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Abstract

The pressure anisotropy is calculated for a plasma in a bumpy cylindrical magnetic field in
the low collisionality (banana) regime for small magnetic field modulations (e = AB/B <
1). Solutions are obtained by integrating the drift-kinetic-equation along field lines in steady
state. A closure for the local value of the parallel viscous force B - V - II| is then calculated
and shown to exceed the flux surface averaged parallel viscous force <B -V H||> by a factor
of O(1/€). A high frequency limit (w > v) for the pressure anisotropy is also determined
and the calculation is then extended to include the full frequency dependence by using an

expansion in Cordey eigenfunctions.



I. INTRODUCTION

In toroidal magnetic field configurations, |B| variations within flux surfaces pro-
duce viscous damping forces on the plasma. Most calculations accounting for this
parallel viscous damping introduce a flux-surface-average procedure. However, if one
is interested in using closure relations for simulations of fluid equations, a local ex-
pression for the viscous force is required. While rigorous expressions for the evolution
of the flux-surface-averaged quantities exist, applicability of this effect is limited to
the evolution of equilibrium quantities. Additionally, the variation of viscous forces
within flux surfaces may introduce new physics that the flux-surface averaging pro-
cedure eliminates. A large varying component of B - V - II; yields an anisotropic
damping of parallel flows. The quantification of this effect is required, for example,
to address the supression of fluctuations through shear flow generation as a dynamic
and space dependent proccess.

Closures for the flux-surface-averaged parallel viscous force are available. The
calculation was originally carried out for steady state conditions [1-5]. It was rec-
ognized by Hirshman [6] that this closure yields inconsistencies if one is interested
in a temporally evolving parallel force balance. Because of this, a dynamic closure
was calculated by various authors [7-11]. Initial condition effects and the explicit
dependence of the closure on time have been addressed recently [10]. With this type
of dynamic closure, some selected phenomena can be addressed formally, for example
the damping of the parallel flow variable U = V| /B which is a flux surface quantity.

However, for non-local phenomena the parallel viscous force is often approximated
by a flux-surface-averaged closure, <B VA H||>, i. e., neglecting its variation within a
flux surface. In this regard, we show that approximating the viscosity by its averaged
value is far from realistic. By neglecting the spatial variations of B - V - II| and

working with a flux-surface-averaged closure, one misses the larger part of the closure.



Specifically, we find B -V - I}/ (B -V -II}) ~ O(1/e), where ¢ = AB/2B < 1
represents the small modulation of the magnetic field strength along a field line.
This result justifies the need for a local closure.

Wang and Callen [5] calculated part of the poloidal variation of the parallel viscous
force due to the term that gives rise to the averaged <B -V H||>. Also, a generalized
stress tensor was formulated recently for arbitrary collisionality [12]. Both calcula-
tions were carried out under a steady state assumption. Hsu et al. [9] provided some
insight into the frequency-dependent complete spatial variation by suggesting a pro-
cedure for its calculation in an axisymmetric configuration. Here, the local nature
of the viscous force is derived in the low collision frequency (banana) regime for a
model bumpy cylinder magnetic field. We calculate the local closure for the steady
state case by directly integrating the relevant drift-kinetic equation along field lines.
With the lowest order correction to a Maxwellian distribution function that has a
non-vanishing p| — p. moment we calculate the pressure anisotropy and the parallel
viscous force. The generalization to a dynamic closure is explored towards the end
of this paper. An expression for the pressure anisotropy is obtained formally and the
result is expressed in terms of Cordey eigenfunctions [13].

In Section II, a Fourier expansion is used to approximate the ordering of the local
B -V -1II| compared with the usual averaged closure. The local closure for p; —p, is
calculated in Section III by solving the drift kinetic equation to second order in the
collisionality parameter v, = v.¢%/? /w, < 1. The parallel viscous force is calculated
in Section IV. The calculation of the high frequency limit for the pressure anisotropy
is carried out in Section V and Section VI is devoted to extending the calculation
to a full dynamic situation for all values of w/v . A summary and final remarks are
included in Section VII. Specific details for some key steps in the derivation of the

closures are shown in appendices A and B.



