. In addition to the
ballooning mode eigenvalue, the corresponding eigenfunction is also a spatial
function of ¥ and «a. Regions of ideal MHD ballooning instability tend be
more localized on a magnetic surface relative to the equivalent tokamak; the
most unstable ideal MHD ballooning eigenvalue occurs at a particular value
of 6, and field line label o on each magnetic surface.

Using the Cooper form for the ballooning eikonal allows one to reduce
the order of the partial differential equation governing instability from three
to two dimensions in axisymmetric geometry (time and distance along the
field line). The equivalent procedure in three-dimensional configurations with
sheared flow reduces the partial differential equation from four to three di-
mensions. Despite the extra dimension, one can solve the resulting equation
in the limit of small rotation and rotation shear when the equivalent static
plasma is near marginal stability. The result of this calculation yields a long

time averaged ideal MHD ballooning mode growth rate given by the formula

da

db
Y=<y >= f 27;“ 57 = Y00, (3)

where the subscript (0,0) refers to the m = n = 0 term of Eq. (2). In
addition to the physics leading to the tokamak expression for the average
growth rate, the effect of the flow in stellarators is to convect the mode
across field lines in the magnetic surface, leading to an additional averaging

over . As in the tokamak case, the effect of sheared flow in a stellarator is



stabilizing.

In the following section, we introduce the MHD equilibrium quantities
and equilibrium plasma flow used for quasisymmetric stellarator plasmas.
In Section III, the linear MHD equations are presented using a ballooning
formalism. In Section IV, a calculation of the growth rate is made using a
procedure similar to that used in Ref. [8]. A summary of the results in given

in Section V.

II. MHD EQUILIBRIUM AND FLOW

There is no complete theory of MHD equilibrium in the presence of flows
for three-dimensional geometry. However, flow and flow shear effects can
have an important effect on stability even with small values of velocity. The
approach taken here is to treat the flow effects as small corrections to a
magnetostatic equilibrium (|pv-Vv|/|Vp| ~ |pv-Vv|/|TxB| ~ O(M?) < 1).
In the following we assume the existence of magnetic surfaces and the lowest

order force balance equation is given by
J x B =Vp. (4)

To describe the equilibrium magnetic field, we use Boozer coordinates [16]
which describe the vector quantities in both a covariant and contravariant
basis set, with U as the poloidal flux function, 6 as the poloidal angle and ¢

as the toroidal angle,

B = ¢(U)VV x VO + V( x VU = F(V)VC + I(D)VO+ AV, (5)
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The Jacobian of this coordinate system is given by

1 qF' + 1
\@_fove-vg_ B2 (6)

where the quantities ¢, F' and I are all flux functions and the quantity h =
h(W,0,() is related to the Pfirsch-Schliiter current.
Consistent with the equilibrium condition V x (v, x B) = 0, small O(Mj)

neoclassical, E x B and parallel flows can be described by

VU xB

Vo B2

Q) + %B, (7)

with v)| consistent with the equilibrium equation V - p,v, = 0,

Pol|| VU x B

B-v(2l) = -V () ®

As is the case with Pfirsch-Schliiter currents, self-consistent solutions for the
parallel flows rely on the capability of inverting the operator B - V. This
is singular at rational surfaces and lead to large parallel flows near rational
surfaces if §dl/B is not a flux function. In the following, we assume that
well-defined magnetic surfaces are established and that no singular currents
or flows are present.

While for much of the following calculation, a more general formulation
can be made, it is instructive to specialize to the case of a symmetric stel-
larator, which approximately describes the flow profile of a quasisymmetric
stellarator. In this case, the magnetic field strength is independent of one

variable, B = B(¢), M0 — N(), where M and N are integers denoting the



dominant field harmonic of the field strength. It is convenient to transform

to the coordinate system
a=¢—qf, 9)
n= M0 — N, (10)
Here, « is a label of the field line and 7 denotes points along the field line.
In the symmetric limit, 0B/da = 0, Eq. (8) with p, = p,(V) yields

al

B

Ba

BV, =B-V[Q], (11)

where e, = \/gV¥ x Vn/(M — Nq),B, =B-eq, = (MF + NI)/(M — Nq).

