UW-CPTC 04-6

Time-dependent neoclassical viscosity
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A time-dependent closure for the parallel viscous force is calculated in a bumpy cylinder magnetic field
geometry using a Chapman-Enskog-like approach. The calculation is valid for all times and field modulations,
and is expressed as a dynamic evolution in time. Two important applications are presented: modification
of the frequency-dependent electrical conductivity due to the interaction between trapped and circulating
particles, and the parallel flow evolution which can be extended to axisymmetric geometries.

I. INTRODUCTION

Most present day plasma confinement devices operate
in the low collisionality “banana” regime where the rel-
evant closure moment is the parallel stress tensor. The
parallel viscous force affects the dynamics of flows and
is a drive in the momentum equation. In particular, the
electron viscous drag in the parallel Ohm’s law introduces
a modification of the electrical conductivity. Also, in the
total momentum balance, the parallel flow is damped by
this stress term. The equivalent effect in tokamak geom-
etry produces poloidal flow damping.

The closure for the parallel viscous force has been cal-
culated assuming a steady state [1]-[4]. Using the clo-
sures obtained in the steady state calculation, the damp-
ing rate of the poloidal flow in a toroidal plasma becomes
comparable with the ion-ion collision frequency. This
conclusion seems to violate the static assumption used
to derive the closure [5].

Various authors have addressed the time dependent
problem [6]-[10] both by a variational principle and us-
ing an expansion in Cordey eigenfunctions [11] of the
pitch-angle Coulomb collision scattering operator. Flow
damping rates are estimated [6]-[10] to be of the order
of the ion collision frequency times some power of the in-
verse aspect ratio when a large aspect ratio limit is used.

In this work, the dynamic case is approached in a dif-
ferent way. The evolution of the parallel flow is found
to be more than a simple exponential and thus cannot
be characterized by a single damping rate. Instead of
addressing each stage of the evolution separately as a
frequency-dependent problem, the main objective here
is to describe the time evolution of the parallel viscous
force. This responds to the need for a complete picture
of the transition to the steady state and the determina-
tion of the time scale on which an equilibrium assump-
tion is formally valid. The relaxation of the poloidal flow
occurs on a fairly fast time scale (about the ion-ion col-
lision time) but is still relevant to some experiments, for
instance just after a sawtooth crash [12] and in microtur-
bulence [10].

The procedure presented here is based on a Chapman-
Enskog-like approach [13] which is described in Section II.
In Section III the drift kinetic equation (DKE) is stated
and adapted to a simplified magnetic field geometry. A
perturbation technique that provides a solution to the

lowest order DKE and obtains a closure is described in
Section IV. Sections V and VI give two relevant appli-
cations of the result: the modification for the parallel
electrical conductivity and the evolution of the paral-
lel/poloidal flow, respectively. A summary and conclud-
ing remarks are included in Section VII. Some details of
the Laplace-transform inversions are shown in Appendix
A and heat flux effects are considered in Appendix B.

II. CHAPMAN-ENSKOG-LIKE APPROACH

In a Chapman-Enskog-like approach, the distribution
function of a system is assumed to be a dynamic, flow-
and heat flow-shifted Maxwellian plus a small (compared
with the equilibrium solution) kinetic deviation F. In
most of this work, heat flux effects will be neglected for
simplicity (they are discussed in Appendix B); thus, the
distribution function for the system will be assumed to
be [14]

where fj; is a Maxwellian distribution function in the
relative velocity v = v/ — V:
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Here n (x,t) is the number density, V (x,t) the flow ve-
locity, T (x,t) the temperature, and m the particle mass.

By the Chapman-Enskog hypothesis, the first three
moments of the kinetic distortion vanish and the time
dependence of the distribution function is given through
the variations in the thermodynamic variables in the
Maxwellian. Thus, for the present problem, the
Chapman-Enskog Ansatz is subject to the constraint con-
ditions

2
/d3vF:0, [d3uvF =0, /d%%F:O. (3)

By including the first three moments of the distribu-
tion function in the Maxwellian part, the kinetic distor-
tion does not add terms to the density, momentum and
energy balance equations. Neoclassical effects will ap-
pear in this formulation through higher order moments



of F, in particular

H:/d3vm (vv - %1)21> F, (4)

which gives rise to the neoclassical effects that are of
concern in this work. The relevant closure which is the
focus of this work is the (flux-surface-averaged) parallel
viscous force (B -V -II;); it will be obtained from the
solution of the drift kinetic equation as will be shown in
the next section.

