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Fluid moment equations describing the macroscopic behavior of magnetized plas-
mas require kinetic-based closures for the viscous forces. In particular, the parallel
component of the force balance is crucial for the analysis of the macroscopic dynam-
ics of toroidal plasmas in the low collisionality regime since the relevant forces and
dynamics are in the direction of the magnetic field. The damping force in this equa-
tion is the parallel viscous force, B - V - II}, for which a time and space dependent
closure is required.

In this work, the needed closure is obtained using a Chapman-Enskog-like pro-
cedure in a drift-kinetic theory. A bumpy cylinder magnetic field model is used; it
causes us to have to distinguish between the effects of circulating particles which
carry parallel flow and trapped particles which do not.

A frequency-dependent closure is obtained for which the inverse Laplace transform
does not have a simple analytical expression. Introducing this result in the parallel
Ohm’s law, we obtain corrections to the frequency-dependent electrical conductivity.
Also, a parallel flow evolution equation is obtained from the total parallel force
balance; it can be inverted to yield an integral equation in time. The poloidal flow
damping in a toroidal geometry is calculated by extending the closure obtained with
the simpler bumpy cylinder model. Expressions for the explicit time dependence
of <B -V H||> and of the flow evolution are calculated in a small field strength
modulation (e = AB/B < 1) approximation.
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The variation of B-V -II} within a flux surface is here shown to be large compared
to its average. To calculate this varying component, the first order drift-kinetic
equation is integrated along field lines. We consider small magnetic field modulations
and a steady state situation to calculate the spatially-dependent stress tensor II;
which leads to the closure for the parallel viscous force. Unlike the collisional regime,
the anisotropy p| — p.1, and hence II}, is not simply sinusoidal but instead expressed
in terms of incomplete elliptic functions. The magnitude of the closure scales as
e~ /2. Advances in combining the full spatial and temporal variations into a single,

comprehensive closure relation are also presented.
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I. INTRODUCTION

In the pursuit of controlled fusion deuterium and tritium nuclei must collide with
kinetic energies of about 10 keV or greater. Such energetic ions are usually in the
plasma state. Confinement of such hot plasmas is being sought in toroidal magnetic
systems. The macroscopic dynamics of such magnetized toroidal plasmas is often
described by fluid moment equations. However, kinetic effects need to be included in
the closure moments for such plasmas because of the long collision lengths compared
to the physical size of the toroidal magnetic configurations.

Most plasma confinement devices operate in the low collisionality banana or neo-
classical regime where the collision length is much longer than the circumference of
the torus. Then, the most important closure moment is the parallel stress tensor.
This closure has usually been derived and used in its flux-surface-averaged form and
in steady state situations. In this work, we explore both the time-dependent averaged
closure and the variation of the parallel viscous force within a flux surface.

The closure for the flux-surface-averaged parallel viscous force, <B -V H||>, has
been calculated in steady state situations by various authors [1|-[5]. The results
obtained are widely used even though it was recognized, right from the very first
calculations, that the scaling of the solution is inconsistent with the hypothesis of
the problem. In particular, when using the static closure the damping rate of the
poloidal flow in a toroidal plasma becomes smaller than the ion-ion collision time
which violates the static assumption used to derive the closure [6]. Because of this,
a frequency dependent problem has been addressed [7|-[10] and recently an initial
value problem has been considered [9, 10].

In this work, the time dynamic case is approached in a different way. The main
objective is to describe the time evolution of the parallel viscous force and thus

the parallel /poloidal flow. We are interested in an expression for the closure with an



explicit time dependence that could be directly incorporated in numerical codes (such
as NIMROD [11]). This calculation also includes initial conditions by taking a formal
Laplace transform of the kinetic equation. By inverting the solution one obtains a
time dependent closure that depends both on the fraction of trapped particles and
on the initial conditions for short times. Previous authors solved the initial value
problem by considering a boundary layer where collisions can be neglected |9, 10]. In
this work, this assumption is not made and the full pitch-angle scattering (Lorentz)
collision operator is considered.

The time-dependent closure obtained here is one step towards a complete descrip-
tion of the plasma dynamics. It allows a time dependent analysis of the evolution
equation for the parallel flow including the dynamic viscous damping force. It could
also provide a more complete picture of the transition to the steady state of the
parallel /poloidal flow evolution and the determination of the time scale on which
an equilibrium assumption is formally valid. The relaxation of the poloidal flow
occurs on fast time scales (~ ion collision time) but is still relevant for some ex-
periments, for example after a sawtooth crash [12]. In addition to providing a time
dependent expression for the viscous damping force on the overall parallel flow, the
time-dependent closure also introduces a frequency dependent viscous force term in
the parallel Ohm’s law and hence a correction to the electrical conductivity.

Some selected flux-surface-averaged phenomena can be addressed with the time
dependent expression for (B - V - IT )— for example the two applications mentioned
in the previous lines. However, in general not all phenomena of interest can be
addressed with a flux-surface-averaged parallel viscous force.

In order to describe the dynamics of a plasma more accurately, the variation of
the parallel viscous force within a flux surface is required. A part of this problem
has been addressed in the steady state case by Wang and Callen [5]. Also, Hsu et

al. [8] gave some insight into the spatial variation issue in their consideration of the



time dependent problem. Recently, a generalized stress tensor in a slab geometry
was formulated for arbitrary collisionality [13]. Here, we calculate the local closure
for the steady state case in a slightly different way from what was done in Ref. [5].
The relevant drift-kinetic equation is directly integrated along field lines for a bumpy
cylinder magnetic field. The stress moment of the resultant kinetic distortion yields
the pressure anisotropy p| —p., the stress tensor Iy, and the (un-averaged) parallel
viscous force B - V - IIj.

The combined time and space dependent problem is addressed towards the end
of this work. A formal solution of this problem is presented. However, recognizing
its complexity, we only discuss some elements of the combined calculation.

The remainder of this chapter is devoted to formulating the problem by describing
its motivation and context. Chapter II describes the Chapman-Enskog like approach
used here and by other authors [5, 13, 14, 16] to calculate kinetic closures. The
relevant drift-kinetic equation and magnetic field model are also introduced there.

The formal calculation starts in Chapter III by formulating a perturbation method
for solving the drift-kinetic equation and obtaining its solution to lowest order. In
order to clearly describe the procedure to obtain the frequency dependent closure,
the static problem is solved first in Chapter IV using the procedure that will be
employed in subsequent chapters. The dynamic case is addressed in Chapter V and
the time dependent closure is obtained in a small field modulation approximation.

Chapters VI and VII address two relevant applications of the result: the trapped-
particle corrections to the frequency dependence of the electrical conductivity (Chap-
ter VI ) and the temporal evolution of parallel and poloidal flows (Chapter VII) in
a bumpy cylinder and toroidal plasmas, respectively. Heat flux effects are neglected
in most of the calculation for simplicity; however, they are introduced and analyzed
in Chapter VIII.

The spatially varying closure is calculated in Chapters IX and X. In Chapter IX



the calculation is carried out in some detail in a steady state case and for small field
modulations. Progress in the more complicated combined spatial and frequency-
dependent closure is treated in Chapter X. The summary in Chapter XI includes
concluding remarks as well as possible future work for which the results calculated

in this research can be applied and extended.

A. Basic fluid moment balance equations, moment approach

The evolution of the distribution function for a system of charged particles is given

by the plasma kinetic equation

df of q of
%—E‘I'V'Vf—l—E(E—I-VXB)-a—V—

c(f). (1)
The source of the irreversible, dissipative evolution is the collision operator C'(f)
which describes binary collisions between particles of the same or different species.
For a magnetized plasma medium one can obtain the fluid moment balance equations

by taking velocity-space moments of Eq. (1):
on

on oV — 2
at+v nV =0, (2)
3 dT
5n%_l_njﬂ(v.v):_V-q—l'[:VVjLQ, (3)
A%
mn—- =nq(E+V x B) - Vp - V - II+F, (4)
mdq_ 4 BT V.0LF (5)
Ta 74 2 :

Equations (2) to (5) describe the evolution of the macroscopic variables defined as
n(x,t) :/d?’vf density, (6)

2
T (x, t)z/d% %g temperature, (7)



V(x,t) = /d?’v V£ mass flow, (8)
2
q(x,t) = /d?’v %vf heat flux, 9)
s M’ .
Q(x,t)= [ dv - (f) collisional energy exchange rate. (10)

The higher order moments drive the evolution of the flow and heat flux. The collision

induced friction force terms are

Fo(x,t) = /d?’v mv C (f) frictional force, (11)

Fi, (x,t) = /d?’v L‘z’/zmv C(f) heat frictional force. (12)

Finally, the viscous stress closure moments are defined by

1
I (x,t) = / dm (vv - 51)21) f anisotropic stress tensor, (13)

1
O (x,t) = /d% L‘I)/z (vv - gsz) mf anisotropic heat stress tensor.  (14)

The set of coupled equations given by Egs. (2)—(5) is not closed. The Maxwell
equations relate electromagnetic fields to the current and charge densities J and p,.
However, closures for IT and ® have to be introduced in order to close the system.
Kinetic theory can provide those closures by considering a lowest order distribution
function that generates all moments from (6) to (8) plus a kinetic-based distortion
which generates the heat flux and viscous stresses. This kinetic distortion has to
include all relevant effects. In this work we will concentrate on the viscous stress
closures; similar work on the heat flux closures has been carried out by Held et

al. [14].



B. Neoclassical theory

Neoclassical theory differs from classical theory in that it considers the parallel
dynamics drift-motion-induced transport instead of that due to the gyromotion of
the charged particles in the magnetic field. The magnitude of the magnetic field in
a toroidal geometry is modulated between B,,,, and B,,;, along its helical field lines
mostly in the short way around the device (the poloidal direction). This gradient
affects charged particles which, depending on their kinetic energy £ = mv?/2, can
flow pass the potential hill created by this gradient or not. Those particles with
E > uBpa: (1 = mov? /2B is the magnetic moment) have enough energy to pass
over the potential hill ;£ B,,.,. These types of particles are usually called untrapped
or circulating particles. Their orbits around the torus are just slightly shifted off
flux surfaces due to the B x VB drift. On the other hand, particles with pB,,;, <
E < uB,,.. are trapped in the potential well and bounce back and forth between the
turning points of the orbit where v — 0. The superposition of this bounce motion
along field lines with the radial B x VB drift is called the “banana orbit”— because
of the shape of their drift orbits in a constant toroidal angle plane.

In the lowest collisionality regime, the so-called “banana regime,” the characteristic
time between collisions is longer than the time in which a trapped particle can
complete its orbit. In this regime the trapped particles complete their banana orbits
and do not contribute to the flow. Thus, the entire parallel flow is carried by the
untrapped (circulating) particles.

The pitch angle variable that will be mostly used throughout this work is A =
21/v?* for which v = v® (1 — AB). For this variable the two types of particles are
distinguished by

A< A circulating,

A> A trapped,



where A\, = 1/By,4:. The dominant viscous stress in neoclassical theory is the parallel

stress tensor since, in a small gyroradius (p/¢ < 1) ordering,

Iy~ 0 ("), Ta~0O(p), Ti~0(p).

Thus, the critical closure moment is the parallel stress tensor. Also, since the relevant
dynamics are in the direction parallel to the field, the parallel viscous force B -V -1I;
is of particular interest since this is the quantity that enters the parallel momentum

balance, Eq. (4), and thus affects the evolution of the flow.






II. CHAPMAN-ENSKOG PROCEDURE

As discussed in the Introduction, the fluid moment equations require closures to
form a complete set together with the Maxwell equations. The higher order moments
in Egs. (13)—(14) are required and can be obtained through a distribution function
f given by kinetic theory. This distribution should include all relevant effects. In
this case, for the regime considered, the trapped particle effects contained in the
distribution function should yield nonzero viscous stresses and thus close the system
given by Egs. (2)-(5).

In this Chapter, a procedure to include kinetic effects in the distribution function,

which is a Chapman-Enskog like procedure, is described.

A. Chapman-Enskog-like procedure

In the usual Chapman-Enskog procedure [15] the first step is showing that when
collisional effects dominate the lowest order distribution is a Maxwellian. In our
Chapman-Enskog-like procedure the distribution function of a system is assumed to
be a dynamic, flow- and heat flow-shifted Maxwellian plus a small kinetic distortion.
All neoclassical effects are then included in a distribution distortion, F', which is
considered to be small compared to the equilibrium distribution (in a small gyro-
radius approximation). In most of this work, heat flux effects will be neglected for
simplicity; they will be addressed separately in Chapter VIII.

Thus, the distribution function for the system will be assumed to be [15]

f=Iiu+F, (15)

where f); is a Maxwellian distribution function in the relative velocity v =v' — V
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i.e., the velocity of individual particles in the flow (V) rest frame:

, m \3/2 muv?
fM (V , X, t) =N (m) exp |:_2k‘—T:| . (16)

The dependence on physical space variables, x and ¢, of the equilibrium f,; is given
through the thermodynamic variables. Here n (x,t) is the number density, V (x,t)
the flow velocity and 7' (x,t) the temperature defined in Egs. (6)—(8). The particle
mass is denoted m and £ is Boltzmann’s constant.

By taking moments on both sides of Eq. (15) one can verify that the first three
moments of the kinetic distortion should vanish. Thus, for the present problem, we
consider as the Chapman-Enskog Ansatz the following conditions:

/dngzo, [dvF =0, /dgv

2
mu

—F=0. (17)
By including the first three moments of the distribution function in the Maxwellian
part, the kinetic distortion does not add terms to the density, momentum and energy
balance equations. Neoclassical effects will appear in this formulation through the

higher order moments of F', in particular the stresses given in Egs. (13) and (14).