This has the solution

X Qg;“ + f(D), (12)
where f() is an undetermined flux function. With this, the total flow profile
is given by vg = Qe+ fB. In neoclassical theory, flows within the flux surface
tend to be damped in the direction of VB. As such, for a symmetric system,
the dominant flow is anticipated to satisfy v - VB = 0 [17]. Imposing this
condition yields f = 0 and the equilibrium flow to be used in the calculation

is given by

v = Q(V)e,. (13)

In this formulation of the problem, we will treat the equilibrium flow
as a small correction to the magnetostatic equilibrium. Formally, we will
keep terms of order M, in the following and neglect terms of higher order.

This has the consequence that centrifugal effects that cause the pressure to



deviate from being a flux function are ignored. In practice, this is not antici-
pated to play an important in stellarator experiments. However, coriolis and
convective acceleration terms will be included in the derivation of the linear

stability properties.

III. LINEARIZED BALLOONING EQUATIONS

The single-fluid MHD equations are used in describe the perturbation

p(Z—i—V-VV):JXB—Vp, (14)
0B

E—VX(VXB), (15)

Z—FV-Vp:—FpV-V, (16)
dp

i + V- (pv) =0, (17)

where I' depends upon the equation of state used.
To examine stability, the above equations are linearized using the bal-
looning representation [13]
fu=fe s, (18)

where € << 1 and S is the eikonal that satisfies

B-VS =0, (19)

98
5 T Ve VS =0, (20)

where the second condition follows the formulation introduced by Cooper [5].

In the coordinate system and flow profile used here, the eikonal is given by
S=(C—q(0 -0, —Qt. (21)
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As in the equivalent studies in axisymmetric geometry, the eikonal S is ex-
plicitly time-dependent with the associated issue that the eikonal solution
are not eigenmode solutions. Rather, an initial value problem needs to be
solved.

Using the ballooning transformation, the condition V - B; = 0 allows one

to write the lowest order magnetic perturbation

~B><VS ~B 1S

By == — + Bzl (22)

The perturbed parallel magnetic field is related to the perturbed pressure

through the leading order momentum balance
Hop + BHB = 0. (23)

The perpendicular part of the perturbed velocity is divergence-free to lowest
order. This allows one to write the largest contribution to the perturbed

velocity

_BxVS
=

+ @ Ble %, (24)

Using the above forms in the perturbed MHD equations yields temporal
evolution equations for five variables, @E,ﬁ, X, u, p- However, since a low
Mach number approximation is used where centrifugal forces are ignored,

the mass density fluctuation decouples from the other four variables. The

linearized MHD equations are given by

0

0 | - -
(& + Qa—a)w =B Vy, (25)



0 0 dP, I'py B*

Y094y _
(at+ 8oz>p+xd\ll B2 + Tpopte

[—B . Vﬂn

ror el kg De( ol ) (20

poBg(gt + Qai)a“ + poxV - [Qeq x V8] = —z/?‘gflf —~B.Vjp, (27)
5+ o2 —p v (T5E ) - 05 BXTE &

+pottoly|V - [Qey x VS| — PoﬂoﬁlBa(Zg + QM), (28)

where the magnetic field line curvature vector is given by K = (BV)B Other
than the centrifugal terms that have been dropped, these equations are con-
sistent with those used in Ref. [10] in the axisymmetric limit. As in the
tokamak case, the effect of the flow impacts stability through the presence of
coriolis effects (terms proportional to €2) and convective acceleration terms
proportional to the gradient of the equilibrium velocity. However, in this
three-dimensional equilibrium case, there are additional terms proportional
to € that convect the mode across different field lines within the magnetic
surface. These terms are not present in ballooning stability properties of
axisymmetric equilibrium as the ballooning eigenvalues are not dependent

upon field line label.

IV. STABILITY ANALYSIS
In this section, a stability condition of ideal MHD ballooning modes in

the presence of sheared flow is derived. We approach this problem by using
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the asymptotic technique developed by Waelbroeck and Chen for tokamak
plasmas [8].

Before preceding with the problem with flow, we review the threory for
static plasmas. In this limit, the eikonal is no longer time dependent; the
eikonal solution is the eigenmode solution and the growth rate is identified
with a local eigenvalue. In the case of modes that are near marginality,
an asymptotic technique can be developed to describe the local eigenvalue
w? where é ~ e~ ! The conventional definition of the radial displacement
vector with the identity y = —iw¢ is used in the following. When the mode
is near marginality, one can employ an asymptotic expansion recognizing two
spatial scales along the field line, a short scale with n ~ O(1) and a long scale
with n ~ O(1/w7,). On the short scale, the parallel momentum balance
is dominated by ¢ (dpy/d¥) + B - Vp = 0. This decouples the perturbed
parallel velocity and the associated sound wave physics. Additionally, the
radial induction equation is given by ¢» = B - V€. On the short scale, the

eigenmode is described by the marginal ideal ballooning equation given by

VS
B2

B x VS _dp,

B-V( — Kd\If

B - VE) + 24,

&E=0. (29)
Conventional techniques [18] demonstrate that the large 1 limit of this solu-
tion is given by