II. MOTIVATION: MAGNITUDE OF B -V -1,

In neoclassical theory, fluid moment equations include viscous forces. In particu-

lar, a closure for the stress tensor which is defined as

H:/d?’vm <VV - %U2I) f, (1)

is required to close the system of fluid moment equations describing plasma dynamics.
In a small gyroradius (p/¢ < 1) ordering the stress tensor can be approximated by

its parallel component which, to lowest order, has the Chew-Goldberger-Low form:

I = (py —pu) (bb —1/3) = IIj (bb — 1/3). (2)
The last equality defines the “scalar” stress, i.e., the pressure anisotropy due to the

inhomogeneous magnetic field in the direction b = B/B:

H”:p”—pl:m/d?’v (Uﬁ—%)f (3)

To calculate the magnitude of the viscous force, we calculate the divergence of

the stress tensor II ~ II as follows:
V10 = (VII) - (bb —1/3) + T}V - bb. (@)

Using tensor identities and assuming that the magnetic field strength is modulated

along a field line, the viscous force is calculated from
V-1 = b (b VII)) - VIT;/3

" [b (B'BZB) +bx (V x b)] . (5)

The parallel viscosity is obtained by projecting Eq. (5) in the B direction. This yields

the simple expression

2
B-V-I = 3 (B-V)II; ~Iljb- VB
2 a1 OB
= 385, ~Tigp (6)
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where for the second equality we used b-V = 9/9¢ assuming the magnetic field varies
along ¢ (distance along a field line); in the following, we assume a bumpy cylinder

magnetic field model given by
14
B(f) = Buin + ABsin® <%) , (7)

where AB = Bupax — Buin = 2Buin €. This simple model has the advantage of
simulating the gradients of the magnetic field strength in the parallel (poloidal)
direction in an axisymmetric field geometry, while isolating the V B trapping effects.
The modulation e corresponds to the inverse aspect ratio (e ~ r/Ry < 1) in a
toroidal configuration and will be considered a small parameter.

Taking the flux surface average on both sides of Eq. (6) , we obtain

(B-V-1Ij) = 2¢7 By (I sin (26)) (8)

(A) %d@A/%dﬁ

and 0 = w//L. Because of the symmetry of the problem and the requirements for a

where

physically relevant solution, the pressure anisotropy is continuous and finite within
the field variation length. Thus, the flux-surface average of the first term in Eq. (6)
vanishes. Combining Eq. (8) with the result from previous averaged calculations that

derive the scaling (B -V -1I) ~ O (y/€), we can state

(I sin (260)) = 2£ /07r IT sin (260) df ~ O (1/+/€) . (9)

™

This does not imply any ordering for II itself. We still need to calculate the integral

in Eq. (9) for which we assume a Fourier expansion of the form:

I = Z ay, sin (2n6) . (10)



Here, the index n is an odd integer since in order to have <H|| sin (2«9)> # 0 the
pressure anisotropy has to be an odd function of 1. The coefficients in the series are

calculated from

1 s
Ay, = o ), 11} sin (2n6) db. (11)
Equation (8) can be written as
By [T )
(B-V-1I}) ~2¢— [ TIsin(26)db, (12)
oL J,

which gives the first coefficient of the series,

1L 1 1 L 224
— Y BV )~ 2 B’ 1
a; 57 Be < \V4 ||> Jeor B anU< >, (13)

where we have introduced the standard closure for small e: <B-V-H||> ~

2.24v+/eUmn (B?), in which U = V}/B. Thus, the pressure anisotropy is

1 L 224
“——vmnU (B?)sin (20) —i—Zan sin (2nd) . (14)
\/727'(' B() 3

With this series representation of II we can calculate both terms in the last

I ~

equality of Eq. (6). Introducing the parallel derivative of II}, given by

oy 2 1.12 ) 2ml T — 2nml
—1 B 2— E — 1
57 \/_ B, uan< >cos< 7 ) + i 2 ann COS( 17 ) ) (15)

and rearranging terms we obtain

BV I = 2.24vmnU (B?) {BL\E cos (26) — y/esin® (29)} +

- 2
+ QBO% nZ:g ay, [gn cos (2nf) — 2esin (26) sin (2n9)} . (16)
For the second term one can approximate

