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Abstract

A theoretical framework has been developed for the study of the nonlinear gravitational (g-) mode
of a line-tied flux tube near marginal stability. The theory is based on an expansion using two small
parameters, € ~ |€|/Leq < 1, and n™! ~ ky/k1 < 1, with £ denoting the plasma displacement, Leq
the characteristic equilibrium scale, k| and &k, the dominant wavenumber of perturbation parallel
and perpendicular to equilibrium magnetic field lines respectively. When € ~ n~!, the Cowley-
Artun regime is recovered where plasma is to the lowest order incompressible [S. C. Cowley and M.
Artun, Phys. Rep., 283, 185-211 (1997)]. The detonation regime where the nonlinear growth of the
mode is finite-time singular is a narrower subset of the Cowley-Artun regime. However, the validity
of this regime breaks down when € > n~'. In the intermediate nonlinear phase when € ~ n=1/2,
the lowest order plasma compression [~ V - & ~ O(1)] is nonzero. Direct MHD simulations with
both a finite difference code and NIMROD indicate that the mode remains bounded in magnitude
with a slightly reduced nonlinear growth [P. Zhu, A. Bhattacharjee, and K. Germaschewski, to
appear in PRL (2006); P. Zhu, C. C. Hegna, and C. R. Sovinec, DPP2005]. During this phase, the
coupled growth of the mode amplitude & and plasma compression may contribute to a nonlinear
stabilization. The corresponding governing model equations for this intermediate nonlinear phase

are derived.



I. INTRODUCTION

Nonlinear ballooning instability has received growing interests during recent years. In
modern tokamak experiments, high-§ regimes with very large plasma pressure gradient
in both internal and external transport barrier regions have been routinely achieved in
various high-performance confinement states. The degradation and termination of the high-
confinement states, characterized with the disruption of transport barriers in high-3 regimes,
are often the outcome of the excitation and nonlinear development of MHD instabilities,
such as ballooning instability. In the case of external transport barrier, the periodic collapse
of edge pedestal of a H-mode plasma, a phenomenon known as the Edge Localized Mode
(ELM), has close associations with the onset of peeling-ballooning instabilities in the pedestal
region [1, 2]. The largest ELM events (type-I) can lead to large thermal energy and particle
losses and have the potential to seriously damage tokamak wall and divertors. This is
particularly the concern for H-mode operational regimes of ITER, which are characterized
with the high-# and high fraction of bootstrap current driven by large pressure gradient in
the edge. It is therefore crucial to understand and predict the growth and saturation of the
nonlinear MHD (peeling-ballooning) instabilities associated with ELMs.

Nonlinear ballooning instability is also a candidate mechanism for a class of large scale,
fast disruptions in space plasmas, including the substorm onset in the Earth’s magneto-
tail [3-5] and solar coronal mass ejections (CME) [6, 7]. Traditional scenarios mostly invoke
magnetic reconnection as the underlying process. Reconnection scenarios explain many
features of the observations. One major drawback of the reconnection model for the fast
disruptions of flux tubes in space plasma, however, is that they still have difficulty explain-
ing the fast time scale observed in those events [8]. Because of the two-dimensional (2D)
nature of the reconnection models usually used in those studies, flute-like ballooning modes
with small wavelength traveling perpendicular to the 2D plane of reconnection are gener-
ally missing in those models. It is speculated that ballooning instabilities should introduce
additional and major disruptions in the high-( regime, which is exactly the regime of space
plasma in the near-Earth plasma sheet (6-15 Rg) [9] and in middle to upper corona (10-100
Mm) [10], which are the sites of substorm onset and CME, respectively. In addition, there
is emerging evidence that disruptions in space plasmas are not always the direct outcome

of magnetic reconnections. For example, in the near-Earth magnetotail, substorm events



have been observed to take place prior to the occurrence and away from the site of mag-
netic reconnections in the middle magnetotail [11]. In all those events, nonlinear ballooning
instability may provide the secondary or primary mechanism needed to fully explain the
disruption process.