&~ Ag(Inl™ 27" + AOr, ) n| ), (30)

where v = |/1/4 — Dy and Dy is the Mercier coefficient. In three-dimensional

configurations, the quantity A is different for every field line and every value
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of ;. This property also holds for quasisymmetric stellarators as well. For
an explicit example, see [19, 20].

For the solution valid on the long n ~ 1/w7, > 1 scale, a two-scale
analysis is applicable. Details of this calculation are given in the Appendix

and results in an equation for the £ = § dij/2n¢ given by

ﬁ 2875 F_ .2 2 2F
" 8n+D1£— N w T, (31)

where 72 scales inversely with the Alfven speed and is defined by Eq. (A-8).
The solution to Eq. (31) is given by & ~ |n|~'/2K,(—iwT,). Expanding this
expression for small 7 and asymptotically matching this solution with that

given by Eq. (30) yields the matching condition

VT 9y —WTy o, I'(1+v)
which simplifies in the D; — 0 limit to
A6
N = _M' (33)

Ta
For equilibria near marginal stability, the asymptotic matching parameter A
is simply identified as proportional to the linear growth rate.
Returning to the case with shear flow present, the flow velocity and char-
acteristic growth rates are treated as small quantities, Q7, ~ 7,0/0t < 1. As
in the static case, a matched asymptotic procedure can be carried out. With

sheared flow, the eikonal is time dependent and the wavenumber is given by

s}
VS =Va+ Vgl — d—qt), (34)
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where ¢ = ¢(¥) can be used as a magnetic surface label. In the presence of
a sheared flow relative to the ¢ profile, the effective wave number is time-

dependent. The radial displacement is identified with

0 0 -
(5 +O5)E = X (3)

As with the static case, asymptotic matching can be carried out using so-
lutions on the two disparate scales. On the short scale, the eigenmode is
described by the marginal ideal ballooning equation, Eq. (29), with the no-
table difference that the ballooning angle ;. is replaced by the time-dependent
wave-number 0 (t) = i, — (dQ2/dq)t. Consequently, the large 7 limit of this

solution contains a matching parameter that is time dependent
&~ A{|nl7 2+ AG(1), ][]} (36)

On the longer scale, the effect of inertia and flow enter. On this scale,
the governing equation is a partial differential equation involving derivatives
in time, derivatives along the field line and derivatives across field lines. The

governing equation is given by

L S BN SRy
87777 07’/+Dl§_<at+98a)n Ta(at+Qaa>§ (37>

The equivalent expression for tokamak equilibrium does not contain the terms
proportional to derivatives along «. This is due to the a dependence of the
local ballooning eigenvalues and eigenfunctions in three-dimensional equilib-

ria. Treating 7, as a parameter, one can solve Eq. (37) by integrating over
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the characteristic da/dt = 2 (o = a, + Qt). Equation (37) then becomes

0 L0 d2§
27 D 2 2
87777 a + 15 Ta dt2 (38>
Fourier transforming in the time variable with
~ +o0 -
= / dte g, (39)
recovers the equation
aa n gg + D =~ 1’ (40)

The solution of this equation is given by € ~ |n|"Y/2K,(—iw7). In the special
limit D; = 0, the inverse Fourier transform yields an evolution equation for

the amplitude given by

E _ A0
R (41)

with the solution

E=ge /A, (42)

Note that the integrand is the linear growth rate for the static limit with the
0, and « dependence replaced with terms that progress in time owing to the
flow effects. Noting Eq. (2), we can identify a long time averaged growth

rate as the average over 0, and «

v=<y>=—

do dAe,
f o 5= = (43)

This expression is the primary result of this paper. The effect of sheared flow

is to convect the mode along 6, and across field lines in the magnetic surface.
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For stellarators with small amount of net current, ballooning stability
calculations are often used to predict the onset of plasma [ limits. Generally,
the onset of ballooning instability in stellarators occurs at highly localized
regions of a — 6 space. Flow and flow shear cause the resulting eigenmode
to be averaged over all values in this space. Hence, the flow effects tend to
be highly stabilizing for ideal MHD ballooning modes in three-dimensional
equilibria.