B. Magnetic field model

For a general magnetic field we can write
B(l) = By [1 + 2¢7(0)] , (18)

where 7(¢) is some function that varies between zero and one. In toroidal geometries,
the magnetic field lines have a helical twist. Field modulations along field lines
create potential wells into which charged particles can get trapped. In the spirit of
restricting the calculation to the effect of interactions between these trapped particles

and those that flow freely along field lines, for most of this work we consider a
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B maXxess

Bmin--

- |

Fig. 1. Bumpy cylinder magnetic field with periodicity length L and modulation
AB = 2€B(].

cylindrical magnetic field with periodic bumps as shown in Fig. 1. The modulations

in this field simulate the field gradients in the poloidal direction in a torus. We write

this field as
2m/
B = B,y [1 — €cos (%)} : (19)

The field minima and maxima for this model are given by
Bpin = Bo (1 —¢), (=0, (20)

Bouww = Bo(1+¢),  0==+L/2. (21)

Thus, the magnitude of the modulation is

AB o Bma:v - Bmzn
By, By

= 2. (22)
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Equation (19) can also be written as
¢
B(€) = Byin + 2¢By sin® (%) , (23)

which corresponds to 7(¢) = sin® (7//L) in Eq. (18). These expressions will be used to
connect the expressions for general fields to the sinusoidal bumpy cylinder magnetic

field.

C. Drift-kinetic equation

Kinetic theory provides a framework for calculating closures from the distribution

function f which evolves according to the plasma kinetic equation

df

—=C(f). 24
L —c() (24
For a system of charged particles and independent variables v (the relative velocity),
x, and t, the total time derivative on the left side of the plasma kinetic equation is

af  of q 1 ov af
E_§+V.Vf+ [E <E+E(V+V)XB) _E_(V+V)'VV o (25)

The distribution function given by Egs.(15)-(17) can be introduced in Eq. (25).
Then, using the balance Eqgs. (2)—(5), the total time derivative of the distribution
function can be written in terms of F.

By considering a model collision operator that separates the effects on f3; and F,
Wang and Callen [16] recast the kinetic equation into a formal gyro-averaged drift
kinetic equation (DKE) for the kinetic distortion F'. The full equation is not written
here since only a simplified version of it will be needed. Neglecting all heat flux
terms (treated in Chapter VIII) and higher order moments, Eq. (127) in Reference
[16] reduces to

U2
b vy vr-c = {-(#-D)e+ Lo vonln. o
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where the “flow drive” term is given by

G = [V VlnB——b VX(BXV)—!—EV-V]. (27)
v} B 3

We consider the linearized, approximate Coulomb collision operator [17]

C(F)=vL(F)+Y P {Cl () + 2 + 2 —fl] , (28)

where P, are Legendre polynomials and we have defined 7 = v, /2. The collision
operator in Eq. (28) is written in terms of the pitch angle variable A\ = 2u/v? in-
troduced in Chapter I. With this variable, the parallel speed is v, = cvy/1 — AB
and ¢ depends on the direction in which the particles circulate and is defined as
¢ = ‘v”‘ Jv = sign (UH). Perpendicular diffusion in velocity space (pitch-angle scat-

tering) is accounted for by the Lorentz scattering operator £ given by

221” 0 )\ B

The second term in Eq. (28) contains the momentum restoring terms. These terms
are required because £ does not conserve momentum by itself; they are evaluated

for

20+1

1
=== R© s (30)
-1

where { = v /v. It can be also expressed in terms of A as

2z+1z / ﬂdi% (VI=2B) f. (31)

The sum over ¢ = +1 is required in the pitch-angle integrals in order to include both
counter- and co-passing particles. The speed-dependent variable f; for [ = 1 relates
to the velocity of a moving frame where momentum would be conserved by the first

term in the collision operator alone.
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Note that the operator in Eq.(29) is expanded in Legendre polynomials which
are the eigenfunctions for the Lorentz collision operator [with (I + 1) being the
eigenvalue| in the case of rotational symmetry in velocity space. Because of this, the
collision operator only affects the pitch-angle dependence of the first three harmonics
of the distribution function. This yields two simplifications in the calculation. The
speed v can be treated as a parameter in the DKE which simplifies its solution as will
be discussed in Chapters IIT to V. Also, the series can be truncated at [ = 2 because
the higher order terms are smaller in the small mass ratio expansion |[18]. Moreover,
for the higher order terms C' ~ —[ (I + 1) /2. Because of this, by expanding the
distribution function in Legendre polynomials, only the first three terms will be
required for the proposed collision operator to conserve density, momentum and
energy [19].

The first three terms in the momentum restoring term, (for [ = 0, 1, 2), corre-

spond to the polynomials

P (ﬂ> — 1, (32)

()= - .

_ 1 2 1 2 _ _§
(L) == (v” 2%) —1-2)B. (34)

Then, if the distribution f can be expanded in terms of the pitch angle eigenfunc-
tions P}, the second term in Eq.(28) clearly makes the moments in Egs. (6)—(10)
vanish. Thus, the collisional effects in f; will not introduce new terms in the balance
equations and density, momentum and energy will be conserved in the scattering
process.

Another simplification can be made at this point. The particle continuity equation

Eq. (2), for bounce time scales is

O:%:—nV~V—V~VH, (35)
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which leads to an incompressible flow to lowest order for density constant along the

magnetic field lines. As a consequence, by noting that
V-V=(BV)(V/B) =0, (36)

the incompressibility constraint can then be satisfied by defining a parallel flow vari-
able
Vi(6,t) /B(6) =U (¢,1), (37)
which is constant on a given magnetic flux surface. Also, for the simple model given
in Eq. (23)
Vx(BxV)=0. (38)

Introducing these simplifications in Eq. (27), the flow drive term reduces to G =

(m/T)V - VInB. Using the relation
vib -V (yyB) = (v —v1/2) B-VIn B, (39)

the flow drive term reduces to

s vl 2

With these simplifications, the drift kinetic equation becomes

oF 2
E —|—’U||b -V {F—I—U—?U”BUfM} —C(F) = % (b -V H”) fM. (41)

The first term represents the temporal evolution of the kinetic distortion while
the second term reflects spatial variations of both the kinetic distortion and the
free streaming flow of the circulating particles. The effects of collisions, which drive
particles through a perpendicular diffusion process (in velocity space) into or out of

trapped particle space, are reflected in the collision operator in the third term.
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The parallel viscous force is a source for the evolution of the unknown distribution
F and hence will be present in the solution. However, the Chapman-Enskog con-
straints given in Eq. (17) and the conservation properties of the collision operator in
Eq. (28) will allow an expression to be obtained for (B -V - II) that has no explicit
dependence on F. In the next Chapters, Eq.(41) will be solved by a perturbation

technique in the low collisionality (banana) regime.
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III. LOWEST ORDER DISTORTION Fj

The drift-kinetic equation (DKE) obtained in the previous Chapter, Eq.(41),
can be solved using a standard perturbation technique. In the low collisionality
banana regime trapped particles can complete their orbits before being scattered

3/2.5, is small and will be used as an

by collisions. Then, the parameter v, = v/e
expansion parameter for F'. In defining v,, v is the (90° scattering) collision frequency

and wy, ~ vy, /L is the bounce frequency.

A. Lowest order solution: Fj

The kinetic distortion is expanded in terms of the parameter v,:

The smallness of this parameter, as mentioned before, defines the banana regime.
That is, the time required for a particle to complete its orbit is less than the “effective”
collision time (given by 7.5y = v/, = €/27) which is the characteristic time to scatter
a particle out of the trapped region of velocity space. If the time derivative is assumed

to be order v,, the lowest order DKE is
2
vb-V | F+ U—tZU”BUfM =0. (43)

Since for the model magnetic field considered b - V = 9/0¢, the term in square
brackets cannot depend on ¢. Thus, the lowest order distortion is given by

m

F(): T

U||BUfM+g(U,>\,§,t). (44)

Here, g is an integration “constant,” which is a function of all the variables of the

system other than the spatial ¢ over which the integration was performed. The first
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term in Eq. (44) represents the free streaming part of Fj while the second term is a
collisional correction. Note that the only difference up to here with a usual static
calculation (see Refs. [1]-[4]) is in the time dependence of the function g. The only
variables left after the integration in the steady state case are speed v and pitch angle

A

B. First order drift-kinetic equation

In order to solve for the integration constant g we consider the next order (in v,)
DKE:
0Fy

1
U||b-VF1+——C(FO)Z’UH—b-V-HHfM. (45)
ot P

Only the spatial variations of F} appear in the next order equation and thus an
appropriate loop integration in ¢ can annihilate it. Since yjb - VFy = v 0F; /0L,

consider the integral

a0 fOL dt/v, untrapped particles,

%U_n S DS d |y

S

(46)

, trapped particles.

Here £/, are the turning points of the closed, trapped particle orbits where v —
0. On the other hand, circulating particles can travel through the whole cylinder
covering the distance L. These orbits are closed due to the periodicity of the problem.
Then, if F] is a smooth distribution, its gradient vanishes upon integration over these
closed orbits. Eliminating the first term in Eq. (45) makes it possible to obtain a
solution for Fy without having to explicitly solve for F;. The bounce-averaged first
order equation provides a constraint that can be solved for the integration constant
in the lowest order solution.

For trapped particles, to take account of density conservation at the tip of the

bounce orbits we must have g; (<) = —g; (—¢). Then, for g, even, we have g, = 0 at
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.. Since g does not depend on ¢, g, = 0 for all values of /.

For circulating particles, a partial differential equation for g is obtained from

ar
0757{21”%_7{1)” 3 SRl (47)

The collisional term can be simplified by noting that for the free streaming term we

have

C(W):—m”+ZPl{cl(Fl)Jrl(l;l)gFl]. (48)

Since v = v P,

3 A
3 dAB P, P
Sy [ RBRA 5, 49
m=3v2 /0 Vi-ip M ()

and

C (U”) =—vy + vvP =0. (50)

Thus, the free streaming part does not contribute; all the collisional effects are in-
cluded in g, as is desired.
Using this result, the DKE for circulating particles is reduced to a differential

equation for g

dﬁC()

99 Y| )
ot <U”> N T <B VI fu+ fM <B ) (51)
B

in which the flux surface average is defined as

=T $ T 2

Equation (51) is an inhomogeneous partial differential equation in time (first order)
and pitch angle (second order) since the collision operator in Eq. (28) does not affect
the energy structure of g. Thus, the speed variable v is a parameter and Eq. (50) is

to be understood as valid for each energy.
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In order to solve for the A-dependence, a Laplace transform in time can be taken.
Then, frequency will be treated also as a parameter and the equation to be solved
becomes

ae .
/B 7{17”0(9) 1 — B m, o[ o~

B
(53)

Here hats denote Laplace-transformed quantities with transform variable —iw defined
by:
h (w)=L{h(t)} = /oo dt e™'h (t). (54)
o
The initial condition for the flow is Uy = U(t = 0). The A dependence on the
right side of Eq. (53) is only through the initial pitch-angle structure of the collisional
correction g. The speed dependence in ¢ (0) is arbitrary since the collision operator

does not operate on it; thus, it is conveniently chosen as [9]

9(1)7)‘7t:0) = fu (U)go ()‘)a (55)

to match the separable structure of the rest of the terms in the source.

Morris et al.[9] were the first to recognize that this should be treated as an
initial value problem. The collisional diffusion into trapped space of a distribution
of untrapped particles will depend strongly (at least for early times) on how close
the initial distribution is located relative to the boundary between the two types of
particles. An initial distribution of particles is expected to damp more rapidly if it
is peaked close to the trapped-circulating boundary than if particles are introduced
far away from it since then the portion of phase space they have to diffuse through

is larger.
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Using Eq. (55), Eq. (53) can be written as

dl
L _fU—HC@
W

For the bounce-averaged collision operator term we have

C’(ﬁ) 1 _ 0 A Jg 1
” {2 55\/1 )\Ba)\ ﬁzpl C gl)—l-Vgl} (57)

1, = N
— ]SfM<B-v.H”>—%fM<B ) iwl

+<%>gofM— %fM (B*) Uo. (56)

In order to calculate g;, we note that g only has a P; term if expanded in Legendre
polynomials. This can easily seen by multiplying Eq. (44) by f_ll d¢ P, (&) for 1 =0, 2.
Since the distortion F{ must satisfy the conditions in Eq. (17) and v ~ P, we have

1 1 m [ R
[ an@i=[ wnonsy [ an©usin=o )

The only nonzero moment of g (with / < 2) is the parallel momentum moment; it is

given by
1/B m 1/B
> /O dABP g = Uz > /O ANB2 Py far. (59)
S S
This condition precisely yields the Chapman-Enskog constraint ([ d% vy Fy = 0)
/dvv”g— ?Bﬁ/d?’vvﬁfM:Bﬁn, (60)

which will be used in the next Section to solve for the parallel viscous force.

Defining a flow-like variable V (Y,v,w) =q1/B 8]

7 (@, 0,w) = Z /cd)\g, (61)

we obtain

o= Lo (VB e faes e (7) 4or) e
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Introducing this result in Eq. (56), the equation to solve for § becomes

A~

o1 B 0 99 _ & »
—W§<7\m>g"’w<“”3>aﬁ =SwAw),  (63)

where the drives and initial conditions are included in the source term

~

Swriw) = % {]19<B?n”>fM w0 fur (B +
9 <§> fur — %fMUo (B?) + % (B?) [01 (f/) + yf/] } . (64)

Y|

Equation (63) will be solved for the pitch angle dependence of g (v, \,s,t). The
speed dependence will be determined by the equation itself, in which v is a parameter;
thus, the solution obtained for § will be valid for each v. The time dependence will
be obtained by inverting the Laplace transform —iw — 9/0t. Since the drives for g
include <B -/V—-\H||>, which is a constant in A and v, it will be part of the solution.

Thus, the expression that will be obtained for 130 will contain this term.
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IV. STATIC CALCULATION

The problem given by Egs. (63)—(64) consists of an ordinary, second order dif-
ferential equation for the evolution of the function g (v, A, t), or g (v, A, iw), with an
initial condition given by fus (v) go (). In general, the source in Eq.(64) depends
on all variables except /. While all terms depend on speed, only the second term
depends on frequency and only the initial condition term on A. These two terms
make the calculation more involved than a steady state case in which w = 0 and
initial conditions are not necessary. Because of this, we first treat the static problem
to illustrate the methodology that will be used to solve the complete problem in

Chapter V.