%n cos (2nf) — 2¢ sin (20) sin (2nf) ~ %n cos (2nf) , (17)



since for large aspect ratio we can clearly consider n > 3 > 2e¢. Comparing the terms

in the first and second lines in Eq. (16) we conclude

B -V-II ~ 1'—\/451/an (B*) cos (26)

2

+ gBo% ; ann cos (2n6) + O (Ve) . (18)

Thus, to lowest order (in € < 1) we have

2B 011 2B 0

3 o0 (P —p1) +O(0). (19)

The dominant contribution to the local B-V -II; is due to the spatial variations in
the pressure anisotropy [011;/0¢ in Eq. (6)] and not that due to the parallel gradient
of the magnetic field magnitude [0B/d¢ in Eq. (6)]. The term in Eq. (19) is precisely
the one that has zero flux surface average; thus, when one examines the dynamics of
plasma flows with the flux-surface-averaged viscous force as a drive, only the effects
of the smallest component of the stress [(B -V - II) = (IIj0B/d()] is accounted for.

We must mention that in this section it was shown only that the variations of the
magnetic field magnitude are negligible compared to the variations of the pressure
anisotropy when calculating the parallel viscous force (in this model and for small
€). That is, at this point we can only conclude that B - V - II; has at least one term
of order 1/4/€; but we cannot formally infer its particular order (in €). Nonetheless,
it is clear that the variation of B - V - II} within a flux surface locally is much larger

than its flux surface average.

III. LOCAL PRESSURE ANISOTROPY

In order to include the trapped-particle effects that give rise to the pressure

anisotropy in the distribution function, we consider a small kinetic distortion F



to a flow-shifted Maxwellian distribution f); as was done in Refs. [5, 10, 16].
Expanding this correction in the standard banana regime collisionality parameter

3/2

v, = v/e’*w, < 1, where v and w, are the collision and bounce frequencies respec-

tively, we have

I = m/dv(” )(fM+FO+F1+ ). (20)

Since the Maxwellian lowest order solution is isotropic in velocity space, the only
part of the distribution function that contributes to the stress tensor is the kinetic
correction F' = Fy + F; + .... Then, changing to speed and pitch angle variables (v
and \ = 2u/v?) we have

I = —mzm/dw /i‘?( )\B—l) (Fo+ R +..), (21)

where ¢ = v/ ‘v”} has values 1 and —1. In the simple geometry we are considering

and ignoring heat flux effects, F' is governed by [5, 10]

OF m
o +yb-V (F—FTU”BU]CM) (22)

= —Cp(F)+ %be VT,
which is the plasma drift kinetic equation. The time derivative term will be ignored
here but will be taken into account in Sections VI and V. A discussion on the nature
of the collisional term for this problem can be found in Refs. [10, 14] where Eq. (22)
is solved order by order. The first term of the correction, Fy, is calculated elsewhere
[4, 5] for this vt > 1 case and is given by
v 1 A (B dXN
2 f. s (VI=XB)

Here H(A. — A) is the Heaviside step function and f, is the flow-weighted fraction of

Fo=U — fM{ v B+ — ———H(\. — )\)} (23)

circulating (untrapped) particles defined as:

o [ XdA
() / Ty (24)



For the small € approximation we are considering f. ~ 1+ O (y/e) =~ 1 — 1.46+/€ [4].