III. DRIFT KINETIC EQUATION

For a system of charged particles and independent vari-
ables v, x, and ¢, the total time derivative on the left side
of the plasma kinetic equation is

0
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The distribution function given by Egs. (1)—(3) can be
introduced in Eq. (5) and using the density, momentum
and energy balance equations the total time derivative
of the distribution function can be written in terms of
F. Using a model collision operator that separates the
effects on fis and F, Wang and Callen [13] recast the
kinetic equation in a formal gyro-averaged drift kinetic
equation for the kinetic distortion F'. The full equation is
not written here since only a simplified version of it will
be considered. Including heat flux effects in the calcu-
lation is straightforward as shown in Appendix B. Thus,
neglecting all heat flux terms and higher (than L}/ 2) or-
der moments, Eq. (127) in Reference [13] reduces to
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where the “fow drive” term is

G=T[v-wnB—%b-Vx(vaH;v-v].
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The approximate collision operator we consider is

C(F)=vL(F), (8)

in which £ is the Lorentz scattering operator and 7 =
v, (v) /2. The full collision operator accounts for mo-
mentum conservation. Because the calculations are per-
formed in the laboratory frame and from Eq. (3)
[ d3vvF = 0, no momentum restoring term is needed.
Additionally, since the kinetic distortion F' represents the
velocity-space angular effects of the magnetic field mod-
ulations, only perpendicular diffusion in velocity space

(pitch-angle scattering) will be considered in the colli-
sion operator.

A bumpy cylinder magnetic field model simplifies the
calculation of the kinetic distortion F' while retaining the
effects of pitch angle scattering of particles in and out of
trapped space. The functional form of such a field can
be written as

14
B(l) = Buin + ABsin® %, 9)

where AB = Biax — Bmin = 2Bmin€ and the axial length
¢ follows the field line as it curves. Within the scale
length of interest, which is the periodicity length of the
cylinder L, only the magnetic field will be allowed to vary,
retaining only the V| B effects. (There are no radial drifts
in an axisymmetric bumpy cylinder magnetic field).

In this simple configuration

Vx(BxV)=0. (10)

Hence the second term in the drive G is absent. For the
last term in Eq. (7), a particle continuity equation is
used. For bounce time scales we have

0

02 = nV-V-V.Vn, (11)

ot
which leads to an incompressible flow to lowest order for
density constant along the magnetic field. As a conse-
quence, by noting that

V-Vz(B-V)(%):O, (12)

the incompressibility constraint can then be satisfied by
defining a parallel flow variable V) (¢,t) /B (£) = U (t) on
a given magnetic flux surface.

Introducing these simplifications in Eq. (7), and using

the relation vb- V (v B) = (vﬁ - vi/2) B-VinB, the
flow drive term reduces to

('l)ﬁ - %) G= %’U”b -V (’U”B) U. (13)

The DKE can then be written as

OF v
S+ oIV (F+2vBU fur) =C (F) = %be-v-n”.
(14)

Thus, the dynamic evolution of the kinetic distortion
is affected by spatial variations of both the kinetic distor-
tion and the free streaming flow of the circulating par-
ticles, and collisions that can drive particles through a
perpendicular diffusion process (in velocity space) into
or out of the trapped region of velocity space. The par-
allel viscous force is a source for the evolution of the un-
known distribution F' and hence will be present in the so-
lution. However, the Chapman-Enskog constraints given



in Eq. (3) will allow an expression to be obtained for
<B -V -H||> that has no explicit dependence on F'.