A. Pitch-angle solution

The steady state limit of Egs. (63)—(64) is obtained by considering w = 0, i.e.
0/0t — 0 or t — co. For long times, the initial conditions are damped away and the

system is in an equilibrium state. This limit of Egs. (63)—(64) yields

7oA (VITAB) - % {% (BV 1) fu + - (B [C'(V) +'7V]}- (65)

The solution of the homogeneous equation is easily obtained by integrating twice

over J; it is here defined as A:

B Ae d)\<B2>1/2
S NV V7]

where the Heaviside step function is introduced in order to keep ¢g; = 0 for trapped

H ()\c - )‘) ) (66)

particles. Then, the integral over all pitch angle space for g is effectively up to
the critical value A\, = 1/B,,4.. The step-function will be omitted from now on to

simplify the notation. Since all terms on the right side depend on speed, the solution
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can be written in the convenient form
—Y (v) A(N). (67)

As was noted before, the speed dependence of g is not affected by the differential
operator and can be included in the coefficient ¢ v Y (v)/2 which is determined by the
structure of the equation itself. Introducing the proposed expansion in Eq. (65) one
obtains

1

T

Devmymlmemm) o

This coefficient relates the energy dependence of the solution in terms of the (also
speed dependent) drives. With this solution we can calculate the flow-like variable

V as

3 e 3 Ae
= Zzgjc/o d\g = Z“Y(”)/O ANA(N). (69)
Integrating by parts once, the coefficient in V' (v) is
Ae o\1/2 e o\1/2
/ dAA (X / d\ ﬂ — M (70)
0 » (VI=AB) Jo (V1-2AB)

At this point it is convenient to define the fraction of circulating particles [4]

3 [ ) AdA
fo= B [T anan - <B>/ T (71)
and write
Ve { (B-V-TI) vfu + (B?) [C <v>+av}}. (72)

Then, the solution for Fj is

1/2
Ro=—2uBfu+ S v, (73
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with V' given by

(B?) <%—1) W:{%(B-V~H||>vfM+<B2>01(V)}. (74)

We have thus obtained an expression for the kinetic distortion ¢ in terms of
the drives in its evolution equation. In the collisional drive for the evolution of g
[square braket in Eq.(65)|, the momentum restoring terms are calculated in terms
of the energy dependence of the distribution itself contained in the quantity V (v).
Because of this, the result obtained in this section is not an explicit expression for
g (or Fp). The solution given in Eq.(73) can be completely determined once the
quantity V' is calculated from Eq. (74), for which an expression for the viscous force
would be needed. In the next subsection, we will illustrate how these equations can
be combined with the conservation properties of the distribution function and the
collision operator in order to obtain the parallel viscous force and thus the lowest

order distortion.

B. Static closure

Equation (73) gives the solution for F where the speed dependence is to be
determined using Eq. (74). Because of the procedure followed in Section IV A [§],
the parallel viscous force <B -V H||> is part of the solution we obtained for Fj;
it is precisely the term in the distribution function that is necessary to calculate
the closure itself [see Eq.(13)]. This does not present an obstacle since we don’t
seek a solution for F, but instead a closure for (B -V -II;). To obtain it, we will
use a conservation property of the collision operator and the constraint obtained in
Eq. (60). By doing this, we construct an expression for the closure that is consistent
with the Chapman-Enskog constraints and with the definition in Eq. (13) without

having to explicitly solve for Fj.
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As described above, to eliminate the differential term C*! (V') in Eq. (74) and obtain
an expression for the viscous force in terms of V', we use the momentum conserving

property of the collision operator and require

/d?’vvCl (V) =0. (75)

Calculating this moment of both sides of Eq. (74) and rearranging terms we obtain

(BV-1) = m(5) [ (__1) (76)

Equation (60) implies a relation between the variable V' ~ [ d\g and the parallel
flow U. To obtain such a relation, we assume that V' can be expanded in Laguerre

polynomials (LY = 1, L¥? = 5/2 — mv?/2T,...) as

V()= = fM Z V, L2 (77)

This assumption is based on the fact that the dependence of the distribution function
on energy is unaltered by the velocity-space angular effects considered in the problem.
The coefficients in the expansion, obtained in Appendix A, are

nl 73/

v, = m/o dvv®V (v) L2 (78)

Equations 76 and 78 completely determine the solution for <B -V - H||> since the
constraints in Eq. (17) relate the first three moments of ¢ (and thus of V) with the

parallel flow U. Thus, in general, the closure can be written as
1
(B-V-II)) = m<32>/d3 ”—Vif—MZVL3/2 (f 1). (79)

For consistency, only the n = 0, 1, 2 moments of the distribution function are required
since only these moments of the kinetic equation were calculated to obtain the set of

fluid moment equations [Egs. (2)—(4)]. Since the closure we want to obtain is going to
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be introduced in such a set, any higher order terms in the closure would be neglected

at that point. Then, all terms n > 2 in the expansion Eq.(78) are neglected for

consistency. In particular, for n =0

7.(.3/2 00 X
Vo= —— dvV
° <3/2>!/0 e

which, using Eq. (61) yields

oo Ae
V():Zmr/ dvv?’/ d\g.
- 0 0

Using the condition [ d*% vjFy = 0 given by Eq. (60) and

v? nT
/d?’vvﬁfM = /d3U ?fM = —,
m

we obtain V) =nU.

(80)

By keeping only the first term n = 0 in Eq. (79), we obtain the static solution for

the parallel viscous force

<B -V H||> ~ mnU <Bz> % /d?’v U—zy—lf—M,

2
3 vy n
or

<B -V - H||> ~ mnooU <B2> )

Here, the viscosity coefficient fi,,,, is defined as [4]

Lomn = It /d3v V_iU_2L3/2L3/2f_M
fe vE 37" T

and the fraction of trapped particles is f; = 1 — f.. For electrons we have

Looe = e = [Z +v2—1In <1 + \/5)] %I/e ~ 1.53%%,

where the last approximate form is for Z = 1.

(83)

(84)

(85)

(86)
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The fraction of trapped and circulating particles can be estimated for /¢ =
\/m << 1. The smallness of this parameter represents the large aspect
ratio limit in toroidal geometries. In this model it reflects the limit of small modula-
tions of the magnetic field strength as one moves from the outboard to inboard side
of the torus along the helical magnetic field lines and will be used in the following
chapters as an expansion parameter. As one might expect, for small AB the fraction
of trapped particles is small and almost all particles contribute to the flow. In this

approximation, the fractions of trapped and circulating particles are given by [4]

for1—146\e+ 0O (7)), f, =~ 1.46\/c (87)
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V. DYNAMIC CALCULATION

In the previous section we solved the static limit of Egs. (63)—(64) in order to
illustrate the procedure that is going to be carried out here while solving the dynamic
case. As discussed before, the complication of the problem resides in the nature of
the source terms on the right side of Eq. (63). Since a Laplace transform has been
taken, the time dependence of g will not be an issue until we invert the transform.
This permits us to solve for the pitch angle dependence first, keeping both frequency
and speed as parameters, following the method in Section IV A. The differential
equation for g is still an ordinary differential equation but now the source on the
right side has a A-dependent term. In what follows will treat this term separately

and extend the results obtained previously.

A. Expansion in Cordey eigenfunctions

To solve this initial value problem, it is convenient to separate the terms in the
drives that were not treated in the static problem. We re-write Eqs. (63)—(64) as

1 B . _0 9ge  sv =, . B
—’Lu)§ <m>gc — VaA <\/1 — >\B> )\ = 7 |iD (U,ZW> "‘fM <U_”>90 (>‘):| ’

where the M-independent drives, and thus “constants” in the equation, are

D (v, iw) = %(B VI fa — % (B®) fu (z’wﬁ' + Uo) + % (B?) [Cl (17) + uf/] .

(89)
As before, we seek a solution similar to Eq. (67) in which the A dependence is given
by the solution of the homogeneous equation. In this case, the function A has to be

a solution of

{wd% (VI=2B) - ﬁ%A<m> 8%} Ao, (90)
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Equation (90) does not have an analytical solution. However, a numerical solution

can be obtained by considering the eigenvalue problem

%A <\/1 - >\B>

d;\; _ K"d%\ <m> An, (91)

where A, are the eigenfunctions and k,, are the eigenvalues. The eigenfunctions that
are solutions of such an equation, “Cordey” eigenfunctions [20], can be numerically
generated and are usually employed to solve problems that involve the pitch-angle
scattering term in combination with a linear term [13, 14, 17, 21] (in our case the
time-derivative reflected in the coefficient iw). These functions form a complete,

orthogonal set with an orthogonality condition given by

e /1 _ Ac 1 —
/ AnAmwcu = Opm / Aiww\. (92)
0 0

The functions A,, for n odd vanish between —/,. and ¢, (i.e., for trapped particles)
and are even in ¢ for circulating particles [13, 20]. Thus, they are appropriate for
the complete description of the solution inside the trapped region where g; = 0 and
in the untrapped region for g. # 0. At the boundary, the functions are continuous.
Hence, the subindex on g, is not necessary and will be dropped from now on. Thus,
we propose to project the solution in Cordey eigenfunction as done in references
[13, 14, 17, 20, 21]:

~ v S .

9= ; Yo (v, iw)An(N). (93)
The operator in Eq. (90) is a combination of “time-dependence” and pitch-angle scat-
tering. Thus, the eigenfunctions are similar in structure and reduce to the Legendre
polynomials for a homogeneous magnetic field. Introducing the proposed expansion
in Eq. (93) and using the eigenfunction equation [Eq. (91)], one obtains

gf”nﬂ ( - —”) 8% (VI=AB) Ay = =D (v,iw) - fu <§”> g (V). (94)
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In order to obtain }Afn, we multiply both sides by A,, and integrate over passing

particle space. Then, the orthogonality condition Eq.(92) can be used and one

obtains N
-~ 1 N D m Qy,
Y,=—"—|—+—=fyu——1 . 95
v [Fan—iw/ﬁ T M/in—zw/ﬁ] (95)
The coefficients 7, and «,, are calculated from
Ac
Un - A\ a I ( )
C 2 . _
Jy A2 (VI=AB A
B
e dA <U—> 90 (\) A,
Ae p2 Y _
Jy A2 (VI=AB)dx

Note that even though these coefficients do not depend on A, the initial structure of
the distribution in pitch angle will enter as a drive for the viscosity through the «,
integrals.

With the expression for § in Eq. (93) the flow variable V is
3 Ae 3 Ae
V=- d\g=-vY, dNA(N), 98
(2 [ =T [ oan (98)

which we write as

1
(B?)

o~

1
V:Uj
v

(}‘;f)+<B2>”2 fM%fg). (99)

The fraction of trapped particles in this case depends on frequency and speed; it is

defined as [8]
fo=filwo)=Y —"— (100)

Kp — 1w/D’

where

>\c
Vo = —Z <B2>nn/ dA A, (101)
0
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The initial distribution is buried in the coefficient

)\c
Xo = _Z (B2)'? ozn/ dA A, (102)
0
and we defined
Xn
—_— 1
fg fg(w v) = Zl-ﬂn—iw/lf (103)

by analogy with the definition of f.. Substituting the drive D in Eq. (99) we obtain

o0 <__1) (B%) = ofu(BV 1) — o2 (5 (1T 0y)

Je
—v—<B2>{<B2> V2 §9+ =ol (v)} (104)

The solution for the Laplace-transformed kinetic distortion is then given by

=5 [y (70~ 8 R ]
(105)

where the flow-like variable V is calculated from Eq. (104).
Once again, the viscous force is part of the expression for g through the variable
V. In the next section, the closure is obtained following a procedure similar to the

one introduced in Section IV B.

B. Dynamic closure for (B-V-1II)

As in the static case, the solution for the kinetic correction g is in terms of the
parallel viscous force through V. This relation is given by Eq.(104); to solve for it
we proceed as before. We start by considering the property from Eq. (75)

/d%vcl (17) —0, (106)
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to eliminate that term and at the same time introduce the velocity space integrals of
V which we can relate to the flow U as in the steady state calculation. Calculating
this moment of Eq.(104) we obtain an expression for the parallel viscous force in

terms of the parallel flow, the “momentum restoring flow” \7, and the initial conditions

—_— A~ 1 =

(B-V-II)) = mn<B2>{/dgv§ﬁV (fT = 1) +iwl

) ~

Uy — (B’ ‘1/2@/d3 v huts | 107
o= (B T [ g 7 (107)
From Section IV B, and Appendix A, we have a method for relating each term in
an expansion of V with the parallel flow. The expansion proposed in Eq. (77) is valid
also in this dynamic case. If we keep only the first term in the Laguerre polynomial

expansion (Vy ~ Un) as before, we obtain a frequency-dependent closure
(B-V-11}) = nm (B [ﬁ@(w)+Uo+?(w) , (108)
which coincides with the result in Ref. [8] if initial conditions are neglected. The first

term shows the usual proportionality between the viscous force and the parallel flow.

The coefficient U (w) is defined as

O (w) = %/d%ﬂ?%%, (109)

where the fraction of trapped particles is defined as

J/‘“\t:l—(l—g)ﬁ- (110)
1%
The initial pitch angle distribution is contained in the last term which is defined as
) —~
T (W) = m/d% vl (111)
T 3 n f,
Note that for long times, when initial conditions are completely damped and can

thus be neglected, one can use the result [8]

fczﬁ(w:0>zzz_zzg<f> Oc<\/%>7 (112)
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and the steady state limit of Eq. (108) yields the standard result
(B-V-1I) = nmu (B*) U, (113)

which is precisely the expression obtained in Eq.(84) in the previous chapter by
solving the steady state problem directly.