The lowest order solution, Fp, is odd in v and thus does not contribute to the
moment in Eq. (21). The first nonzero term in the P = (vﬁ — vi/?) /v? moment of
the distribution function is £} which we here calculate by integrating the next order

drift kinetic equation along a field line, which yields

l
CR(FO) 2 fM
Fy ~ ——dl + ——1I. 2

! /0 U” + BB P ” ( 5)

Here, we have neglected an integration constant which is shown to be small compared
to the other terms in Appendix A.
When taking the P, moment of Eq. (25) the second term clearly vanishes. (For

an explicit calculation and a discussion of the functional form of F see Ref. [14]).

Then, using Eq. (23) for Fj, to lowest order in €, we calculate the first term as follows:
¢

de muy ¢ (v)

L nlFy) = —UfuE 8 ¢ (B?) - (B?
0 ) T2 ¢ (o)

B\  ¢(v) <B > } )
) = - : 6
‘ (Un) () \vy (26)
where we have defined the operator

)= [ FrAe). 27)

In order to progress further, an explicit form of B (#) has to be specified. For any

+ <B2>ﬁ?§

magnetic field whose magnitude varies along its direction we can write (6 = 27¢/L)
B (0) = By [1+ 2¢7 (9)], (28)

where we consider 7 () to be a continuous, periodic function that varies between
0 and 1. Using this general form for the magnetic field and defining a pitch-angle

variable s given by
1 s

A=
Bmin 52 + 26’

(29)
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the parallel velocity can be calculated (from v = cvv/1 — AB) as

%\/1 + 527 (6). (30)

v = <v
(2e + 52

Then, introducing the model given by Eq. (28) and changing the pitch-angle variable
to s in Eq. (26), we obtain

» 2 ” g( 1+ s2r (9))
/0 U—HCR(FO (B >UfM 2 < 1+327'(«9)>

i o)
2€< 1+s27'(«9)> 1+ s27(0)
_g( 1+527(9))< . > | o

< 1+ 27 (e)> 1+ 527 (6)

The free streaming term and the direct A-derivative term [first two terms in Eq. (31)]

— ¢ ([1+ 2e7 (0)]%)

are smaller in the ¢ expansion and can thus be neglected. An explicit verification
of this is shown for the bumpy cylinder case in Appendix B. Thus, to lowest order
in the ¢ < 1 expansion we obtain [see Appendix B for details on determining the

results given in Egs. (32) and Egs. (33) below]

249 —3/2 3
HH ~ —an<B2>/ d V—Lv—f—M (S + €> > X

Cun 3 W<m>

C( 1+s27(9)> B B
< 1+S2T(9>>< 1+527(9)>_<(T27'w)> ds.  (32)

For the bumpy cylinder magnetic field model given by Eq.(7) the pressure

anisotropy is given by

1 L
Il ~

3vth n

10



where the ¢ dependence is buried in the function f, which is defined in terms of

complete (E,K ) and incomplete [F,E (6, s?)] elliptic functions as follows:

= [ e - k) e

The term in brackets in Eq. (34) has singularities for s = 1 and § = L/2 since both

F (wl/L,s?) and K (s?) diverge at that point and the square root in the denominator
that multiplies the bracket vanishes. This “point” in phase space corresponds to
particles at the pitch-angle boundary reaching the field maximum (which is their
turning point). However, the expression for the pressure anisotropy in Eq.(33) is
continuous and finite as will now be shown.
In order to examine the behavior of the integrand in Eq.(34) in the vicinity of
s = 1 an integration by parts can be performed and yields
3 L ds E(wl/L,s%) E(nl/L,1)
fo= 8v2 {/0 E (s%) [1— s%sin® (7r€/L)}3/2 - /1 — sin? ﬂﬁ/L)} (35)
Indeed, both terms on the right side of Eq. (35) are singular at ¢ = L/2. However,

both singularities are of the same order and cancel since for ¢ = L/2 we have

bods E(nl/L,s*) e ds N s
/0 E (s?) (1 52 sin (7T£/L))3/2 b/ B /0 (1-— 82)3/2 VI=3$2|, ., (36)
and
E(m¢/L,1) - !
/1 —sin® (7¢/L) - <L) 9—>7r/2. (87)

That both singularities are the same can be easily seen by changing the variable
s — sin@ in the far right side of Eq. (36) The functional form of f; (#) is shown in
Figure 1.