Equation (14) is solved by a standard perturbation
technique in the low collisionality banana regime where
trapped particles can complete their orbits before be-
ing scattered by collisions. Then, the parameter v, =
v/€/?wy is small and will be used as an expansion pa-
rameter for F'. In defining v,, v is the collision frequency
and wy, is the bounce frequency. The kinetic distortion is
then expanded as follows

Assuming the time derivative is of order v,, the lowest
order DKE is

vb-V (F + 2 BU far ) =0. (16)

Since for the model magnetic field considered b -V =
0/0¢, the term in square brackets cannot depend on £.
Thus, the lowest order distortion is given by

Fy = —%UHBUfM +g(v, N6, 1). (17)

Here, g is an integration “constant,” which is a function
of all the variables of the system other than the length ¢
over which the integration was performed. The first term
in Eq. (17) represents the free streaming part of F' while
the second term is a collisional correction. The variable ¢
depends on the direction in which the particles circulate
and is defined as ¢ = v/ |v|| |
To next order in v, the DKE is

OF 1
i T b VE = C(Fy) = oiob VI far (18)

Since v)|b - VF1 = v 0F1 /¢, application of the integral

7{ dr fOL dt/v, untrapped particles,
v

fo“ec de/ |v”| , trapped particles,
<

(19)
annihilates the first order distortion in Eq. (18). Here
+/£. are the turning points of the closed, trapped particle
orbits where v — 0. Thus, it is not necessary to solve
for F; since the bounce-averaged first order equation pro-
vides a constraint that can be solved for the integration
constant in the lowest order solution.

For trapped particles, to take account of density con-
servation at the tip of the bounce orbits we must have
g: (s) = —g¢ (—¢). Then, for g; even, we have g; = 0 at
£.. Since g does not depend on £, g; = 0 for all values of
L.

For circulating particles, the bounce-averaged com-
plete first order DKE yields a differential equation for g..
When a Laplace transform is taken, both energy (speed)
and frequency can be treated as parameters. The re-
sulting equation, which can be solved for the pitch angle
dependence in g, is

-2 {iw<§> + %%A(v”) %}gfc = fuS.  (20)

Y

Hats denote Laplace-transformed quantities with trans-
form variable —iw and the flux-surface-average is

(A) = 7{ %A/j{ % (21)

In Eq. (20) A\ = 2u/v? is the pitch angle variable and the
drives and initial conditions are included in the source
term:

S, \w) = %<B2>(17—iw)(7—<32> %UO
1, —— m [/ B
+ 5(B-V-HH>—T<U—”>g0(A), (22)

where go = g.(t = 0), Up = U(t = 0). The speed de-
pendence in g. (A, v,t = 0) is arbitrary since the collision
operator only operates on the pitch angle variable. Thus,
it is conveniently chosen as

90 (v, 3) ~ = far (v) g0 (),

to match the rest of the terms in the source [9]. Note
that the A dependence of the source is only through the
initial pitch-angle structure of the collisional correction
ge-
Morris et al. [9] were the first to recognize that this
should be treated as an initial value problem. The colli-
sional diffusion into trapped space of a distribution of un-
trapped particles will depend strongly (at least for early
times) on how close the initial distribution is located rel-
ative to the boundary between the two types of particles.
An initial distribution of particles is expected to damp
more rapidly if it is peaked close to A, than if particles are
introduced far away from the trapped-circulating bound-
ary, since then the portion of phase space they have to
diffuse through is larger.

Speed and pitch-angle variables can now be separated
using an eigenfunction expansion for the pitch-angle op-
erator on the left side of Eq. (20). The function g, is
projected in Cordey eigenfunctions as was done in refer-
ences [7]-[9]:

e = Yu(v,iw)An(N). (23)

The A-dependent functions A, are eigenfunctions of the
ordinary differential equation

d dA, d
A <\/1 - /\B> = ko <\/1 - /\B> An,  (24)
where k,, are the eigenvalues and the orthogonality con-
dition is given by

d(V1-AB) = , 0(vV1—2AB)
/AHAde)\ = dnm/AnTc(l)\,)
25

in which the integration is performed over circulating
space 0 < A < A..