In this dynamical case, the fraction of trapped and circulating particles, ﬁ and ﬁ,
depend on frequency but reduce to the usual ones in the w < 7 limit. No physical
interpretation of the fact that fc + ﬁ is a frequency dependent function is necessary
since these quantities are defined only to obtain a simple expression for <B -/V\~H||>
similar in structure to the steady state solution.

Equation (108) is valid for any time scale, since no approximations have been
introduced so far. From it, a damping rate can be estimated numerically. For
an explicit time-dependent expression, neither an analytical nor numerical Laplace
inverse transform are trivial to perform since the expression involves infinite sums
of terms that depend on integrals over the (numerically generated) eigenfunctions.
Moreover, some of these infinite sums reside on the denominator and thus should be
calculated to high accuracy if any poles of the response are to be found. However, it
will be shown that in a small € expansion the time-dependent closure can be obtained

analytically.

C. Time dependent solution for small field modulations

In general, an analytical inversion of the Laplace transform in Eq. (108) cannot be
obtained. However, for small field variations (AB < By,;,) an analytical solution can
be obtained through a power series expansion in the small parameter 1/e. In order to
make such an expansion, we invoke the f; ~ /e < 1 result obtained in Section IV B.

This ordering has also been obtained by various authors [4, 8] in both dynamic and
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static situations. For the dynamic case a similar behavior in the function f;, which
is now frequency dependent, can be assumed. Based on this argument, we propose
an expansion in powers of ﬁ and will expect the lowest order terms to dominate.

The relevant factors to be inverted are ﬁ / fc and j?g / fc, for which we propose the

A OO LI

;g ~ <1 — 7) (1+ft) Jgt e (115)

Introducing Egs. (114) and (115) in the closure given by Eq. (108), a much simpler

following expansions:

expression for the parallel viscous force is obtained and the Laplace transform can

be inverted term by term. In particular, to lowest order in ﬁ we have

<B-V-H”>znm<32>%/d3v”—;%m-l{(1——) RO } (116)

in which L=! is the inverse Laplace transform and initial conditions have been ne-
glected for simplicity but can be easily introduced using Eq.(B5) in Appendix B.
After calculating the inverse Laplace transform of the term in curly brackets in
Eq. (116) (see Appendix B), the time dependent closure for the parallel viscous force

in this small € limit is
2
Y.L — (B g V- m _ 19U@) () _
B-v-1m) = ()mn [ a0 Lo o5+ 2250 (1- X 0)
n avu .
+ZZ—(mn—1)/odT vrin T’dr}. (117)

This equation exhibits the explicit behavior in time of <B -V H||>. The first term
is proportional to the parallel flow and will be dominant in the long time asymptotic
limit. The second term contains the time variation of the flow and is important

only for times of the order of 1/v. The last term contains the time-history through
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the convolution integral of the time-dependent trapped particle fraction and the
intrinsic time dependence of the flow of circulating particles. To higher order in this
expansion, this last term develops a series in powers of ot inside the (convolution)
time integral. For estimates of the coefficients in Eq. (117) see Eqs. (124)—(127) in
Section V D.

The time dependent solution given in Eq. (117) can also be obtained following an

alternate procedure. From the static calculation
(B-V-1I) ~ fi ~ Ve (118)

Based on this, one can go back to Egs. (63)—(64) and propose g = g0 ++/e gl +e g +....
Then, to lowest order, the term in the source S due to the parallel viscous force can
be neglected. The resulting differential equation for g, is
./ B\ . m _n
cio ()5 @)= fulp (5 - )T (119
I

which can be solved with the eigenfunction expansion introduced in Section V A to
obtain a lowest order gAS. With the kinetic correction obtained in this way, the lowest
order distortion ﬁ’\o is completely determined to this order. The viscous force is not
present in this solution but can be obtained from the bounce averaged next order

DKE as
(B-V-1I)) = <mB/d3v mvﬁb : Vﬁ> , (120)

or, in terms of the solution ﬁ

(B-V 1)) = <mB/d31)mv|| {c®) —wﬁ’\o}>. (121)

This solution can be introduced as a lowest order approximation in the DKE and used
to solve for a next order result. This iterative procedure leads to the same results as
in Eq. (117) when the inverse Laplace transform is calculated. It is described here

because it provides an easy method to numerically obtain the closure to any order.
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D. Numerical estimates for small ¢

The sums in Eq. (117) can be estimated using the small ¢ approximation for the
eigenfunctions in terms of Legendre functions given in Ref. [20]. Since in the ¢ = 0

case the eigenfunctions are Legendre polynomials, one can consider for small e [20]
An ~ Pl/na Kp ~ Vp (Vn + 1) ) (122)

where the index v, is an integer plus a small correction proportional to /e:

B 4 T2(1+n/2)
un_n+J2_e;F2(1/2+n/2). (123)

In this approximation, the relevant sums can be calculated numerically and are found

to be
Y = 1-29362+0(), (124)
nyn/in ~ 1+ 1.48Ve+ O (e), (125)
ZZ—" ~1— 148+ O (e), (126)
Tn
Z;%g1—2x1.48ﬁ+0(e). (127)

These results will be useful in the following chapters where two relevant applications

of the results obtained here are explored.
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VI. ELECTRICAL CONDUCTIVITY

The parallel component of the momentum equation, Eq. (4), for electrons yields
a “parallel Ohm’s law” for the plasma. In neoclassical regimes, the parallel viscous
force constitutes an extra drive on the right side of this equation. Having a kinetic
closure for this force in terms of the flow introduces a correction in the electrical con-
ductivity which relates the flow and the electric field. In this chapter this correction

is calculated and estimated for small magnetic field modulations.

A. Moment approach to electrical conductivity.

To illustrate the calculation of the electrical conductivity, we begin by sketching
the calculation using the moment approach [4]. For simplicity, we consider an infinite,
homogeneous, unmagnetized plasma. A “weak” electric field is applied to the system

and the electrical conductivity will be given by the relation
J|| = O’EH. (128)

The electric field accelerates electrons (ions are ignored due to their larger inertia)
while Coulomb collisions tend to scatter them away from the field direction. This
process is reflected in the proportionality constant o which can be adjusted to account
for the collisional effects. Phenomenologically, the conductivity ¢ can be roughly

approximated considering a force balance

Il

Assuming the collisional effects result in a damping rate v, we can write dV} /dt ~ V'Vj.

Then

E e?
mV” ~ u = J|| = —n ¢ E”. (130)
1% mrvr
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Thus, this rough approximation yields an electrical conductivity

ne?

r— T, 13]_
o= (131)

which will be used as a reference value.
In order to account for the Coulomb collision effects in a more precise way, the

(equilibrium) kinetic equation for the plasma is considered:
0

%E-a—i:O(f). (132)
To solve this equation the distribution function is expanded in a parameter § that
reflects the smallness of the magnitude of the electric field compared with the colli-
sional effects. Consider as a reference electric field the Dreicer field Ep ~ n.e3/T,. Tt
is the electric field strength at which the bulk of the electrons “run away.” Electrons
with kinetic energies that exceed the characteristic thermal energy of the plasma
by a factor of more than Ep/E can beat the friction due to collisions and thus “run
away” under the influence of the electric force. Thus, in order to only have “run away
electrons” in the high energy tail of the distribution we need Ep/E > 1. Hence, to
lowest order in the parameter § = E/FEp, the left side of Eq. (132) is small and the
solution is a local Maxwellian.

The next order distribution function is expanded in Legendre (pitch angle) and
Laguerre (energy) polynomials. With this hypothesis [4], the moments of the kinetic
equation yield a set of coupled equations relating fluxes and forces. Considering only
the first two moments (electron flow and heat flux), this system can be expressed in

matrix form as

5 BJ B-V-II
Nee I = lele [L] 2 H + . (133)
0 Tee 4B B-V-06
onede

The entries in the friction matrix [IL], the friction coefficients Lf;, are complicated

integrals with Laguerre polynomials as weighting functions [4]. For the illustrative
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purposes of this section, we only need know that they can be calculated and the ma-

trix inverted. If viscosities are neglected, the electrical conductivity can be obtained

from
BJ 2 BE
R S R B (134)
— quB MeVee 0
5n.T.,

For the case of a linearized collision operator we have [4]

_ 24+ 87 37
L) = S (135)
Z(V2+2) sz Z

Thus, to this level of approximation the parallel electrical conductivity is

2
. 1
o= = (136)
MelVee O5p
where the Spitzer electrical conductivity factor is
2+ 7
sp V27 (137)

T V2+13z/4

This result is accurate relative to the exact results [22, 23] to within about 5% for
all Z; it is thus well within the 1/InA ~ 7% intrinsic accuracy of the Fokker-Planck
operator. If closures are provided as expressions for the stresses in terms of the flows
(or the currents), their effect can be included. In such a case, the matrix to invert
will contain a second term corresponding to the contributions of these closures; this
results in a neoclassical correction to the electrical conductivity. This is done in
terms of the 2 X 2 moment approach above in Chapter VIII where heat flux effects
are included. In the following section only the viscous stress is considered and thus

only one equation is used—the parallel momentum equation.
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B. Frequency-dependent electrical conductivity

To obtain the modification of the electrical conductivity caused by the frequency-
dependent parallel viscous force <B -V - H||>, the bounce-averaged parallel compo-

nent of the complete momentum equation for electrons is considered:

—%<J||B> =

which is the dynamic, “1 x 1 matrix” version of Eq.(133). In this section initial

n

Ti (B)B) + mie (B-V-1lje) — v (JB), (138)

conditions are neglected for simplicity. Introducing Eq. (108) in Eq.(138) and re-
arranging terms the solution for the w-dependent electrical conductivity including
viscous effects can be obtained. Defining
~ T .
Qe (W) =14 —[0(w) —iw], (139)
VE
the electrical conductivity can be written as

o(w)=

Ml Qe (W)

neer 1

(140)

The iw term in @, (w) arises from the inertia term in the momentum equation. Here,
the ion parallel flow and its dynamics have been neglected for time scales ¢ ~ 1/v..

The dynamic conductivity in Eq. (140) is valid for any frequency (time). Once
again, the analytical process cannot be carried out further for the same reasons
discussed in the end of Section V B. However, a numerical computation could give
the frequency dependence and upon taking the inverse Laplace transform, the time
evolution of o to some appropriate accuracy.

Here, in order to get some insight into the frequency behavior of &, the low
and high frequency limits of Eq. (140) in the small ¢ approximation will be treated
analytically. In particular, we begin by checking the static limit, which should be
obtained for w — 0. For Eq. (139) we have

e (0) = 14 pe/ve. (141)
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Recalling that the fraction of trapped and circulating particles can be estimated
for /e << 1 as f; ~ 1.461/¢ [4] and considering the value for u. (~ 1.53 v, f;/ f. for
hydrogenic ions) in the small /€ approximation, the usual trapped-particle correction
to the static electrical conductivity is obtained:

Ne€®/MeVe  MNe€? 1

It pe/ve  mevel + 2.24\/AB/2Byn

For w # 0 we consider the low and high frequency limits of

(142)

G () 14 JLl@nve) (143)

fe(w,ve) Ve
where we are approximating 7 = v, for simplicity. Using Eq. (100) and the expansion
in Eq. (114), for w < v, we obtain
&e(w)21+ft—j—§(2 Z—;;—fc>—l—i(2ft+22—;;). (144)
Introducing this factor in Eq. (139), the real and imaginary parts of the electrical
conductivity in this limit are approximately

n 2t n i2 2
fc—2zz_2+( : +1§7%/K : ] %} (145)

e

Reff ()] =~ — {1-1+1ft

and

(5 ()] ~ o, 2Lt 2/, (146)

Ve (1+ f)°
Thus, for small w the real part of the conductivity will decay from the static limit as

— (w/v,)? while the imaginary (“reactive”) part grows as w/v,. The sums in Egs. (145)
and (146) can be estimated using the small € approximation for the eigenfunctions
in terms of Legendre functions given in Ref.[20] and illustrated in Subsection V D.
Figure 2 shows the frequency-dependence of the electrical conductivity using this

expansion.
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Fig. 2. Real and imaginary parts of /0, in the low frequency range for e = 0.1.

For high frequencies w > v,, the w-dependent factor in the conductivity can be

expressed as
. v?
Q. (w) ~ 2+ ZV” (Kn —2) — w—z Z%Fan
w V2
- [Q—Z%jtﬁz%(l—%n)]. (147)

The real and imaginary parts of the conductivity for w > v, are

V_S{Q%-Z%(Q*Hﬁn)] (148)
2-2Xw)" I

Relo (w)] =

~
and

g )] =% (5o ). (149)
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Fig. 3. Asymptotic decay of /0, in the high frequency range for e = 0.1.

In this limit, the real part of & (w) decreases as (v./w)’. The imaginary part also
decreases, but at a slower rate (~ v./w). Both asymptote to zero for w — oo as
shown in Fig. 3.

Since in Eqs. (144)—(149) a small (or large) w/v, is considered after a small /e
assumption, what is considered a small (or large) frequency is to be compared with
the magnitude of the field modulation. That is, the high frequency asymptotic
behavior is expected to be seen only for w/v, > 1/1/€ for a given modulation e.

Note that in the static, low frequency limit, the effects of trapped particles are
present for w = 0. On the other hand, as w — oo (initial times) there are no

significant trapped particle effects. Figures 4 and 5 show the effects of ¢ on the real
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Fig. 4. Real part of /0, for various values of € as a function of w.

and imaginary parts of 7 (w).
The results in Eqs. (145)—(146) and (148)—(149) can be summarized as

Re ] 1OV OWAEm, wn, 150

1+ 0] (we/w), w>w,

Im 5 ()] ~ 1+0(e)|w/ve, w<K e, (150)
[1+0 ()] vejw, w> ..

which is qualitatively consistent with the behavior shown in Figs. 4-5.
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VII. FLOW EVOLUTION

With the closure for the parallel viscous force obtained previously in Eq. (108),
the evolution of the parallel flow can be calculated as an initial value problem. The
temporal evolution of the flow is obtained by inverting the Laplace transform in the
small e case.