Like magnetic reconnection, nonlinear ballooning instability is a universal process in mag-
netized plasma. However, unlike magnetic reconnection, nonlinear ballooning instability is
a subject less studied or understood, mainly due to three reasons. First, until recent years,
fusion plasmas are mostly in very low [ regimes; space plasmas engaging in reconnection
process, such as those in solar corona, have traditionally been considered as force-free. Ad-
vances in both fusion experiment and space observation have brought new interests in the
instabilities of high-# plasmas. Second, ballooning mode, particularly in high-4 plasmas,
involves the interaction of kinetic, magnetic, and internal energy of the plasma. This adds
a level of complication not present in the kinetic-magnetic interaction characterizing kink
mode and magnetic reconnection process in a low [ regime. Third, ballooning instability is
a multi-scale process that combines a global structure along, a meso structure across, and a
local structure perpendicular to field lines. The multiple scales involved bring considerable
complexity and difficulty, such as anisotropy and stiffness, to the nonlinear analysis of the
mode, in both theory and simulations.

A geometrically simpler variant of ballooning instability is the gravitational or g- mode
of a line-tied flux tube. For the g-mode, the equilibrium magnetic field lines can be straight,
and gravity plays an equivalent role to the magnetic field line curvature for ballooning
instability. Because of the simpler geometry, the nonlinear dynamics of g-mode appears
to be more amenable to analysis. For this reason, we focus on the study of the nonlinear
g-mode as the first step towards the understanding of the nonlinear ballooning instability
in more sophisticated geometries.

Earlier, Cowley and Artun [12] developed an MHD model for the nonlinear g-mode of
line-tied flux tubes near marginal stability. Their model admits a detonation regime where
the nonlinear g-mode develops finite-time singularity, exhibiting fast-than-exponential (“ex-
plosive”) growth. The theory was later extended to model the nonlinear ballooning insta-
bilities in Earth’s magnetotail [13] and in tokamak plasma [14]. The detonation regime of
the nonlinear ballooning instability models has been invoked to explain the current sheet

disruption during a substorm onset and the rapid edge plasma pedestal loss during ELMs.



Such a regime, however, has not been observed in direct ideal MHD simulations of nonlinear
g-mode [15, 16] or in direct resistive MHD simulations of nonlinear ballooning instability [17—
20].

In this work, we have developed a theoretical framework for the study of a generic non-
linear ballooning instability. It has been applied to the nonlinear gravitational (g-) mode
of a line-tied flux tube in particular. At the order ¢ = n™!, the Cowley-Artun regime [12]
is recovered where the plasma is to the lowest order incompressible. The detonation regime
where the nonlinear growth of the mode is finite-time singular is a narrower subset of the

~1/2 the lowest order

Cowley-Artun regime. In the intermediate nonlinear phase when € = n
plasma compression [V -€ ~ O(1)] is nonzero and direct MHD simulations indicate that the
mode continue to grow exponentially [16]. The governing model equations for this nonlinear
phase have been derived.

We lay out our theory framework in Sec. II. The linear and nonlinear g-mode structures
are described in IIT and IV respectively. The highlight of this paper is given in Sec. IV B,
where our nonlinear analysis is supported by direct MHD simulation results, and the govern-

ing model equations for the intermediate nonlinear phase are presented. Finally, summary

and discussions are presented in Sec. V.

II. THEORY FRAMEWORK

A Lagrangian formulation of the ideal MHD equations is used for our analysis [12, 21].

In particular, the equation of motion can be written as

Po € po | (By:VoR)’ B, B, Po

Py R- =S = £, V0 Vo N i =% . Vv.R PYR-o (1

TVoR G = Vo |t o | Ve | Vo VR |1+ T VR g (1)
where

3}
R(r07t) =TIo+ E(r(bt)v V0 = 871'07 J(rOa t) = |VOR|
To analyze Eq.(1), two small parameters
€] ke Ly
€ Lo < 1, n W I < (2)

and a nonlinear ballooning expansion of the form

oo 0o e, . g .
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are introduced. The MHD equation in (1) is expanded accordingly. Here, we define the
perturbation spatial scales © = \/nxg, y = nyy, 2 = 20; Leq denotes the characteristic
equilibrium scale; L, and L, are domain sizes in y and z directions, and kj and k; the
dominant wavenumber of perturbation parallel and perpendicular to equilibrium magnetic
field lines respectively. The relative magnitudes of the three components of the displacement
vector are chosen in accordance with conventional linear theory on ballooning modes. Recent
direct simulations have indicated that such an ordering still holds in the early to intermediate

nonlinear phases of the g-mode evolution [16].