Using equations (24) and (25), one can solve for the
speed- and frequency-dependent coefficients. The lowest
order solution for the departure from a Maxwellian can
then be expressed in frequency space as

oo

o= —oB™ e T4 Y _ M
Fo = UIIBTfMU+ 2 angl (DK — iw)An’ (26)

where the coefficients 7,, are calculated from

e SAdA
J3e A2 g5 (VI=AB)dx

Note that even though these coefficients do not depend
on J, the initial structure of the distribution in pitch an-
gle will enter as a drive for the viscosity through these
integrals. The viscous force, being a source in the dif-
ferential equation for Fy [Eq. (18)], is part of the so-
lution through the coefficients 7,,. In the next section,
the Chapman-Enskog constraint that the momentum mo-
ment of the small departure from the Maxwellian van-

B-V-II).

M = (27)

ishes will be used to solve for (

IV. DYNAMIC CLOSURE FOR (B-V-II)

The Chapman-Enskog Ansatz given in Eq. (3) can be
used to express the pirallel viscous force in terms of the
parallel flow variable U and the initial conditions. Taking
the parallel momentum moment on both sides of Eq. (26)

and setting / d3v v”ﬁ’a = yields

(B-/V\-H”) = nm (B?) [ﬁv W)+ U+ 7Y (w)] . (28)

The first term shows the usual proportionality between
the viscous force and the parallel flow. The coefficient
v (w) is defined as

_m U fm Fe (v, w)

Ry e B

and f, and J; are 8]

N _ Tn
fe(w,v) = Z om0 (30)
fi(wv)=1- (1 - —) Fes (31)
where
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=3 (- 2 (52)

Jy* A2 [(9/0%) (VI =XB)] dx

In Eq. (28) the initial pitch angle distribution is con-
tained in the last term which is defined as

_m/gvfMl Xn

3 n f. 5 kn—iw/V

and the coefficient y,, is

A
_ M /C<B>
Xn = ———— = Y go(N)AndA. 34
P anirdo Ao, 0(A) (34)

Note that for long times, when initial conditions are com-
pletely damped and can thus be neglected, one can use
the result [8]

; (33)

~

fe=felw=

2
0=y 2 -3 / :
Kn 4 0 <\/ 1-— /\B>
(35)
and the steady state limit of Eq. (28) yields the standard
result

(B-V-10}) = nmu (B*) U. (36)

Here, the viscosity coefficient p = v (0) is defined (for
electrons) as [15]

me/d3

and fy =1-— f..

Equation (28) is valid for any time scale and € (or
aspect ratio), since no approximations have been intro-
duced so far. From it, a damping rate can be estimated
numerically. For an explicit time-dependent expression,
neither an analytical nor numerical Laplace inverse trans-
form are trivial to perform since the expression involves
infinite sums of terms that depend on integrals over the
(numerically generated) eigenfunctions. Moreover, some
of these infinite sums reside in the denominator and thus
should be calculated to high accuracy if all relevant poles
of the response are to be found.

An analytical inversion of the Laplace transform in
general is not obtainable. However, for small field vari-
ations (AB < Bpin) an analytical solution can be ob-
tained through a power series expansion in the small pa-
rameter /€. In order to make such an expansion, we
invoke the f; ~ /e < 1 result obtained by various au-
thors [4, 8] in both dynamic and static situations. The
relevant factors to be inverted are ft / fc and 1/ fc, for
which we propose the following expansions:

% (1 - _> 7+ (1 _ _> Bt (39
%:(1-%‘") (1—ﬁ)+... (39)

Introducing equations (38) and (39) in the closure given
by Eq. (28), a much simpler expression for the parallel

[Z+\/_—ln(1+\/_)] 5
(37)



viscous force is obtained and the Laplace transform can
be inverted term by term. In particular, to lowest order
in f; we have

<B-V'H”> ~ nm<BQ> X

g/dsvngMaL—l{(l-—)ft } (40)

in which L! is the inverse Laplace transform and initial
conditions have been neglected for simplicity but can be
easily introduced using Eq. (80). After calculating the
inverse Laplace transform of the term in curly brackets in
Eq. (40) (see Appendix A), the time dependent closure
for the parallel viscous force in this small € limit is