Two schemes are considered: the parallel flow damping within the bumpy cylinder
model, and an extension to an axisymmetric geometry and thus to the time dynamics
of the poloidal flow in a magnetically-confined toroidal plasma. In the poloidal flow
case, some estimates of the damping rates are presented and compared with results
obtained in Ref. [8]. The “ambipolarity paradox” [6] is briefly discussed also in this

context.

A. Parallel flow

The parallel flow damping can be expressed, in terms of the flow variable U, as
ouU (t
mn (82 20— By ). (152)

Clearly, the result in Eq. (37) justifies taking a flux surface average of the full mo-
mentum equation which yields Eq. (152). Then, U (t) is damped by the flux-surface
averaged parallel viscous force and the closure obtained in Chapter V can be intro-
duced.

The simplicity of the one-dimensional, bumpy cylinder magnetic field model per-
mits a full calculation of the parallel flow dynamics including the effects of initial
conditions. Since the time dependence of the left side of Eq. (152) is of interest, we

start by again taking a Laplace transform and work from the full frequency-dependent
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closure in Eq. (108) as follows

A~

[0 (W) —iw]U () = =7 (w). (153)

Considering the small /¢ approximation in Egs.(114) and (115) for © and T, we
2 LN
b~ @/d% 7 (1 - Zﬁ) 2Ly (154)
v

Tg%/d%vg% (1—%") (1—}‘;)@. (155)

Solving for U in Eq. (153) at this point would lead again (as in Section V B) to infinite

have

sums in the denominator and thus complicate the inverse transform. Instead, the
inverse Laplace transform can be taken on both sides of Eq. (153) and after some
manipulation (see Appendix B) one obtains an inhomogeneous integral equation for
U (t):
U(t)=h(t)+ /tK(t;T) U (7)dr. (156)
0

This integral equation gives the time evolution of the parallel flow and has “memory”
of the localization of the initial distribution relative to the boundary with trapped
particle space. The inhomogeneous term h (¢) and the integration kernel K (¢;7) ~

>, €xp [—Uky (t — 7)] are given in terms of Cordey eigenfunctions in Appendix B.

B. DPoloidal low evolution

An analysis similar to that for the bumpy cylinder can also be employed for
a toroidal magnetic field. For the dynamic evolution of the “parallel” flow in an
axisymmetric configuration the initial distribution in the pitch angle variable is not
taken into account for simplicity. That is, the initial perturbation introduced in the

system is only composed of untrapped particles that will contribute to the flow. In
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this configuration, the magnetic field can be written as
B = By( + Bpf, (157)

where Br and Bp are the components of the magnetic field in the toroidal () and
poloidal (#) directions respectively.

To apply the model developed in the previous sections to this geometry some
modifications have to be introduced. In such a configuration, the field modulations
along a field line are not unidimensional. That is, the relevant flow variable to be

considered is the poloidal flow defined by [4, 5]

Uy (0,0) = = Y0 _ N I<d¢+i@),

B-Vd B B2

dy  ngdy

where the first term is due to the parallel flow velocity and the second is due to

(158)

the perpendicular flows in the plasma, which to lowest order in gyroradius are a

combination of the E x B and diamagnetic flows:

ExB BxVp
V, = .
+ B? + nqB?

(159)

In Eq. (158) we have used E = —V¢ and ¢ is the poloidal magnetic flux function
defined by Bpd = V( x V.
From the parallel (to B) momentum balance, an evolution equation for U, will

include a contribution (o< ¢?) from the toroidal flow [6]:

U, (B-V-II))
2 — —
nm (1 + 2¢°) el B + 47

o/
il

(160)

where the safety factor is defined as ¢ = eBr/B,, in which now ¢ = r/Ry < 1 is the
inverse aspect ratio.

The closure in Eq. (108) may now be introduced. In this problem the parallel
viscous force damps the poloidal component of the parallel flow. Because of toroidal

axisymmetry there is no parallel viscous damping in the toroidal direction. Hence
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the toroidal momentum is only damped by the (higher order) perpendicular stress.

With the flux surface average in this case being defined as

IR ER
one can write
(B-V 1)) = nm (B2) [Us © () + Upo] (162)

Equations (154) and (155) can be used again to obtain an approximate closure to

lowest, order in ﬁ Introducing this closure in Eq. (160) yields

(st a0] -

-

The inverse Laplace transform can be calculated on both sides which yields the

A O
el

(163)

integral equation .
Uy (t) = hy (t) +/ Ky (t;7) Uy (t) dr, (164)
0

where hy (t) and Ky (¢;7) are defined in Appendix B.
Using the approximation described in Section V D, the asymptotic limits of the
poloidal flow evolution for short and long times can be inspected. For short times

t < v, Eq.(164) can be roughly approximated by
Up (t) =t Ko (t;1) Uy (1) , (165)

where we have assumed the initial condition is already damped. Then, the charac-
teristic damping time is initially (after the initial perturbation is damped) given by

7, =~ 1/ Ky (t;t), which yields (see Appendix B)

(166)
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The numerical result in Eq. (166) is similar to the estimate for the damping rate in
Ref. [8] for this limit. This result is also obtained in Ref. [10] when taking a time
average including the transient behavior induced by an initial perturbation.

In the present /e < 1 expansion, in addition to the damping rate v, there is a
small oscillatory (w,) response [8]. It can be recovered by writing iw = v, + iw, and
expanding U (w) about the damping rate assuming v, > w,. By taking account of the
Landau-type pole [8] in the denominator of ]?C and equating the imaginary parts one
obtains an imaginary component of the frequency w,. This effect contributes slight
oscillatory responses in <B -V - H||> and in the kernels of the time-history integrals
in Eq. (164).

As mentioned before, the result for the damping rate obtained assuming steady
state is inconsistent. Here, we will obtain such result only to show that this limit is
also included in Eq. (164). For long times and assuming a steady state (Uy (t) — Up),

one can rewrite the flow evolution as
t
Ug ~ Ug/ Kg (t; ’7‘) dr. (167)
0

Thus, the characteristic damping rate (in the time-independent case) for ¢ — oo can

be obtained from .
/ Ky(t;7)dr = 1. (168)
0

In the small € approximation the damping rate for the static calculation is obtained

(see Appendix B):

0.31m v fu

This result clearly violates the static assumption, as has been pointed out by other

Vp =~

authors [6-8]. In Ref. [6], this inconsistency is tied to the so-called “Ambipolarity
Paradox.” Conservation of classical (gyromotion-induced) toroidal angular momen-

tum guarantees ambipolar diffusion of fluxes across the magnetic field lines. However,
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for neoclassical (drift-orbit induced) processes, there is a transient phase in which
the poloidal flow is damped by the parallel viscous force according to Eq. (162), or
its time-dependent version Eq. (164).

For the cross-field fluxes we consider the radial ion force balance. For times longer
than the compressional Alfvén time (~ 0.1us), the inertia term can be neglected and

thus

1
n;q;

From this expression, the radial electric field can be related to the toroidal and

é - (E+V><B— Vpl) = 0. (170)

poloidal flows by
1 dp;

n;Z;e dr’

Assuming an exponential damping of the poloidal flow V, with the damping rate

E, = V.By — VyBc + (171)

in Eq. (169), i.e. the static result, leads to inconsistencies. The static calculation
neglects the left side of Eq. (160) under the assumption that 0/0t < v;. However,
the result at the end of the calculation is the damping rate in Eq. (169) which yields
0/0t ~ v > v; for large aspect ratio. Because of this contradiction, a time dependent
evolution for the poloidal flow Vj must be considered. In particular, Eq. (164) gives
the explicit time-dynamics of the poloidal flow variable U.

In a time scale 7; (typically ~ 200 us-1ms) the poloidal flux relaxes to its equi-
librium value, which for an inhomogeneous plasma is determined by the poloidal ion

flow induced by the ion temperature gradient and is given by [4, 24|

1.17 0T;
qi a?ﬂ.

Once the poloidal flow is in equilibrium the ambipolar phase begins and the ra-

eN

(172)

dial particle fluxes become ambipolar. Then, the radial force balance equation in
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Eq. (171) relates toroidal flow to radial electric field [4, 25]

V'VCZ_(W G o g ov

The consequent damping of the toroidal flow V; (or equivalently electric field E,)

occurs, phenomenologically, on a radial transport time scale, presumably due to
microturbulence-induced anomalous transport processes.

The discussion in the previous paragraphs does not solve any paradox. Actually,
there is no such paradox. The problem discussed in Ref. [6] concerns semantic dif-
ferences between authors on whether to consider the cross-field fluxes ambipolar or
not. Thus, having a dynamic flow evolution equation provides a good formalism
for determining whether (according to the time scales considered) the ambipolarity

assumption with static closure relations is adequate for a particular problem.
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o7
VIII. HEAT FLUX EFFECTS

Heat flux effects were neglected in the previous chapters for simplicity. This
chapter focuses on how the equations are modified when heat flux effects are included
in the formulation and shows how the generalization is made. This can be extended
to other applications besides the electrical conductivity and the evolution of the
parallel flow that are treated here.

Since the energy eigenfunctions are Laguerre polynomials, the difference between
the viscous stress and the heat viscous stress moments is only reflected in the index of
the corresponding polynomial. This is the basis of the moment approach illustrated
in Section VIA and allows a simultaneous treatment for the evolution of V| and
q| = q - b. Because of this, including heat flux effects in the solution for the kinetic
distortion and in the parallel viscous force closure does not significantly complicate

the calculation and the generalization becomes straightforward.

A. Drift-kinetic equation including heat flux

In order to include heat flux effects in the problem, the distribution function to be
considered as the Chapman-Enskog Ansatz is a flow and heat-fluz shifted Maxwellian
plus a small kinetic distortion F:

f=fu {1 v (miTq) Li’ﬂ} +F, (174)
where f); is defined in Eq. (16). The functional form of the second term in brackets
is justified by the moments of the distribution function Egs. (9)—(10) since in this
case the constraint for the kinetic distortion given in Eq. (17) needs to be extended

to these moments. In particular

/d% (L3/2, L‘j’/z) vy F =0, (175)
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This condition is consistent with the definition in Eq. (174). The Laguerre polyno-
mials L¥? are evaluated in the usual variable z = v2/v? and, for Eq. (175), are given
by

5
L =1, L= 5~ (176)

The equilibrium distribution function now contains all the moments in Egs. (6)—(10)
and hence their evolution through the plasma kinetic equation. The kinetic distortion
will not add terms to the full set of equations (2)—(5).

When Eq. (174) is introduced in the plasma kinetic equation and the procedure in
Ref. [16] carried out, the recast DKE includes two extra terms. A parallel heat flux
variable, Q (¢) = q - B/B? is defined, in order to satisfy heat flux incompressibility,
and the recast DKE can be written in terms of the flow and heat flux variables as
5]

dF

ar . m 32 _ 2 8/ .
I +yb-V {F—I—TU”B (ULO 5pQL1 ) fM} C(F)

v 2
+;”fM (Lf;/?b VI + gLi”/?lo V- @”)(177)
where the heat stress tensor is given by
1
0= / v m <vv - §U2I) L¥°F (178)

Solving Eq. (177) to lowest order, as done previously in Chapter III, the lowest order
distortion is obtained in terms of the flow U and the heat-flux @)

m 2
Fo =758 (U Ly* - %@Li’“) far + g(v. A6, 1). (179)

Once again, in order to solve for the integration constant g, the annihilator given in
Eq. (46) operates on both sides of the next order DKE. By doing this and taking a
Laplace transform as before, one obtains a differential equation for the g representing

circulating particles effects similar to Eq. (53). The operator acting on § does not
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change since the process considered is not altered by the inclusion of ) in the problem.
The heat-flux term in the lowest order solution introduces a new term in the energy
expansion of the problem (Laguerre polynomials) but the free streaming term still
only has a P, component in the pitch-angle expansion. Then, the equation for the
integration constant g is the same in form as Eq. (88) in Chapter V:
—Zw% <%AB>§- ”a—&ﬁ <m> % — %” {f) (v, iw) + far <§|> % (/\)} .
(180)
However, the A-independent drives now include extra terms due to the heat-flux

contribution
- — 2, ——— 1 S
D (v,iw) = ((B VLY 4 (B V- @”>L§’/2) far+ = (B%) [C*(3) + van ]

m (32 2 5030 32 2 3/2
— (B%) I [w (ULO/ - %QL/ ) + (UOLO/ - %QOL/ )} . (181)
B. Dynamic closure including heat flux effects

From Egs. (180)—(181), a solution for g and closures for each of the viscous forces
can be obtained. In order to do this, we will proceed as before and expand the
solution in pitch-angle eigenfunctions. Note that the restoring terms in the collision
operator are the same as before since the heat-flux only introduces a new energy-
dependent term. Since the collision operator (as well as the distribution function)
are expanded in Legendre polynomials up to the same order, the difference in energy
weighting of the flow and heat-flux terms does not alter its form; hence we define the

flow-like variable V as before

~ . 3 Ac N
V(¢av>:gl/B:ZZ<:C/O dAg. (182)
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Following the procedure in Chapter V, we obtain an expression for the function 7 in
terms of Cordey eigenfunctions:
~_ S " (V B2 B2\1/2 A) An A
7=-5 |2 Do (V08 = () BT R) + e
(183)
where all coefficients are defined in Chapter V A. For V we obtain

1/2

‘7:0% ;2> (}‘;f)+<B2> fM%fg), (184)
which is now expressed in terms of both the flow and the heat-flux terms in D. Also,
the expression for the function g depends on heat-flux through this same driving
term.