It is worth noting that this result is derived assuming the dominant flow
profile of a quasisymmetric stellarator. For more general plasmas, the flow
profile can have significant structure within the flux surface. This effect
would produce additional convecting terms in the linear equations that com-
plicate the analysis. However, it seems unlikely that additional flow terms
would fundamentally affect the averaging procedure that yields the above
result; we speculate that the result given in Eq. (43) would hold in the more

general case.

V. SUMMARY

In this work, the ideal MHD ballooning stability properties of three-
dimensional equilibrium in the presence of sheared flow is examined. This
case may be particularly relevant for the class of quasisymmetric stellarators
where a near symmetry leads to a low viscous damping rate in the direction
of symmetry and hence significant plasma flows can exist.

In the small centrifugal force limit, low and flow shear are known to have

15



a stabilizing effect on a number of MHD instabilities. In particular, flow shear
stabilization of ideal MHD ballooning modes in axisymmetric tokamak equi-
librium have been addressed by a number of authors [5, 6, 7, 8, 9, 10, 11, 12].
The result of the present work generalizes these results to three-dimensional
equilibrium. Application of the conventional ballooning formalism to stellara-
tor equilibrium with small flow reduces the problem to a partial differential
equation in three dimensions. In the limit of small flow, this equation can
be solved and an analytic estimate of the effect of sheared flow on balloon-
ing instability can be performed using matched asymptotic solutions. The
calculation produces the result given in Eq. (43), which demonstrates the
highly stabilizing effect of sheared flow on ballooning modes in stellarators.

This work can be extended or applied in a number of directions. Applica-
tions of these results to actual stellarator plasmas, 3-D equilibrium solutions
with realistic flows or analytically derived local equilibria [19, 20] can be
carried out. Previous authors have noted the issue of modeling flow effects
with ideal MHD since the effects of Landau damping on the sound wave are
not property accounted for [21, 22]. While this effect is not addressed here,
a correct treatment of this effect would presumably enhance stabilization.
Finally, we note that a similar averaging process may also apply to the ques-
tion of drift wave stability in three-dimensions. In the axisymmetric tokamak
context, Connor et al considered a model drift wave problem with a sheared
diamagnetic rotation and derived a similar formula to the Waelbroeck and

Chen formula [23]. The equivalent question for stellarator plasmas remains

16



to be addressed.
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APPENDIX: MATCHING EQUATIONS FOR THE LONG SCALE
A conventional multiple scale analysis is used with the small parameter
e associated with small inertial effects 7,0/0t ~ Q1, ~ €. Largely, this anal-
ysis parallels the calculation outlines in Ref. [8]. To determine the relevant
equation on the long scale, all perturbations are written as functions of the
slowly varying part with 0/0n ~ O(e) < 1 and a part that varies on the
rapid scale 0/0n ~ O(1). The slowly varying part of the displacement & is
written £ and the rapidly varying part is written 0§ = & — €. It is useful to

replace the pressure perturbation with the variable () defined by

dpo
AU

Q=p+—2¢ (A-1)

Perusal of the equations finds the dominant balances are give by the orderings
Uy~ & Q~ 08 ~1h ~ €€,

Before proceeding to the equations, an investigation of terms proportional
to the magnetic field line curvature are required. It is convenient to identify

those parts that secularly grow with . Namely, the curvature can be written

BxVS n
—— K =

2 -
B2 M — Ngq

BV, (A-2)



where V, = 28 - B x [V( — ¢V0]|/B?, ¢ = dq/d¥, ) is the coefficient to
the Pfirsch-Schliiter current B - V(J/B) = —(dp,/d¥)B - VX and 0’ =
n+ Na + dQ/dqgt. For the symmetric stellarator, A\ = B, /B?.