(B-V-II)) = <B2>mn/d3vﬁfTMV X
Flowo- e
Z ’y" 1) /t Ccll_Ueﬁnn(tT)dT} . (41)
/sn o ar

This equation exhibits the explicit behavior in time of
(B -V -1II)). The first term is proportional to the paral-
lel flow and will be dominant in the long time asymptotic
limit. The second term contains the time variation of the
flow and is important only for times of the order of 1/7.
The last term contains the time-history through the con-
volution integral of the time-dependent trapped particle
fraction and the intrinsic time dependence of the flow of
circulating particles. To higher order in this expansion,
this last term develops a series in powers of 7t inside the
(convolution) time integral. For estimates of the coeffi-
cients in Eq. (41) see Egs. (51)—(54) below.

V. ELECTRICAL CONDUCTIVITY

To obtain the modification of the electrical conductiv-
ity caused by the parallel viscous force (B -V - II; ), the
bounce-averaged parallel component of the momentum
equation for electrons is considered:

. nee’ e
~iw (JyB) = = (ByB)+ -~ (B -V - Ije)~ve () B) .

(42)
Introducing the frequency-dependent closure in Eq. (28)
yields an w-dependent electrical conductivity:

2
o) = s, (43)

where
ae (w) =1+ yi [v(w) —iw], (44)

and initial conditions have been neglected.

The dynamic conductivity in Eq. (43) is valid for
any frequency (time) and magnetic field modulation.
Once again, the analytical process cannot be carried out
further. However, a numerical computation could give
the frequency dependence and upon taking the inverse
Laplace transform, the time evolution of o to some ap-
propriate accuracy.

To obtain the static limit, we have

e (0) =1+ pe/ve. (45)

The fraction of trapped and circulating particles can be
estimated for /e << 1 as f; ~ 1.464/€ [4]. Considering
the value for p, (~ 1.53 v, fi/f. for hydrogenic ions) in
the small /e approximation, the usual correction to the
static electrical conductivity is obtained:

oo nee? /mev, _ e e> (46)
L+ pe/ve  mevel+2. 24\/AB/QBmm

For w # 0 we consider the low and high frequency
limits of

frlw,e) iw

, 47
fc (w,ye) Ve ( )

where we are considering 7 = v, for simplicity. Using
Egs. (30)—(31) and the expansion in (38), for w < v, we
obtain

a) = 14 -2 (21 - 1)
- —(2ft+27") (48)

Thus, for small w the real part of the conductivity will
decay from the static limit as — (w/v,)” while the imag-
inary (“reactive”) part grows as w/v,. The sums in Eq.
(48) can be estimated using the small € approximation for
the eigenfunctions in terms of Legendre functions given in
Reference [11]. That is, since in the € = 0 case the eigen-
functions are Legendre polynomials, one can consider for
small € [11]

Ap~P, , Kn ~ Up (Vn + 1), (49)
where the index v, is an integer plus a small correction
proportional to 1/e:

4 T?2(1+n/2)

=n+ Ve 5 (1/2 T n/2)

(50)

In this approximation, the relevant sums can be obtained
and are shown below:

> = 1-29382 4+ 0 (), (51)

Z Ynkin = 14 1.48/e + O (e), (52)
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Fig. 1. The real (solid) and imaginary (dashed) parts of
6 /o, are plotted against w/v in the low frequency limit for
e=0.1.

c(w) /oy

Fig. 2. The asymptotic decay of the real (solid) and
imaginary (dashed) parts of 6 /0, is plotted against w/ in
the high frequency limit for ¢ = 0.1.

ZZ_" ~1—148Ve+ O(e), (53)
Z—gzl—QxlAS\/EwLO(e). (54)

Figure 1 shows the frequency-dependence of the electrical
conductivity using this expansion.