The solution up to now is equivalent in form as the one in Section V B. The heat
flux effects enter the problem when the energy integrals are calculated in order to

obtain the closure. That is, in this case, the equation to determine V is

= m . 5 3/2 2 A 3/2 3/2 2 3/2
el (v) — v (BY) [zw <UL0 -5 QL ) + (UOLO ~ 5, @l )} 185)

As was done previously, we take the [ d% v integral and use the condition in Eq. (75).

oV (% —1) (B*) = vfM% <<B v H||>L3/2Jr -(B-V- @||>L3/2) — (B fM%

This yields an equation for the parallel viscous force

BV = () | [l <£ 1) [t

3Uthl/

+U0+<B2>‘3/2/d3 ”vfMJ;ff (186)

[

To obtain the closure for the heat viscous stress, the next order condition is used,
i.e.

/ dv L0 (f/) — 0. (187)
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By taking the [ d%vL¥* moment of Eq. (185), all terms proportional to Ly/* = 1
vanish and we obtain

_/-# _ Vesppoo (4 4 v? 3/21/lzw
(B-V-0)) = (B Ud% SL v (f 1) Q/d3

Uin, U

_3 o\ —3/2 3. U r3/2 f_
5on+<B> /dv3L1 Mj?g] (188)

C

In this case, the expansion in Eq. (77) (that ultimately relates V to the flows) has to
be calculated to order n = 1. This additional term in the expansion is related to the

heat flux. The first two coefficients in the expansion are (see Appendix A)

R N 9

VWw=U Vi=——0Qn. 189

0 n, 1 5an ( )

Introducing these relations in Eqgs. (186) and (188), we obtain both closures:

— . 2 ~ N

<B -V H||> =nm <B2> <UU00 - %Q Vo1 + Uo + To) y (190)

and

— 2.1

<B-V-@”> :nm<BZ> (UUOl — %QUH —5QQ+T1) . (191)

Here ©U;; (w) are the “viscosity coefficients” [for v;; (0) = p;; numerical values see
Reference [5]|. Both v;; (w) and T, (w) are obvious generalizations of the coefficients

defined in Egs. (109) and (111):

Bij (W m/d3 7o fML3/2L3/2‘é (192)

C

=)

iV L3/2f9 1
/ 5 (193)

Thus, the frequency dependent closure, including heat flux effects, can be ex-

C

pressed as a matrix equation:

<B -V - H||> o @\00 @01 U UO + TO (w)

— R 2 | + 1 N (194)
<B -V - @||> Vo1 V11 _%Q _];QO + Tl (W)
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In Eq. (194) both closures are stated. In particular, for the parallel viscous force we

have

— Y 2 ~
(B-V-1I) = nm (B*) |U Ty — %Q Oo1 + U + To (w) | - (195)

Clearly, the diagonal terms U;; relate each viscous force with its corresponding flow.
The non-diagonal terms vy; = V1o give the cross-effects in which the closure for the
viscous force is in terms of both the parallel low and the parallel heat flux. In a
similar way, the parallel heat viscous force depends on both quantities. However,
note that both the initial flow and the initial pitch angle distribution only enter the

closure for their corresponding flow drive.

C. Corrections to the electrical conductivity and flow evolution

In order to obtain the heat flux correction to expression (139), we use the moment
approach described in Section VI A. This is, taking the momentum and heat flux mo-
ments (i.e., / d% v”Lf/ ? for i = 1,2) of the kinetic equation yields a matrix equation
for the evolution of V) and ¢. The flux-surface-averaged parallel components of these

balance equations for electrons can be written in matrix form as

d | (VB) _ e <EH B>
dt | —(q-B)/p Me 0
Wl ViB) 1| (B | (196)

—2(qB) /op | TeMe | (B-V-O))

where [L] denotes the 2 x 2 matrix containing the usual electron friction coefficients
[4] L§; introduced in Section VIA, where the equilibrium version of Eq. (196) was
considered [Eq. (133)].

When the closure in Eq. (194) is introduced, the Laplace transform of Eq. (196)
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can be written as

oo 5B
(#12) | ma | A02) | (197)
0 e 57 (@1B?)

where we defined a “friction-viscosity” matrix [F] as

F) = | oo T Do/ ve . (198)

@01/1/e (@11 — 5@(4)/2) /l/e
The first component of Eq.(197) is an Ohm’s law for the plasma and from it a
conductivity, as defined by Eq. (128), can be obtained. This expression includes an

extra correction due to heat flux effects and can be calculated as

F
~ ~ -1 ~ 11
o (w) =~ [F :|00 (m) Oy. (199)

For the parallel flow damping correction, a similar generalization is obtained.
Additional to the evolution for U (t), an integral equation for the evolution of the
parallel heat flux is obtained when the second component of Eq. (194) is introduced
in the flux-surface averaged heat balance equation. These results, can be written in

matrix form as

U (t h t Koo K U
(t) |y / 00 £So1 (1) dr. (200)
52p (t) hl 0 KIO K11 —5%) (T)

where the generalized inhomogeneous terms and integration kernels are obtained by

introducing weighting functions in the energy integral. For h; we use

h(t)~/d3 ”T“;) f;‘f () — b (t)~/d3 ’;“;) ffo”(...). (201)

and for the integration kernels

2
K(t;T)N/d?’UV—l@U—f—M — K, (t;T)N/d3 V;nTw; D 3232 (g0)
n
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The cross-effects that are given in the closure [Eq.(194)] by the presence of non-
diagonal terms v;; appear at this level through the non-diagonal K;;. These effects
modify the integration kernel of the particle flow evolution equation; the inhomoge-

neous term h in Eq. (156) is not altered ( L§/2 =1).
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IX. STATIC PRESSURE ANISOTROPY

In previous chapters, the lowest order solution for the kinetic distortion, Fp, was
used to calculate a closure for the flux-surface-averaged parallel viscous force. The
spatial dependence of Fj, was determined early in the calculation to be proportional
to v (in the free-streaming term) since the integration constant g is independent of
(. To solve for it, we took a bounce average through the annihilator in Eq. (46). In
this operation all spatial dependence in the first order DKE is hidden in the flux
surface average and F) is eliminated. The result is a lowest order distortion with
a simple ¢ dependence through the free streaming term and a kinetic correction g
expressed in terms of flux-surface-averaged quantities. This term in the expansion
for f was useful in obtaining the closure for <B -V H||>.

As will be seen, in order to obtain an expression for the pressure anisotropy
py — pr = IIj and a closure for the unaveraged viscous force B - V - 1I), the (-
dependence of the distribution function through its third term, Fj, will be needed.
In this chapter, the first order DKE will be solved retaining the spatial dependence.
For simplicity, the time derivative will be neglected. That is, we will obtain a closure
valid only in steady state: 0/0t < v. Also, heat flux effects will be neglected in this

Chapter. Time dependence for this problem is addressed in the next chapter.

A. Stress tensor and pressure anisotropy

We start the calculation by recalling the definition of the viscous stress tensor as

a higher moment of the distribution function:
1
1= / dvm <vv — gqﬂl) F. (203)

Since the Maxwellian lowest order solution is isotropic in velocity space, the only part

of the distribution that contributes to the stress tensor is the kinetic distortion F'.



66

For the simple magnetic field model we are considering [Eq. (23)], the stress tensor

can be written as
H” = (p” — pJ_) (bb — 1/3) = H” (bb — 1/3) y (204)

where the last equality defines the “scalar” stress, i.e., the pressure anisotropy. This
quantity reflects the interaction between charged particles and the magnetic field.
The parallel gradient of the magnetic field affects the motion of charged particles

’

and consequently the “parallel pressure,” in a kinetic sense.
Considering again the expansion proposed for the banana regime with v, < 1, we
can write
I, = m/d?’v (Uﬁ - %) (Fo+Fi+...). (205)
The first term in the distortion, Fj, was calculated before. Since both terms in
Eq. (63) are proportional to ¢, i.e. odd in v, when adding particles in both directions
the contribution of Fj to Eq. (205) vanishes. Then, the first nonzero term in the P,

moment of the distribution function is

U2

Changing to phase space variables A and v, we have
BdX (3
I = —mZmr/dv 1)5/ (5)\3 - 1) F. (207)
l
S

Since the variation within a flux surface of II} (¢) is through Fj, we will consider once

again the first order DKE. This time F} is the term to be solved for and thus all

spatial dependence will be retained.

B. Magnitude of H”

Most calculations involving parallel viscous damping introduce the flux-surface-

averaged closure in the parallel force balance equation. This fact is due principally
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to the lack of an expression for the viscous force that varies within a flux surface.
Because of this, in analytical calculations one has to take one of two paths. A flux
surface average (or a bounce average) can be taken and the system of fluid equations
closed with the known closure, or one can work with the averaged closure assuming
the variation within a flux surface is negligible. Formally, the first case is correct,
but all information about possible inhomogeneities is lost. The second case, as will
be shown below, seems to be quite far from reality.

The parallel viscous force, at least within the model considered in previous chap-
ters, is inhomogeneous in a flux surface and its constant part is smaller than this
variation. To prove this statement we start by calculating the divergence of the

pressure anisotropy stress. Recalling that, IT = II; (bb — I/3) we can write
V-1, = (VII}) - (bb — I/3) + I}V - bb. (208)

Using the tensor identities

V-bb=(V:-b)b+ (b-V)b, (209)
(b-V)b:%V(b-b)—bx(be), (210)

and
V:-b=-b-VhB, (211)

the viscous force for this model is calculated from

B-VB
BQ

V-II, = b (b - VII}) — VII; /3 — T, [b( ) +bx (VX b)] L (212)

Projecting the previous result in the magnetic field’s direction we obtain a simple

expression for the parallel viscous force:

il
(B-V)I, ~I;b-VB = - My, 98

B-V.-II = -
V-1 37 o0 50

(213)

Wl N
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were the second equality is for the bumpy cylinder magnetic field modulated within
linear lengths /.

Taking the flux surface average on both sides of Eq.(213) and using B({) =
Buin + 2€Bysin? (7f /L) we obtain

(B-V-1I}) = 2¢B, <H|| sin <QZ£)> . (214)

From Eq. (118) we know that, for small ¢, (B - V - II||) ~ O (y/€); thus, we can state

T, sin 226 - _m TT; sin 2L€ dl ~ O (1/Ve) . (215)
L2

Because of the symmetry of the problem, we have assumed the stress tensor to
have the cylinder’s periodicity. Based on this, and using Eq. (215), one concludes
that for (Il sin (2m¢/L)) # 0 the pressure anisotropy has to be an odd function of

¥ =20 = 2n¢/L and can thus be written as an odd Fourier series:

I (¥ Z a, sin (nv) (216)

n=1

with n odd. The coefficients in the series are calculated from

1 ™
A, = — / IT; () sin (nd) dv. (217)
7T —T
Since
ByL
<B V- H||> ~ 2¢ 2(;_ H” (19) sin (19) d??, (218)
the first coefficient of the series is
1 2 1.46 2
=_——_(B-V-II - B?). 219
a1 = o (B V)~ —om o mnl (BY) (219)
The complete series can then be written as
1 2.92
I (v) = ) “——mnU (B*)sind + Z a, sin (nd) , (220)

\/730 n=3
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and the derivative is

0 1 2.92

%H N “——mnU (B*) cos ¥ + nz?) a,n cos (nv). (221)
Introducing these expressions in the second line of Eq. (213) and rearranging terms
we obtain
2.92 1 2
BV I = =—mnU (B?) | ——== cos? — v/2esin? 19}
” Bo (&) {\/763
+ Zan [ n cos (nd) — 2¢ sin O sin (m?)} (222)

Taking a closer look at the sum in the second term one can approximate
n cos (n) — 2¢ sin ¥ sin (nd) ~ n cos (nd), (223)
since for large aspect ratio we can clearly consider n > 3 > 2¢. Thus, we obtain

B-V-IIj ~ 375 By Bo mnU (B?) cosV + = Z ann cos (nd) + O (Ve).  (224)

Thus, to lowest order (in € < 1) we have

2B 0 2B 0

BV I~ —— I = —— (p| —p1).-
3 ot 3 ot

(225)

Since the magnitude of B -V - 11} is larger than <B -V H||> ~ /€, the variations
in the parallel viscous force are larger than the average. Note also that the dominant
contribution to the spatially varying B - V - II is due to the spatial variations in
the pressure anisotropy [Eq. (220)] and not that due to the parallel gradient of the
magnetic field magnitude [Eq.(221)]. The term in Eq.(225) is precisely the one
that vanishes when flux-surface-averaged. Thus, when one examines the dynamics
of the plasma flows with the flux-surface-averaged viscous force as a drive, only the

effects of the smallest component of the stress is accounted for. Based on this, we
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can predict that, by considering spatially dependent quantities in the parallel force
balance equation, the local (in #) dynamics of the flows could differ significantly from
what was obtained in Chapters VI and VII.

In the lines above, we showed that the variations of the magnetic field magnitude
are negligible compared to the variations of the pressure anisotropy when calculating
the parallel viscous force in this model and for large aspect ratio. We cannot infer
from the calculation the order (in €) of B-V-II. However, we can conclude that it has

at least one term ~ O (1/,/€) and that Eq. (225) is valid within our approximations.

C. Distribution function

The calculation of /' was not needed in determining <B -V H||> since the annihi-
lator integrated its spatial gradient along a closed trajectory. Thus, for consistency,
we should expect to obtain F) as a continuous functional of distance along a field
line, periodic and well defined at the extremes of the orbits for both trapped and
circulating particles.