Both Eq. (34) and Eq. (35) give well behaved expressions for the variation of the
pressure anisotropy as a function of ¢ consistent with the assumption in Section 2.
The continuity of IIj is thus guaranteed and no singularity problems should interfere

with any numerical evaluation of the expressions obtained here.
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IV. PARALLEL VISCOUS FORCE

To calculate the parellel viscous force, we introduce the expression for IIj given

in Eq. (33) in Eq. (6) which yields [for the bumpy cylinder model in Eq. (7)]

L vV vy fur 2 0fy T . (27l
B-V.Ij=— B? — Iy | S 4 26— — .
V-1, \/Ean< >/3vfhn v|3gp T2psin( 7 fo (38)
Using the flux-surface averaged result
Ji /Uz vy fu
B -V .II)) = B = | — ==
(B-V-IIj) = mnU ( >fc 502 Y (39)
we can write the un-averaged parallel viscous force in the following simple way
1
B-V-II,=(B-V-1I)) (gfﬁ-fz), (40)
where f; and f, are given by
L 28f0 2r 27l
_ L 20f _ T “mt 41
h=1msa> 1.468m<L>f° (41)

and we used the approximate value f;/f. ~ 1.46+/¢ for small e. The explicit func-
tional form of f; and f5 can be obtained introducing the expression for f, given by

Eq. (35) in Eq. (41) which yields

L Vor 1sin (2r¢/L) E (xt/L,1)
e 146 8 {1+2 [1 — sin® (7r€/L)}3/2

| 3 osin (2mt/L) B (wl/L. 52)] } ()

! ds
: /0 [1—s?sin (n0/L)[ E(s*) | 2 [1—sin®(rt/L)]"”

fa

_ 1 3m/2 { /1 ds sin(27r€/L)E(7r£/L,s2)_sin(27r€/L)E(7r€/L,1)}
146 8 | Jo E(?) [1— s2sin? (/L))" V1—si® (xl/L) |’
(43)

Explicit evaluations of the functions in Egs. (42) and (??) are shown in Figures 2

and 3 respectively.
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In the previous section it was shown that 11} in this model is a continuous function
of ¢. However, its derivative in ¢ is singular at ¢ = +7/2 which is shown in Fig. 1.
In the pressure anisotropy Il each term is singular but the order of the singularities
(in the variable 6) is the same and they cancel where the singularities in phase space
at A = \. and real space § = +7/2 coincide.

When one calculates the derivative of 1l in the real-space variable ¢ to obtain
f1, this balance is lost and the terms do not cancel anymore. However, as can be

predicted from Fig. 1, we have
{(f1(0)=0. (44)
Because of this, as was discussed in Sect. II, the smallest term in Eq. (40) (f2) gives

rise to the usual O (y/€) result for (B -V -II). For this term we have

(f2(0) =1. (45)

where the largest contribution to the average comes from the boundary term [second

term in Eq. (40)] around the discontinuity in ¢ = L/2:

- /L/W dlsin (270/L) B (n¢/L,1)dl _

0=0Jpp 5 L [1 — sin® (7r€/L)}3/2
The divergence mentioned above arises from the fact that the boundary between
trapped and circulating particle space is not well defined. That is, since particles
with exactly A = A, are not either trapped or circulating they cannot bounce back
when they reach their turning point and neither can they move past this point. Thus,
the time they spend there, which corresponds to 1/w, (w, — 0 for these particles),