For high frequencies where w > v,, the w-dependent
factor in the conductivity can be expressed as

l/2
. (w) =~ 2+Z’7n (kn —2) — M_GQZ’YnKn
W V2
_I/_ |:2_an+ w_;Z’Yn (1 _QKn):| . (55)

In this limit, the real part of & (w) decreases as (ve/w)’.
The imaginary part also decreases, but at a slower rate
(~ ve/w), and both asymptote to zero as shown in Fig.
2. Since in Eqgs. (48)—(55) a small (or large) w/v, is con-
sidered after a small /e assumption, what is considered
a small (or large) frequency is to be compared with the
magnitude of the field modulation. That is, the high fre-
quency asymptotic behavior is expected to be seen only
for w/ve > 1/4/e.

0 0.5 1 1.5 2 2.5 3
/v
Fig. 3. The real part of the electrical conductivity is shown
for € = 0 (gray), e = 10~2 (dotted), e = 102 (dashed) and
e = 0.1 (solid) in the low w limit.

Fig. 4. The imaginary part of the electrical conductivity is
shown for € = 0 (gray), e = 1072 (dotted), ¢ = 10™? (dashed)
and € = 0.1 (solid) in the low w limit.

Note that in the static, low frequency limit, the effects
of trapped particles are present for w = 0. On the other
hand, as w — oo (initial times) there are no significant
trapped particles effects. Figures 3 and 4 show the effects
of € on the real and imaginary parts of & (w). It can be
shown, using the estimates in Eqs. (51)—(54), that

Relo @)~ { 1+ 9/ + O (4 (wfre)” w< e,
(140 (Vo] (ve/w)”, w> v,
(56)
N 1+ 0 (/e Ve, Ve,
Im g (w)] ~ { [[1 :(’) ((6\3//_2))]]&)1//@/(.u7 ww<§> Ve. (57)

These relations are qualitatively consistent with the be-
havior shown in Fig. 3-4.

VI. FLOW EVOLUTION

With the closure for the parallel viscous force ob-
tained previously in Eq. (28), the evolution of the par-
allel flow can be calculated as an initial value problem.



Two schemes are considered: the parallel flow damping
within the bumpy cylinder model, and an extension to
an axisymmetric geometry and thus to the time dynam-
ics of the poloidal flow in a magnetically-confined toroidal
plasma.

The simplicity of the one-dimensional, bumpy cylin-
der magnetic field model permits a full calculation of the
parallel flow dynamics including effects of initial condi-
tions. Consider the total flux-surface-averaged momen-
tum equation for the plasma:

U (t)
By —2=_(B
mn (82) 270 — ¢
Since the time dependence of the left side is of interest,
we start by again taking a Laplace transform and work
from the full frequency-dependent closure in Eq. (28) as
follows

VT (58)

[v(w) —iw] U (t) = =T (). (59)

Considering the small /e approximation in Eqs. (38)
and (39) for v and T, we have

v [ %(1——) FECNCY

~ m 3 U fM Xn
/d (1 )(1 ft)zfcn—iw/ﬁ'
(61)
Solving for U in Eq. (59) at this point would lead
again to infinite sums in the denominator. Instead, the
inverse Laplace transform can be taken on both sides and

after some manipulation (see Appendix A) one obtains
an inhomogeneous integral equation for U (¢):

+ /0 K (t;7)U (1) dr. (62)

This equation gives the time evolution of the parallel flow
and has “memory” of the localization of the initial distri-
bution relative to the boundary with trapped particle
space.

The analysis for the bumpy cylinder can also be em-
ployed for a toroidal magnetic field. For the dynamic
evolution of the “parallel” flow in an axisymmetric config-
uration the initial distribution in the pitch angle variable
is not taken into account for simplicity. In this configu-
ration, the magnetic field can be written as

B = Br( + Bpb, (63)

where By and Bp are the components of the magnetic
field in the toroidal (¢) and poloidal (#) directions re-
spectively.