In the model we are considering, all gradients are in the direction of the magnetic
field B and in terms of the length ¢ along a field line. Thus, we can write the first
order DKE [in this case the equilibrium version of Eq. (45)] as

oF,  C(F) 1
R, o —E(B~V-H||)fM. (226)

For the second term, the collisional drive, an expression for Fj is required. In the
steady state case, it can be shown [5] that

vo 1 [ (B?)dXN
ST B
where H(A. — \) is the Heaviside step function and f, is defined in Eq. (71). This
solution for Fj can be obtained by introducing Eq. (66) in Eq.(73) (with V(v) ~

Fy = U%fM {—U”B + H(\ — )\)} ) (227)
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muo fy U/T). To simplify the calculation, a small e approximation is introduced at
this point and thus we use the small field modulations limit Eq. (227) which, since
fe ~ 14 O (\/€), can be written as

Fy ~ U%fM {—U”B + %2 <B2> /)\Ac <C1))||\/> )\)} +0 (\/E) . (228)

Multiplying Eq. (226) by v, using Eq. (225) and integrating along field lines we can

calculate F from

[T C(R) 2 fu
Fl_/o o d£+33 I+ h (¥, A v) + O (Ve) . (229)

Once again, since we integrated over ¢, a new integration constant A has to be
introduced. In Appendix C this function is shown to be small compared to the rest
of the terms. We will also neglect the viscous drive on the right side, following a
procedure equivalent to the one described in the last paragraph of Section V C.

Using Eq. (228) for Fj, the relevant integral to obtain the next order distortion is

" (B _UfM@’/_i{ C(BY) — (B <(?fu)

0 Y| T 2 u))
2 B ¢(v) /B
B <U||> 2 C<?f||> (vy) <?f||> (230)
where we have defined the operator
l / Lo/2xm /
ol - [ gEA -5 [ G, (231)

In order to progress further, an explicit form of B (6) has to be specified. As noted

in Chapter II B, for any magnetic field that varies in its own direction we can write
B (0) = By [1+ 2e7 (9)] , (232)

where 7 () is continuous, periodic and varies between 0 and 1. Also, as before, the

magnitude of the modulation is given by € = (Bax — Bmin) /Bo - Then, the spatial
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variation of the parallel velocity can be approximated as (see Appendix C)
v = 2 Ve 1/2 vsy/ 1+ 827 (233)
+
The new pitch-angle variable s is defined as

2 0
iy 1—)\Bmm 1—)\B0’ ( 3 )

and varies between s = 0 (strongly passing particles) for A = 0 and s = 1 at the
trapped-passing boundary were A = \.. Using this variable, the result for I} in the
static, small € limit, can be written as

82

h <Bz> UfM Uin 2 < 1+ s%7 (9)> X

C( 1—1—527'(9)) 1 )
< 1+s27(9)>< 1+82T(9)>_C<m> - (239)

As shown in Appendix C, both the free streaming term and the direct A-derivative

term from the collision operator Fy do not contribute to the result in Eq. (235). The
terms in brackets correspond to the kinetic correction g. For the bumpy cylinder
magnetic field model [considering 7 (§) = sin? )], F} is expressed in terms of elliptic

functions as follows

E (0, ’ 2\ 52
B K (s*) — F (9, )}. (236)

The complete elliptic integrals F (s?) and K (s?) relate to the flux-surface-averaged

B
K (s?) ~ il 2
(8 ) 2B, < 1— 52 si:r129>7 (237)

E(s?) = 2 (Vi-sin?0), (238)

quantities as
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Fig. 6. Variation of Fj(s,#) as a function of 8 for s = 0.5.

and the incomplete integrals E (6, s?)and F (6, s) are

s B
F(0,s%) ~— (—), 239
( ) LC V1+ s2sin?4 (239)
E(0,s%) ~ Bo%(’ (\/ 1+ s2sin? 9) . (240)
Figure 6 shows the variation of F} as a function of ¢ for an intermediate s = 0.5. The
function is continuous, finite and has the right periodicity. Thus, the requirements
mentioned in the first paragraph of this section are met and the hypothesis in Section
11 B satisfied. However, as can be seen in Fig.7, as s — 1 the derivative 9/96 be-

comes infinite at = 0, =7 /2. These singular “points” in phase space, corresponding

to particles close to the pitch-angle boundary and at field maxima, are problematic
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throughout the calculation. Particles right at the boundary are not either trapped or
circulating. When they reach their turning point (B, for \.) they cannot bounce
back and neither can they move past this point. Thus, the time they spend at B,
which corresponds to 1/wy (wp — 0 for these particles), becomes infinite and the

3/24), < 1is not valid anymore. A boundary layer treatment

approximation v, = v/e
for this problem is suggested in Section IX E.

The singularity can also be seen in Fig.8 which shows the dependence of F7 on
pitch angle, through s, for various angles 6. This singular character does not interfere
with the assumption made in Sect.III B when taking the bounce average to obtain

Eq. (63). The function F) remains continuous and periodic in 6 for all s < 1 and
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Fig. 8. Variation of Fj(s,#) as a function of s for various values of 6.

since it vanishes identically at the field extrema, we have F; = 0 for the problematic

points.
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D. Pressure anisotropy

The pressure anisotropy, or IIj = p —p., is calculated using Eq. (207). With the
result obtained for F, Eq. (235) yields, to lowest order in the ¢ < 1 expansion,

s% + 2¢) 3/2 s3

= gl (8 2>/\/1+T<\/71+s2 -

C( 1+82T(9)) B B
( 1+52¢(9)>< 1+s27(e)>_<<m> ds, (241)

in which the operator ( [A ()] is the operator defined in Eq. (231). For the bumpy

cylinder case, we obtain (See Appendix C)

1 3« fc (0,s ) K (s%)

fy = 5 ) () [ e B @t 0

(242)

Thus, the pressure anisotropy can be expressed in a compact way and, for the bumpy
cylinder magnetic field model, the result is in terms of complete and incomplete
elliptic functions.

The term in brackets in Eq. (242) may seem singular for s = 1 since both F (6, s?)
and K (s?) diverge at this point. Also, the square root in the denominator that
multiplies the bracket vanishes at § = 7/2. In order to examine the behavior of
the integrand in Eq.(242) in the vicinity of s = 1 an integration by parts can be
performed and yields

fe ) L' ds E (6, 5% __E@,1
= \/7 fi 7, (B {/ E(s?) (1 — s?sin’ 9)3/2 1 — sin® «9} - 24)

Indeed, both terms in brackets are singular at § = (2n+ 1) 7/2. However, the

function remains finite and continuous at these points because both singularities are

of the same order and cancel.
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This cancellation can be seen by inspecting the integral in Eq. (243). For 6 = /2

we have

/1 ds E(0,s%) :/1 ds s . (244)
o E(s?) (1 — s2sin? 9)3/2 o (1-— 82)3/2 VI=3s2],,
This singularity is exactly the same singularity as that in the second term

E6,1)

1 —sin?0

This can be easily seen by changing the variable s — siny in Eq.(244). Both

= tanfl,_ . (245)

singularities are in real space even though the first one seems to be in velocity space.
As we approach 6 = 7/2 one can integrate in s and the singularity is equivalent to
the spatial one in Eq. (245). Figure 9 shows the behavior of I as a function of 6.
There it can clearly be seen that while IIj is a continuous function of ¢ it has an
infinite derivative at 6 = /2.

Both Eq. (242) and Eq.(243) give well behaved expressions for the variation of
the pressure anisotropy as a function of 6. The continuity of Il is thus guaranteed
and no singularity problems should interfere with any numerical evaluation of the

expressions obtained here.

E. Parallel viscous force

In this section, the parallel viscous force is calculated using Eq. (213). Both terms
will be included even though the first one has been shown to dominate in Sect. IX B.
The first term in Eq. (213), which is the largest in the small ¢ approximation, is
calculated using the result in Eq. (243), and can be written as
1 nf. 1sin (20) E (6,1
B-V.-II| ~ ——zimn,u<B2>U 1+ Lsin (26) B( 3/2) —
V2e 8 fi 2 (1 —sin*6)
3 s?sin (20) E (0, s*
4 s (20) B ’52) . (246)
2 (1 — s2sin? 9)

/1 2ds
o |1—s2sin®6| E(s?)
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In the previous section, it was shown that IIj in this model is a continuous function
of . However, its derivative in @ is singular at § = +7/2. In the pressure anisotropy
each term in the expressions obtained is singular but the order of the singularities
(in the variable 6) is the same and they cancel. When one takes the derivative, this
balance at § = /2 is lost and the terms do not cancel anymore. The singularities
in the derivatives of each term in Eq. (243) have different order:

9 E(0,s) N 1 s?sin (20) E (0, s?)

00 (1 — s2sin? 9)3/2 }1 — s?sin® 9‘ (1 — s2sin? 9)5/2

and

= I (2)],,  (247)

o E(6,1) 1 1

— ~ = = .
90 /1 —sin?9 cos®0 2|, _,

(248)
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Thus, the boundary term [Eq. (248)] grows faster as § — £7/2 and thus the viscous
force diverges as 1/z2.

This 1/ cos?§ ~ 1/x? singularity arises from integrating up to the boundary at
s = 1. Analyzing the procedure that was used to obtain Eq.(246), it can be seen
that the first term in

Cr(g) =vi— (249)

V2

ox B ox | Bloxe

is responsible for this singularity. Thus, a standard boundary layer procedure |3,

U|| { (9 U||)\ ag i )\ 029}

10, 26] at A ~ A. should smooth the function at the singular points. Within the
boundary layer, the factor v A does not vary significantly and thus can be treated as
a constant (i. e, evaluated at A.). Because of this, in a boundary layer treatment the
problematic first term in Eq. (249) vanishes and the function should remain finite.

The second term in Eq. (213) is trivial to obtain using

o UL L L
and the solution already obtained for II. Recalling that <B -V H||> ~ mnu (B*) U,

9B _ 2¢" sin (2—M) = 2¢" sin 0, (250)

the parallel viscous force can then be written as
B-V-II;=(B-V-II)) [fi () + f> (0)]. (251)
The geometric factors are given by

1 fc 1 ds
f18) o o= {/ 1= s 6] B ()

_sm(9)B6.1) } OO0, (252)
2 (1 —sin*6)

3s°sin (20) E(0,5°) |
2 (1 — s2sin? 9)3/2

and

N €fcsin(2«9) E@,1) ' ds E(0,s?) N
J2(0) o< V2e i {\/1—sin29 o E(s?) (1—52sin29)3/2} ow.
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Clearly, f; is the biggest term, the one which has been accounted for in the
previous sections of this chapter, and f; corresponds to the smallest term. The
f-variation in these functions is roughly

RO~ 1 (- [As0as). (254)

e \cos20
fo (€) ~ sin 6, (255)

and when flux-surface-averaged they yield
{(f1(8)) =0, (256)

(f2(0)) = 1. (257)

The cancellation of the singular terms in IIj ~ tan@ results in a similar cancel-
lation of the flux-surface-average of f; where [ (A (s,6))ds = (1/cos?6). Actually,
the continuity of p; — p, is enough to obtain Eq. (256) since f, ~ 0II;/06.

Figures 10 and 11 show both terms in Eq. (251) separately for ¢ = 0.1. For all
practical purposes, it is a good approximation for the variation of B -V -II within a
flux surface to consider only f; in the parallel viscous force; however its flux-surface-
average vanishes. The singularities shown in Fig.11 at +7/2 can be smoothed out

by a boundary layer procedure.
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X. DYNAMIC PRESSURE ANISOTROPY

In this Chapter, the pressure anisotropy calculation is carried out as a frequency-
dependent problem by retaining the time derivative in the DKE. Cordey eigenfunc-
tions are introduced once again through the solution for the lowest order distribution
function. Even though the expression for the stress tensor obtained here is more
complicated than in the static case, it can be evaluated numerically once the eigen-
functions are generated. The procedure in this time-dependent calculation follows
closely the calculation in the previous chapter and thus it will be carried out here

without further justification unless necessary.

The time-dependent DKE is

oF m v
LI <F+TU||BUfM> —CO(F) = ;”be VIO, (258)

and can be solved to lowest order as done before. Recall that in solving the differen-
tial equation for g, Eq. (88), an expansion of the pitch-angle dependence in Cordey
eigenfunctions A,, is introduced. The solution for the lowest order distribution func-

tion given by Eq.(105) is

— 7 UG My m . -~
Fo=<—vyB+ =<— — > —fuU 259
0 { v f. 2 ; (DK — Zu))} TfM ’ (259)

where, for simplicity, the source S is assumed to be independent of \ by neglecting
the initial distribution in pitch angle g (¢ = 0). All quantities in Eq. (259) have been
defined in Chapter V.

Having the solution for the lowest order distortion, the next order unaveraged
DKE is integrated along field lines as was done before:

0 - 0
Flz/ ap CLE0) +iw/ Ry (260)
0 0

Y
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The second term in Eq. (260) is the direct time derivative after a Laplace transform
is calculated as in Section IIIB. Then, the pressure anisotropy can be calculated

using Eq. (207) as

i = —mZmr/ dv v /Ac B;?( )\B—l)/o iﬁ [C’(Fo)+sz0]. (261)

Introducing the ) given by Eq. (259) one can obtain, for small e

U 1 1
i ~ —nmUZnn . / gy Ll 1 (262)
where the geometric coefficient I,, () is given by

v, f ke — w7
1 /1 s2E (0, s) 8And B, oA,
0 (1

I,(0) = - s . (263)
) 4 —s2sin29)3/2 s V1 —sin?6 s 5:1}

The first term can be expressed in a more convenient form in terms of the eigenfunc-

tions (and not their derivatives) by integrating by parts. This yields
1 E(6,1) 0A,

L(6) = —-=
©) 4./1—sin26 0s |,
1
1 / 1B pgglas (26
4 Jo (1 — s%sin®0)

(1 — §2sin? 9)

In this case, we cannot proceed any further. The eigenfunction equation that A,
satisfies is for a bounce-averaged collision operator. In this frequency dependent case
the DKE is not bounce-averaged and the spatial dependence remains present in the
problem. Because of this, the differential operator on g, is not flux-surface averaged.
Thus, there is no trivial way to introduce the eigenvalues or to use the orthogonality
condition to simplify the expression for I, (6). However, as pointed out before, the
eigenfunctions can be generated numerically and introduced in Eq. (264) to obtain a

numerical solution for the pressure anisotropy.
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XI. SUMMARY

A simple inhomogeneous magnetic field model has been used to calculate the
kinetic closure for the parallel viscous force (B -V -II;) in the banana collisional-
ity regime. This simple bumpy cylinder magnetic field model retains the effect of
trapped particles and can be readily extended to more complicated three-dimensional
geometries.