3/2

becomes infinite and the approximation v, = v/e*“w, < 1 is not valid. Specifically,

the derivatives of Eqgs. (36) and (37) are
0 E(rl/L,s% 1 s?sin (2nl/L) E (wl/L, s?)
00 [1 — sin? (w/1)]*? |1 — s?sin® (7¢/L)] [1 — sin? (x¢/L)]**

= Inz|,_,,

(46)
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and
0 E(n¢/L,1) 1 1

o = — .
90 \/1 —sin? (nl/L) cos®(ml/L) ~ 22|,

The term in Eq. (47) grows faster as ¢ — £L/2 and the viscous force diverges as

(47)

1/2% A standard boundary layer procedure [3, 7, 15] at A ~ ). will smooth the

function at the singular points.

V. HIGH FREQUENCY LIMIT

Before considering the complete frequency dependent problem, the high frequency
limit is here calculated by neglecting the collisional term in the DKE. Taking a

Laplace transform in Eq. (22) and assuming iw/v > 1 we obtain
.- 5LM 5 P
—wF +vb-V (F—FT’U”BU]CM) = —fub- -V -1II, (48)
p

where “hats” denote Laplace transformed quantities and iw is the transform variable.
Initial conditions are not taken into account here for simplicity. Thus, the solution
is valid for short times but only after the initial conditions are damped.

As before, the source on the right hand side of Eq. (48) does not contribute to the
P, moment and is thus neglected. To lowest order F'is similar in structure to the
one obtained for the equilibrium case [5|. In this case the integration constant that
arises when integrating the lowest order equation is frequency dependent. Thus, we

write Fj as
m

T

To determine g (v, s, v, iw), we consider the next order bounce averaged equation

(—iw (FyB/v)) = 0) which yields

ﬁg = U||B(7fM +§(¢7 S, U, ’iCU), (49)

(50)
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Proceeding as before, the next order equation is integrated along field lines. The
integration constant in this case vanishes as is shown at the end of Appendix A.
Since for trapped particles g = 0, 77: can be expressed as

(B?) g4
(B/ui) Jo v

Changing the pitch-angle variable to s, given by Eq. (29), we can write the solution

BU”

—~ m/\
Fy = _TUfM

THO-A )] (51)

in terms of elliptic functions as follows:

= —iw— UfM{B€—<Bz>—%H (32—1)}. (52)

Note that in this case, both the free streaming term and the kinetic correction g are
of the same order. This term (Bf) was neglected in the w/v < 1 case for which
collisions have a more dramatic effect on the distribution function. When taking

the corresponding pitch angle integral of ﬁ for the stress or pressure anisotropy

|[Eq. (21)], the first term in Eq. (52) is calculated as follows

1/B 1
/ Bd\ (é)\B—l)sz/ Bﬁsds32 1 n
0 v \2 0 (s2+2€)*? /1= s%sin’ (nl/L)

+B0y/1 - sin? (xt/L), (53)

where the second term corresponds to the integration from the boundary at s = 1
up to the turning point of the orbits at s = sin=2 (7//L). The pressure anisotropy
in this high frequency limit is thus

fiy =~ 2 (57 {g\/l (%)

- /1 21— szdsm (nl/L) [LF(?f(/sLZ382) _4}’ (54

from which, the “drag dominated” solution for the flux surface averaged parallel

viscous force (B -V -II) ~ O (¢¥/?) [17] is obtained. Once again, the function in

Eq. (54) is continuous and remains finite for £ = 0, n L /2.
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VI. DYNAMIC PRESSURE ANISOTROPY

In Sections IV and V, we calculated both the low and high frequency limits for the
parallel viscous force. It is desirable to have an expression for the pressure anisotropy
in the general case. Keeping both the collisional and the time derivative terms in

the DKE, we obtain the evolution of F' for any w/v:
N ~ m -~ ~ ’UII —
—iwF +vb-V <F+TU||BUfM) ~c(F)=Lpp v, (55)
p

As in the previous sections, the expansion in v, for F' is introduced and the lowest
order equation solved. The solution for first term in the expansion can be expressed

as 9, 10]