III. LINEAR STRUCTURE (1ST ORDER IN )

We write Eq. (1) as
[a(§) = Fu(§)  (a=w,y,2)

where 1,(€) denotes the inertial term on the left hand side, and F, (&) denotes the force

term on the right hand side. Specifically they are expanded as follows
co 00 ) ; 3 6 ) ;
(&) = > enilapy, Fa(&) =Y en*Fuuy
i=0 j=—3 i=0 j=—3
At the zeroth order of €, the equation simply represents the force balance of the equilibrium

BT pg. where (= 1) ()

0= Fro0 =—p —

Within the first order expansion in €, the expansion of Eq. (1) in n~2 reveals the ballooning

structure of the linear g-mode. The first few leading order expansions in n=2 are listed here.

Ly = p0iusy,  3=012 (5)
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Fya-s = (B> +9p)9,Ju, -1 (10)
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Here Jy; j; is the coefficient of €n~% in the expansion of Jacobian J(rg,t), and

Jia—1y = 0:&ei0p + 0y8y01.0) (16)
Jay = 0405 + 0x&api 1y + Oy€yi 413 j=0,1,2,--- (17)

A. Linear Ballooning-g Mode: Growth Equation

1

With an eikonal approximation & ~ exp (—k,y), where k, ~ n~", we obtain the local

eigenmode equations (aligned along each field line at a given xg) from above expansions:

glly = 2)p' - pg}f
B (1++8) -t

2 B,
0,810t = 7azfx{1,o}+

(1+28)vp" + (1 +2v8)pg
0:€. 18
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P g
70 = A1) D210y — 153 +753z€x{1,0} (19)

The two coupled eigenmode equations strongly resemble those for a linear ballooning mode
in a curved magnetic field [22, 23]. It is worth noting that linear ballooning-like eigen-
modes always involve plasma and magnetic compressions. Only near marginal stability
when 7307 < 1 (where 74 = \/p/B denoting the time that it takes a local shear Alfvén
wave traveling over a unit distance along field lines), compressions may be negligible and
reduced to zero for local modes along open, free end field lines. However, for closed field
lines, and for field lines with line-tied boundary condition, plasma compression may not be

reducible even near marginal stability. In those cases, the coupled eigenmode equations in
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(18) and (19) reduce to a single differential-integral eigenmode equation

(pl i pg) Eatio) — (ﬁ/ 4 pg) <§x{1,0}>
P
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where
1 L=
<fx{1,o}> = Lz/o dzfx{l,o},

over the domain 0 < z < L, and I'(z) is the local eigenvalue (growth rate) along each field

line.

B. Linear Ballooning-g Mode: Envelope Equation

The local eigenmode equation LH(z) = I'*H(z) only determines the mode structure H(z)
along field lines. The global mode can take the form

5&7{1,0} = fx(l)(xv Y, T)H(Z)7 (T = niét) (21)

assuming ['2/T3 ~ O(n~!) near marginal stability, where '3 = B%/p = 7,°. At next two

1
orders of n™2

L&y = DMy ~0, (22)
L202¢010) = OoL&puoy + B:afaffz{l,m, (23)
where
J-1p = 0elotiop + Oy&yn00 = 0, (24)
has been used. Using
(H(2)LEp2y) ~ O aprzy ~ 0, (25)

together with line-tying boundary condition in x and no-slip boundary condition in z (which
is equivalent to perfect conducting wall boundary condition in both z and z directions), we
recover the envelope equation with the Connor-Hastie-Taylor ballooning structure [24]

(H?)

2
2 2
FA

r ,
0j0260) = g (H?) 0att + (H')) 0ot (26)

where H = dH/dz.



IV. NONLINEAR STRUCTURE (2ND AND HIGHER ORDER IN )

From the second and higher order expansions in €, we obtain the nonlinear structure of

the g-mode. Due to the limit of space, we list only the second order expansion below. Here
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A. e=n"!: Cowley-Artun (CA) Regime

i

As the mode grows, its magnitude € can be measured by the ballooning scale n~2 in the
decreasing sequence of j = 0o, --,3,2,1,---. When the mode acquires the absolute order
of ¢ = n~!, it enters a regime that was first modeled by Cowley and Artun [12]. In that
regime, the mode is mostly incompressible, since at the lowest and dominant order, the

plasma displacement is divergence-free

Ji,-1y = 0u&eqio) + 9y&yq1.0p = 0 (40)