In carrying out the calculation a formal Laplace transform was introduced which
retains the initial value character of the problem. The closure is obtained by using
the conservation properties of the distribution function and the collision operator. In
frequency space and including heat flux effects, the closure obtained for the parallel

viscous force [Eq. (190)] can be expressed in a compact form
(B~ -11)) = nm ( B%) (ﬁ* Too — %@ Tor + Up + To) , (265)
were all the coefficients are given in terms of integrals of the (numerically generated)
Cordey eigenfunctions. Using this expression (neglecting heat flux effects), the paral-
lel flow evolution was obtained as a Volterra-type integral equation [Eq. (156)]. The
result was also extended to an axiaxisymmetricsymmetric geometry |Eq. (164)] where
a similar behavior was found. In general, the evolution for the parallel /poloidal flow
was expressed as .
U(t)=h(t) +/ K (t;7)U (1) dr. (266)
The inhomogeneous term and the integroation kernel are given in terms of Cordey
eigenfunctions and were calculated numerically in the small inverse aspect ratio ¢ =
r/Ry < 1 approximation.
By considering the parallel Ohm’s law, the trapped-particle corrections to the

electrical conductivity were obtained in frequency space in the form [Eq. (140)]

5 (W) nee? 1
o(w) = —
Melele (W)

. (267)
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This expression was plotted in Figures 2 and 3 for both large and small frequency
asymptotic limits using an expansion in terms of Legendre polynomials for ¢ < 1.
The general results from the numerical and analytical calculations coincide and can

be summarized as

o<, Re[6 (w)] /o, ~ 1+ O (Ve) (w/ve)?, (268)
Iml[o(w)] /o, ~w/ve,

- Re (5 (@)] /o, ~ (ve/w)?, (269)
Imlo(w)] /oy ~ ve/w.

The complexity of the expressions obtained for the closure and the conductivity
[Eq. (140)] call for an expansion for small magnetic field modulations in order to cal-
culate a time dependent closure. With this expansion, the inverse Laplace transform
can be calculated to any order. The time dependent closure obtained in this small ¢
limit, to lowest order, relates to the time dependent flow as follows [Eq. (117)]

(B-V.1I)) = <B2>mn/d3u%2%”a% {U(t) (1—fc)+%a%—£t) (1—2%)

+ Z Z—: (K —1)° Ot Cfl—ge_ﬁ“”(t_T)dT} : (270)
This explicit time-dependent closure may be useful in numerical codes as well as for
the theoretical modeling of fast phenomena (¢ < 1/v).

The variation of the parallel viscous was shown, by a simple argument (in Section
IXB), to be larger than the averaged component. To calculate the unaveraged clo-
sure, the first order drift-kinetic equation was integrated along field lines to obtain
the lowest order contribution to the stress tensor moment Eq. (13). With this result,
the pressure anisotropy p; — p1 was obtained, in steady state case and for small e,
as a continuous functional of the distance along a field line [Eq. (243)]. Taking the

divergence and projecting the pressure anisotropy in the magnetic field direction, the
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parallel viscous force was obtained in the form

B-V.-II, = (B-V-II}) {f(0) + f(0)}
1/\/€ Ve ~ 1/ecos® ~ sin20 (271)
(f1(9))=0 (f2(0)) = 1.

As expected, the largest term is the one that averages to zero |Eq. (252)]. This term
could modify the plasma dynamics significantly compared with what is obtained
with the averaged result. The extension to the dynamic case is not simple since
the solution for the lowest order E’E is given in terms of infinite sums over Cordey
eigenfunctions which are solutions of the flux-surface-averaged drift-kinetic equation.

The results obtained here have various applications that are yet to be exploited.
The time or frequency dependent closure can be used to explore the dynamics of the
transition of the perpendicular dielectric from regular Alfvenic to enhanced neoclas-
sical regimes [27] and for the effects of flow dynamics on neoclassical tearing modes
[28]. The spatially varying closure can also be applied to neoclassical tearing modes
where the neoclassical contribution to the perpendicular current is calculated from
J, «Bx V- II/B%

In addition to the applications mentioned above, there are various improvements
that could be made to the results here obtained. Of particular interest is the solution
for the parallel viscous force varying along a field line in the dynamic case. Although
a solution was sketched here, its form cannot be explored in general without the
use of a numerical code. It could be worthwhile pursuing the analytical closure in
terms of some other eigenfunction expansion that could be more easily handled to
complete the calculation. The extension of the entire calculation to toroidal or other

geometries is also an interesting and useful generalization still to be done.
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Appendix A: RELATION OF V TO U AND Q

To obtain the coefficients in the expansion for 1% given in Eq. (77), multiply the
equation by v L3/* on both sides to obtain

> 73/2 m fu > 3/273/2
VL= TYZV}UQL/ LY. (A1)
J

The orthogonality condition for the Laguerre polynomials is given by

2 T(i+k+3/2)
Sy ok £ LTV RN ) 2 i A2
/d” fuli™ L TR T+ 7 (42)

where the polynomials are evaluated in x = mv?/2T and for this case k = 1. Then,

for the expansion in Eq. (77), the relevant integrals are
T 2 I'(i+5/2)
Ay LYY = 2 2T A3
J B = S T 4
Integrating Eq. (A1) and using this relation, the coefficients can be written in terms
of parallel momentum moments of v
V; = ——— [ dvV L;
7 ﬁr(z+5/2)/ vr R

3vm T'(i+1) 2 S 3/2
= 5 P(i—|—5/2)/dUVLj/ ’U”. (A4)

The pitch-angle part of the previous equation can be written in terms of the solution

for g by using the definition:
~ 3 Ac
7 (,0) 4¥</0 oy (A5)

Then, the coefficients are calculated as

37 r(i+1)/3 3/2 /Ac .
= L
2 Thta2) ) vl ) 49

B (i+1) s 3 [
= ﬁm/dv[/j U/O d\g. (A6)

=
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The first two coefficients are required since the expansion of the distribution function
is up to 7 = 1. The constraint that the parallel momentum moment of ﬁo has to

vanish can be used to relate these coefficients with U and @ That is, the integral

/dvv”( VL) R=o, (A7)

gives the following relation:

N 2
[vu (L 07) 5= [ (ULS” -5,@ Li’/z) (L2, £Y?) furet.

(A8)
By using the orthogonality condition in Eq. (A3) we obtain from the first two energy

moments
/d3vv||§: %mBﬁ/d% <L3/2) —fM = BUn, (A9)
and
/dw”L1 G= —iT@B/d% ( 3/2) —f — _2RB0n. (A10)
op T op
Thus, the first two coefficients in the expansion are

Vo =Un, Vi=——0Qn. (A11)

Appendix B: TIME DEPENDENT CLOSURE AND FLOW EVOLUTION

In this appendix the inverse Laplace transform of the frequency-dependent closure
and the parallel and poloidal flow evolution equations are developed in some detail.
For the parallel stress, the term in curly brackets in Eq. (116) can be inverted term

by term:

L {ﬁ} =3 (K — 1) Py + (1 - Z%) 5(t). (B1)
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Defining the integral I,, (t) = f(f dre~*"¢=7{J (1), the convolution with the parallel

flow variable is

LA} = (1= ) U +7 X s = DL (D). (B)

and the triple convolution can be calculated as follows:
1w ~ ~ 1 oU (t)
{——ft } --(1- Z%) [7 + Uod (¢ )]
3 0 (k= 1) (U (1) = maP L, (1)) (B3)

Putting these results together we have

{;t } ~ %(1—Z%> (8%—75()+U05(t))
14D 0 = 2| U0 = D3 (0 = 17 0L (1), (B

which, after some manipulation leads to the dynamic closure in Eq. (117) for ¢ > 0.
To obtain the time evolution of the parallel flow variable, the inverse Laplace
transform is calculated on both sides of Eq. (153). For the right side, using Eq. (115)

and the previous results one can obtain
— ]:\ = —KmU
1 {ng = Z {6 (t) TnXm —V (/{m - 1) e " ‘ [(Xm’yn + Xn’}/m)

t
o (= 1) [ € (B5)
0
To eliminate the delta functions, a time integral is taken on both sides and after a
simple calculation one can solve for U (t). Equation (156) is obtained for which we
define the inhomogeneous term and the integration kernel as follows:

2
hit) = a/d%@”_f_M > {me e — 1) X st

T3 n e | Kmbn Kom

t
— (o — 1) X et [1+ XD 5 (1 — 1) / e’”(“"”“")dr]}(B@
0

Km KEnXmYn
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and

K (t;T) = /d?’wT% ff {1 +> Z_m (i — 1)7 e rm?t=) — 1] } : (B7)

The common factor for both expressions is a = (3 7, — 2) ™"
For toroidal geometry, the inverse Laplace transform of each term in Eq. (163) is
calculated as before. A time integral has to be calculated in this case also and one

can obtain Eq. (164) where the kernel and inhomogeneous term are defined by

ta )= | (1426 = S22 ) U - et ) - )] (8)

and

m n —Knb(t—T
Ko (t;7) = B2 /d3 %#{ ZZ [1+ (ki — 1)% e >}}, (B9)

and the factor b for both expressions is here

2 -1 2
b— [1+2q2+ <<§%>> (1-2@} ~ <<§]23>> (1—2%), (B10)
where the last equality is valid for small e.
Using Eq. (B10) and the values in Eqgs. (124)-(127), the kernel of integration
Ky (t;t) ~ 1/7, for the t < v case in Section VIIB is

Ky (t;1) ~ (E—Qb‘g) T/d3 ;U (B11)

€ 3 n

In the long time case, for the static limit at the end of Section VIIB we have, for

fg Ky (t;7)dr =1,

¢
fyn —RnV(t—T _
t— E . {t+/0 (Ko — 1)% e~ rn?(t )dT] =1- E Yrs (B12)

or, solving for t = 7,
m Pos
—— B1

which yields the damping rate in Eq (169
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Appendix C: PRESSURE ANISOTROPY

The pitch-angle variable introduced in Chapter IX is

AAB
2
S T1CXB,. (C1)

Using the general form for the magnetic field B (0) = B [1 + 2e7 (0)] with € =
AB /2B, we have

1 s?
. — 2
A Brin 52 + 2¢’ (C )
and thus
2 2sd
i (C3)

(82 + 26)2 Bmm
The parallel velocity can be calculated from v = cvv/1 — AB as

v = gv\/(l — ABin) (1 % («9)) (C4)

Rearranging terms and using Eq. (C1), we can write v in the following convenient

way

V2e
(2¢ + s2)'/?
which is Eq. (233). To calculate F}, consider Eq. (230) with B () = By [1 + 2¢e7 (0)].

v = SV 1+ 527 (0), (C5h)

Changing the pitch-angle variable to s, we obtain

¢ (VI+s7 @)

/0 ﬁC’R (Fo) ~ (B?) UfM L — ¢ ([1+ 2er (9)]2)

Y| Vih \/HT>
iy | (V)
2€< 1+s2 (9) 1+ s27(0)
C( 1+ s%1 9))

(C6)

(VT O) <\/T>
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The operator ( is defined in Eq.(231). Clearly, the free streaming term and the
direct A-derivative term [first two terms in Eq. (C6)] are smaller in the ¢ expansion
and were thus neglected in the expression for F in Section IX C |Eq. (235)].

The pressure anisotropy can be calculated as

1/B
I, = —mZgw/ dv v® / Bd)\( )\B—l) F
Y

dsv/2¢
~ —m T dv v4/ i —C Fy) C7
z{,: /0 0 S2+2€3/2\/1+$2 | 0) (D)

from which the expression for the general case [Eq. (241)] is trivial to obtain assuming

the first two terms in Eq. (C6) can be neglected as before. This is not trivial to see and
is here verified for the bumpy cylinder case. The contribution of the free streaming

term to II} is
/B Bdx 2
/ —2((BY) = B+ 0 (V). (C8)
0

which is O (¢°). The second term is

(C9)

/ACQC(UH) T R 1 E(0,?)
o v {v)  ovB3Jy (s242e)%%\/1— s2sin? () 2B (s?)

In this case the integrand is singular at s = 0. However, adding and subtracting the

term

1
sds 1 2¢
~ —14+ —, C10
/0 (242077 Ve 2 (C10)

one can write Eq. (C9) as

Ae ) )
/ dxC(vy) 20 1—¢71—/d—f e Bes) (]
o Y <UII> cwB o S 1 — s%sin? (9) 2E (s?)
(C11)
which is also O (1). Thus, the combination of the first two terms is O (\/Z) and can
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be neglected. Keeping only the last two terms in Eq. (C6), we obtain

Iy ~ \/—7m (B?) ULZ /dvv4fMUth
ws>_ (6,5%)
/\EI?__[ B2 (2)

from which Eq. (242) follows.

K (52)} , (C12)

To calculate the integration constant h (¢, A\, v), consider the flux surface average

of Eq. (229)

& [0 dy L2 fu a0
—F1 f /U—C’R + 35 BH”+7{—h(¢,M) (C13)

Since the distribution function is periodic in ¢ and from Section IX B % do1ly /B ~
O (y/€), we have
de ae’
FErwan=-47 /;%b%+MJ) (C14)

Using Eq. (C6), with 7 (0) = sin? (§/2), we obtain

do CU(B)L, v, [df E (6, s?)
fﬁhWW”-“—E—ﬁwgfﬁ{“‘%¢2+
1 k2 { 1

)
?)
2 2

2 9,8 9
2E(82)F(9ﬁs)—§E(2 (32)K(5 )]} (C15)

where all terms have been included. It can be easily seen that the second line vanishes

when flux-surface averaged and thus

B Ly~ o). (C16)

th

Then, since foe d0 Cr(Fy) /vy ~ O (e'), the integration constant h (1, \,v) can be
neglected and

zazlfﬁomm»+mwxv> Af@cm%> (C17)

Y
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