— 7 UG l\y m . -~
Fo=< —vyB+=— — > —fuU. 56
0 { e f. 2 ; (Ukp —z'w)} TfM (56)

In Eq. (56) the A-dependent functions are Cordey [13]| eigenfunctions which satisfy

the following eigenvalue equation

%A (VI=B) ddAA" _ KH% (VI=AB)A,. (57)

where k, are the eigenvalues. The orthogonality condition is also in terms of flux-
surface-averaged quantities and is given by

>\c / _ )\c A/ I
/ AnAmud)\ — 5nm/ Aia<1a—)\)\3>d)\~
0 0

7 (58)

These functions have no exact analytical expression and are usually generated nu-

merically. The quantities 7, and f.in Eq. (56) are defined in terms of A, and k,,:

A
“A,dA
n = éfo > (59)

Jy A2 (VI=AB A
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~ —~ o Ac
fe = fe(w,v) = —Z <32>Z ml—niy;w/ﬁ/o d\ A, (60)

Having the solution for the lowest order distortion, the next order unaveraged

DKE is integrated along field lines as was done before:

L ETR L
F1:/ dﬁC(F0)+iw/ STy (61)
0 0

Y Y

With the solution for the frequency-dependent ﬁ, the pressure anisotropy can be
calculated using Eq.(21). Using a small € approximation, the dynamic pressure

anisotropy can we written as

-~ 1 ~ v, ful 1
1 c
s:l}’

(63)

where the geometric coefficient I, (¢) is given by

_ 1 ! s?E (ml/L,s) oA, . E(m¢/L,1)  0A,
0 4{/0 [1— s2sin? (xt/1)]** Os ! V1 —sin® (xl/L) Os

or, after integrating by parts

_1f E@yLy oa,
I, (0) = 4 {\/1—sin2 (r¢/L) Os

s=1

_/01 [1-s2 siié\zwg/L)]?’/? {1 —?)i:ﬁéfw;;m —F (%ﬁsﬂ dS}(64)

Equations (62) and (63) cannot be simplified any further. Both the eigenfunction

equation and the orthogonality condition given in Egs. (57) and (58) are in terms of
flux-surface-averaged quantities and no ¢ dependence is present. Thus, there is no
trivial way to introduce the eigenvalues or to use the orthogonality condition to obtain
a simplified form for I,, (¢). However, as pointed out before, the eigenfunctions can
be generated numerically and introduced in Eq. (64) to obtain a numerical solution

for the pressure anisotropy.
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VII. SUMMARY

In steady state the variation of the parallel viscous force was shown to be larger
(by a factor of 1/€) than the averaged closure for a model magnetic field with small
|B| modulations. To calculate the varying component, the first relevant correction
to an equilibrium Maxwellian distribution function was calculated by integrating the
first order drift-kinetic equation along field lines in a steady state situation and for
small field modulations (e = AB/2B <« 1). With this result, the pressure anisotropy
was obtained as a continuous functional of the distance along a field line [Eq. (34)]
that, unlike in the collisional regime, is not simply sinusoidal but instead expressed
in terms of incomplete elliptic functions.

The parallel viscous force was calculated in the steady state case. As expected,
its largest contribution [O (1/4/€)] vanishes when a flux-surface average is calcu-
lated. This dominant term in the local closure has singularities at B,,,, for which a
boundary layer procedure is suggested. The local closure obtained here, due to its
larger magnitude, could modify the local plasma dynamics significantly compared
to what is obtained with the averaged result. The short time limit for the pressure
anisotropy was also calculated by neglecting collisions completely and the result,
in which IIj ~ O (y/€), coincides with the drag dominant solution for the parallel
viscous force [17] [O (¢¥/2)].