The local eigenvalue equation for £,y remains the same as in the linear case, so that

Snoy =&z, y, T)H(z). (1= n_%t) (41)

The dominant nonlinear term is the first order Jacobian Jia 9y, and nonlinear effects modify
the envelope equation [12]

Co 3202@(1) = a%x + Co02601) + C02€2 1) 02601y + CaO2E2 (42)
where A = L, . fOL YdyA is the average over domain 0 < y < L,. The coefficients C;
(¢ = 0,---,4) are determined by the equilibrium configuration and linear mode structure
along field lines. The Cowley-Artun regime as governed by Eq. (42) is characterized by
two orderings: I'?/T% ~ O(n™'), and € = n~' (see Table I). The former ordering is a
measure of the distance of the equilibrium away from marginal stability. The latter ordering
applies when convection is small relative to the mode spatial scales, i.e. £-V ~ n: < 1.
Model equation (42) has a finite-time singular solution when the nonlinear term 048553%(1)
becomes dominant. That is the so-called detonation mechanism first envisioned by Cowley
and Artun [12]. The detonation regime where the Cy nonlinear term dominates and the

finite-time singular solution exists may be specified as follows:

C\I _
cir? < &)~ O(n") Leg (43)

It is noted that the detonation regime is a rather narrow subset of the general Cowley-Artun

regime where Eq. (42) applies. The equilibrium has to be sufficiently close to linear marginal
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stability in order for the detonation regime to exist at all. Even within the detonation regime,
the solution &,(;) may not demonstrate any finite-time singular behavior due to the small

upper bound O(n~1)Le, for that regime.

I2/T% ~ O(n~Y) |T2/T% ~O(n"2)|- -

e =n~ " |Cowley-Artun regime

TABLE I: Nonlinear regimes of g-mode

B. ¢=n"12: Beyond Cowley-Artun Regime

~1/2 the dominant nonlinear

As the mode grows to larger magnitude at the order e = n
Jacobian scales as

Ji2,-2y ~ Jii,-1y ~ O(1)

so that the plasma compression of the dominant order, which is proportional to J;; 1y, is no
longer zero. At this order of €, nonlinear effects directly modify the local eigenvalue equation
for £&,11,01- The Cowley-Artun model in Eq. (42) is not valid in this nonlinear regime.
Direct MHD simulations of g-mode have been carried out recently in both a finite difference
code (BIC) [16] and the code NIMROD [25]. In both cases, all MHD field components
remains bounded in magnitude during the intermediate nonlinear phase. The growth rates
are slightly lower than that of linear phase (Fig. 1). Simulation results also indicate plasma
compression V - u remain small in linear to early nonlinear phase (¢ = n™!); V - u starts
to grow exponentially in intermediate nonlinear phase (¢ = n~'/2) [16]. This results is
consistent with our nonlinear analysis of the g-mode.

The absence of a distinctive Cowley-Artun regime (¢ = n~!) in our direct MHD simula-
tions may be due to its closeness to the intermediate regime where € = n=2. For the typical
mode number n = 10 used in simulations and observed in ELM experiments, n=! = 0.1
and n72 ~ 0.3 respectively. Mathematically, as n — oo the two regimes should be more
separated. However, the absolute magnitude of the mode in the CA regime will also be

approaching zero as n — oo, a situation that is physically irrelevant. In addition, the
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FIG. 1: Growth of kinetic energy of a g-mode in direct MHD simulations using the finite difference

code BIC and code NIMROD [25].
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FIG. 2: Growth of the maximum z-component (blue line) and the maximum divergence (red line)

of the velocity field of the line-tied g-mode in a direct MHD simulation [16].

asymptotic limit n — oo is also where the ideal MHD model no longer applies. Never-
theless, it remains a numerical challenge to explore the nonlinear regimes of g-mode in the

n — oo limit in direct MHD simulations.