A number of quantities vary on the short scale owing to Pfirsch-Schliiter-
like effects that modify parallel flows and currents due to compressibility and
quasineutrality, respectively. The dominant contributions to the pressure
evolution equation describe a parallel flow responding to the compression of
the perturbed perpendicular flow. Solution of this flow yields the relation

n 0

(7 < \B? > < UHB2 >
M — Nqg 0Ot

<B?>)Jr <B2>"

9 _
iy =q + Q)€ - (A-3)

where the flux surface averaging operator on the short scale is defined

_ $dny/gf ]
= Farge (A-4)

Inserting this solution into the parallel momentum balance equation, we find

<f>

< uHB2 > is negligible and the variation of () on the short scale is determined
by the equation

n 0 0

< AB >0
ot oo B

o _
< B?> )(8t+987a)§’ (4-5)

B-VQ=-¢

The quantity 6§ can be found from the largest contribution to the quasineu-
trality equation. This balance describes the perturbed Pfirsch-Schliiter cur-
rents flowing. Standard techniques finds the solution

B? 1 1 o
)(M—Nq)677

1
B Vet = (< — _
VO = (< 2 Rup| < BJNUP S va

+uop;(M —Nq)-, B> <B\/|[VY|* > B B2\
qn IV¥[2 < B2/|[VU2>  |VP|?

&( )- (A-6)
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Applying the flux surface averaging operator, Eq. (A-4), to the quasineu-

trality equation gives the relation

0 , 4 V| o6 0 ¢ V|
9 VR %6, 9 B.Vs
an?" S B T oy anM—-Nq - B &>

qn
M — Ngq
0 o, ¢ Polto| VE|* 0 0
g “ Y 102
Gt %00 (1 = Ng)? B2 G %)

Inserting the expression derived above for §¢ and @, Eq. (37) is derived

+2p o€ < Vo > + < (Pohodé — Q)B - VA >

3 (A-T)

with identification of the standard Mericer index D; and the Alfven time 7,

V9

defined by
2 Polb < \VB\;P’ > ‘ qu 2 2 < AB? >?
Ta = (M — Nq)Z - 1 >2 [< B2 > + < )\ B > —W] (A-8)

19



References

[1] D. T. Anderson, A. Almagri, F. S. B. Anderson et al, J. Plasma Fusion
Res. 1, 49 (1998).

[2] A. H. Reiman, L. Ku, D. Monticello, S. Hirshman et al, Phys. Plasmas
8, 2083 (2001).

[3] D. A. Spong, S. P. Hirshman, J. F. Lyon, L. A. Berry and D. J. Strickler,
Nucl. Fusion 45m 918 (2005).

[4] S.P. Gerhardt, J. N. Talmadge, J. M. Canik, and D. T. Anderson, Phys.
Plasmas 12, 056116 (2005).

[5] W. A. Cooper, Plasma Phys. Contrlled Fusion 30, 1805 (1988).

[6] A. Bhattacharjee, R. lacono, J. L. Milovich, and C. Paranicas, Phys.
Fluids B 1, 2207 (1989).

[7] E. Hamieri and S. T. Chun, Phys. Rev. A, 41, 1186 (1990).
[8] F. Waelbroeck and L. Chen, Phys. Fluids B 3, 601 (1991).
9] R. L. Miller and R. E. Waltz, Phys. Plasmas 1, 2835 (1994).

[10] R. L. Miller, F. L. Waelbroeck, A. B. Hassam, and R. E. Waltz, Phys.
Plasmas 2, 3676 (1995).

[11] A. J. Webster, H. R. Wilson, and A. M. M. Scaife, Phys. Plasmas 11,
2135 (2004).

20



[12] M. Furukawa and S. Tokuda, Phys. Rev. Lett. 94, 175001 (2005).
[13] R. L. Dewar and A. H. Glasser, Phys. Fluids 26, 3038 (1983).

[14] J. W. Connor, R. J. Hastie, and J. B. Taylor, Phys. Rev. Lett. 40, 396
(1978); Proc. R. Soc. London, Ser. 1 365, 1 (1979).

[15] D. Correa-Restrepo, Z. Naturforsch 33a, 789 (1978)
[16] A. H. Boozer, Phys. Fluids 24, 1999 (1981).
[17] K. C. Shaing and J. D. Callen, Phys. Fluids 26, 3315 (1983).

[18] See for example, J. P. Friedberg, “Ideal Magnetonydrodynamics,”
Plenum Press, 1990, pp. 403-407.

[19] C. C. Hegna and S. R. Hudson, Phys. Rev. Lett. 87, 035001 (2001).
[20] C. C. Hegna and S. R. Hudson, Phys. Plasmas 9, 2014 (2002).
[21] D. Dobrott and J. M. Greene, Phys. Fluids 13, 2391 (1970).

[22] R. Tacono, A. Bondeson, F. Troyon, and R. Gruber, Phys. Fluids B, 2,
1794 (1990).

(23] J. W. Connor, J. B. Taylor, and H. R. Wilson, Phys. Rev. Lett. 70, 1803
(1993).

21