A generalization to a closure that varies within a flux-surface and also depends
on frequency was calculated and the result expressed in terms of infinite sums of
Cordey eigenfunctions. Equation (64) gives a formal solution to this problem but
cannot be explored in general without the use of numerical tools. It could be worth-
while to pursue an analytical closure in terms of some other eigenfunction expansion
that could be more easily handled to complete the analytic calculation. While the

extension of this calculation to toroidal or other geometries is still to be done, we
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expect the essential scaling found in the bumpy cylinder model to be present in the
more general case.

This research was supported by U. S. Department of Energy Grant No. DE-FG02-
86ER53218.

Appendix A: INTEGRATION CONSTANT

When the second order drift-kinetic-equation in Sect. III is integrated along a

field line in general an integration constant h (¢, A\, v) is obtained:

C(F 2
F :/0 E]”O)dﬁjt 3BfMH” +h (P, A\ v). (A1)

To calculate h (¢, A\, v), consider the flux surface average of Eq. (25)

a0 [t 2 fur a0
Fl 7{ /U—C’R + 35 BH”+7§ W), (A2)

Since the distribution function is periodic in ¢ and from Section II f de1ly/B ~
O (1/€), we have

ﬁf (6, A ) = }W/O T eutr) + 0 (V). (A3)

Using Eq. (31), with 7 (¢) = sin? (7¢/L), we obtain

de _UB»L, vy [dl (nl/L,s?)
P = S g Lo B

28 (£) 2500 o

where all terms have been included. It can be easily seen that the second line vanishes

when flux-surface averaged and thus

(B L Ui ~0(1). (A5)

h (i, A\ v) = ¥
Ui
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Thus, since foe df Cr(Fp) /vy ~ O (1), the integration constant h (1, \,v) can be
neglected.
For the high frequency limit, also by bounce averaging Eq. (32), we find that the

integration constant is given by

h(¥,s,v) o —eT UfM{j{Bdg BZ>2 K82 %UII/ UH}

Since both integrals on the right are odd in ¢ they vanish and h (¢, s, v, iw) = 0.

Appendix B: PRESSURE ANISOTROPY

The pressure anisotropy can be calculated as

n=2(6) ds
| ~ —V2em / dvv? / i —C’F (B1

from which the expression for the general case [Eq. (32)] is trivial to obtain assum-

ing the first two terms in Eq.(31) can be neglected. The contribution of the free

streaming term to II; is

/01/3 BdAC(Ba) ~ %BOHO(@), (B2)

Y|

which is O (¢°). The second term is, considering 7 (¢) = sin® (7/¢/L),

(B3)

/Acd_AC(Uu)__N?_E L sdk 1 E(0,s”)
o v (v))  swB? J, (s2 4 2€)%/? V1 —s2sin? (nl/L) 2E (s?)

In this case the integrand is singular at s = 0. However, adding and subtracting the

term

1
sds 1 2e
~ -1+ — B4
/0 (242072 Ve 2 (B4)
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one can write Eq. (B3) as

Ae 1 )
/ dAC(v) 2 1—\/2_61_/d_j L)t Bt/ 1)
o U () <vB o 5 |/1—sts (nl/L) 2E(s)
(B5)
which is also O (1). Thus, the combination of the first two terms is O (v/2¢) and can

be neglected. Keeping only the last two terms in Eq. (31), we obtain

1 L (B?
11 < >UZ7r/dvv4fM%x
S

T VaeB A
1 ds F(?Tﬁ/Lg,Q) B E (nl/L, 82) P
/0 V/1+ s2sin® (nl/L) { E (s?) E?(s2) K (s*)|, (B6)

from which Eq. (33) follows.
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Figure Captions

Fig. 1.

Fig. 2.

Fig. 3.

The continuous spatial variation of II is given by the function f;, where

H” x O (6_1/2) U fo (9)

The variation of f; as a function of # corresponds to the largest term in

BV II, ~ O(cY) f; (6), for which (f; (6)) = 0.

The function f, gives the #-dependence of the lowest order term in B -
V - II. This term has a non-zero flux surface average and is thus the

only term taken into account when <B -V H||> is calculated.
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