C. Governing Equations for Intermediate Nonlinear Regime

In order to derive the governing equations for the intermediate nonlinear regime of g-

mode, we set ¢ = n~/2 in expansion (3) so that
o St (g o P e
&(v/nxo, nyo, z0,t) = n ]Z_;n : (If:c(;) T ) +Z§z<;>> (44)
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J(Vnxo, nyo, 20,t) = 1"‘2“7%‘]% (45)

=0
At the lowest order the three components of Eq. (1) are
B? + vp(1 + Jo)*™

xT - ) 4
Vvn 0t Jo) Opdo = 0 (46)
B? +yp(1 + Jo)* ™
_ 4
G+ap =0 )
Yp(1+ Jo) 70, Jy = 0, (48)

where Jy = 0,&(0) + 9y&y0) + [€2(0): &y(0y)s and [A, B] = 0,A0,B — 0,A0,B. Together with
J drogJ =1 we have Jy = 0. The lowest order plasma compression, which is proportional to
0:&2(0) T 0y€y(0), 1s therefore nonzero in general due to nonlinearity. The next order expansion
of Bq. (1) in n™2 yields

(P)/p + BZ)J% - 328262(0) - ngx(o) = Fl(za t)a (49)

where Fi(z,t) is a function to be determined, and

J% = 8151(%) + ayfy(%) + azfz(o)
—|—<8y£y(0)8zfz(0) - azfy(O)aygz(O)) + (azfz(o)axfx(o) o azfz(o)azgx(O))

H(0:80) 0y (1) = Oyl Dny(1)) + (0281 0u€y(0) — Fya(1) Oeby0)
+(0:8y(0)0282(0) = Fa&y(0)0:82(0)) FySa(0)

+(0:£2(0)0282(0) — 02£2(0)0:62(0)) Oy&y(0)

+(0:£2(0)02€y(0) — 0262(0)0-€y(0)) 0y (0)- (51)

At the third order the equation for ;) may be obtained by applying the operator Z - V x
to Eq. (1). It follows that

0,07 Ew0) + PlEa0)s 07 Ew(o))
= 0, {(PQ + (B + WP,)J% — (B*)0.&.0) + BQ@?@(O)}
+p9l&e0)s T1] + B?[€u0): 02a(0)] (52)

From Eqgs. (49), (51), and the no-slip, solid wall boundary condition at z = 0, L,, it turns
out that

Fi(z,t) = (yp+ B2)8$§:c(%)|x:0,L;c‘ (53)
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Since the mode is localized in the gradient region even in nonlinear phase, one may assume
024 1 )|$:0, L, ~ 0 at boundaries in x direction that is far away from the gradient region.
This leads to closure condition Fi(z,t) = 0. In that case, Egs. (51), (50), and (52) compose
a closed model equation system governing the intermediate nonlinear phase of g-mode.

Denote the linear local ballooning equations for g-mode as
07 €0) = L (€0 Ex(0))- (55)

. . . _1 . . .
For the sake of comparison, the governing equations for ¢ = n~2 regime can be written in a

more compact form

9y (a?fxm) — Lo(a(0), @(o))) + [&20), 07a(0)]

9B’ B?
E0) = L:(&a0): Ex(0))- (57)

(Clearly, during this nonlinear phase, nonlinearity directly and only modifies the x component

of local ballooning mode equations.

V. SUMMARY AND DISCUSSION

In summary, nonlinear g-mode evolves sequentially through ¢ = n™', ¢ = n='/2, .|
phases (¢ ~ normalized mode amplitude, n ~ &, /k). For equilibriums that are close to
linear marginal stability [[2/T3 ~ O(n™!)], the Cowley-Artun regime is recovered in the
early nonlinear phase when € = n~!. The detonation regime, as specified in (43), is a rather
narrow subset of the general Cowley-Artun regime where Eq. (42) applies. Even within the
detonation regime, the solution &,(;) may not demonstrate any finite-time singular behavior
due to the small upper bound O(n~!)Le, for that regime. In the intermediate nonlinear
phase when ¢ = n~1/2 the lowest order plasma compression [V - & ~ O(1)] is nonzero and
the model equation in Eq. (42) for CA regime does not apply. In the intermediate nonlinear
phase (¢ = n~'/2), nonzero plasma compression may reduce nonlinear growth and deplete
the explosive nonlinearity beyond the order e = n~!. This scenario is supported by the result

of direct MHD simulations of a line-tied g-mode, which covers both the CA regime in early

nonlinear phase and the intermediate nonlinear phase beyond the CA regime. The essential

15



role of plasma compression is also suggested by the model equations we have derived for the
intermediate nonlinear phase. We plan to analyze the model equations and compare with

direct MHD simulations next.
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