To apply the model developed in the previous sections
to this geometry some modifications have to be intro-
duced. In such a configuration, the field modulations
along a field line are not unidimensional. That is, the

relevant flow variable to be considered is the poloidal
flow defined by [15]

V.ve Vp 1 (dp 1 dp
B-v0_§+ﬁ<%+nqd¢ (64)

where the first term is due to the parallel flow velocity
and the second is due to the perpendicular flows in the
plasma, which to lowest order in gyroradius are a combi-
nation of the E x B and diamagnetic flows:

ExB BxVp
+ .
B? nqB?
In Eq. (64) we have used E = —V ¢ and 1) is the poloidal
magnetic flux function, Bpf = V({ x V.
From the parallel (to B) momentum balance, an evo-

lution equation for Uy will include a contribution (o< ¢2)
from the toroidal flow [5]:

3U9_ (B-V-H”)
ot~ (B%)

UG (d)a t)

vV, =

(65)

d¢'
(1+2 ) +47T<W)a (66)

where the safety factor is defined as ¢ = eBr /B, in which
now € = r/Ry < 1 is the inverse aspect ratio.

The closure in Eq. (28) may now be introduced. In this
problem parallel stress damps the poloidal component of
the parallel flow since toroidal momentum is only damped
by the (higher order) perpendicular stress. With the flux
surface average in this case being defined as

dhA (
=g B § ot (67
one can write
(B-V-10) = nm (B%) [Upv (@) + Uso],  (68)
Once again, Egs. (60) and (61) can be used to obtain an

approximate closure to lowest order in ﬁ Introducing
this closure in Eq. (66) yields
(B%) =
v(w) —iw(1+2¢%) | Up =
55 (red)
(B?) 4w  O¢'

(1+2¢°) —

U, 69
(B2) 00+ <6t) (69)
and taking the inverse Laplace transform on both sides
yields the integral equation

0 )= ha®)+ [ Kot @®dr,  (10)

where hy (t) and Ky (t; 7) are defined in Appendix A. Us-
ing the approximation described in Sec. V, the asymp-
totic limits of the poloidal flow evolution for short and
long times can be inspected. For ¢ € 7, Eq. (70) can be
roughly approximated by

Up () =~ tKy (t:1) Uy (£) (71)



where we have assumed the initial condition is already
damped. Then the characteristic damping time is ini-
tially given by 7, ~ 1/Kjy (t;t) which yields (see Ap-
pendix A)

1
1/7, ~ &T/(ﬁ v%fTM (72)

The numerical result in Eq. (72) is similar to the estimate
for the damping rate in Ref. [8] for this limit. This
result is also obtained in Ref. [10] when taking a time
average including the transient behavior due to the initial
perturbation.

In the present /e < 1 expansion, in addition to the
damping rate v, there is a small oscillatory (w,) re-
sponse [8]. It can be recovered by writing iw = v, + iw,
and expanding v (w) about the damping rate assuming
vp > w,. By taking account of the Landau-type pole [§]
in the denominator of f, and equating the imginary parts
one obtains an imaginary component of the frequency
wy. This effect contributes slight oscillatory reponses in
(B-V-II) and in the kernels of the time-history inte-
grals in Egs. (70). This feature of the flow evolution is
neglected in this paper because we are concentrating on
the dominant, damping effect of the parallel viscosity.

For long times, in recovering the static limit, one can
rewrite the flow evolution as

t
Us (8) = Up (1) / Ky (t;7) dr, (73)

and thus, the characteristic damping rate is obtained
from

/ Ky (b dr = 1. (74)
0

In the small € approximation the damping rate for the
static calculation is obtained (see Appendix A):

1/—2—. (75)

This result clearly violates the static assumption, as
pointed out by other authors (see for example [5]-[9]).

VII. SUMMARY

A simple inhomogeneous magnetic field model has been
used to calculate the time-dependent kinetic closure for
the parallel viscous force (B - V - II}|) in the banana colli-
sionality regime. This model retains the effect of trapped
particles and can be extended to more complicated ge-
ometries.

In carrying out the calculation, a formal Laplace trans-
form is introduced which retains the initial value char-
acter of the problem. Further analytic progress can be
made by employing an expansion for small field modu-
lations. In such a case, the inverse Laplace transform

can be calculated to any order both analytically and nu-
merically. The key result, Eq. (41), is an explicit time-
dependent closure for the parallel viscous force which may
be useful in numerical codes as well as for the theoretical
modeling of fast phenomena (¢ < 1/v).

The evolution of the driven parallel /poloidal flow in the
expressions obtained are described by integral equations
which are still to be evaluated or solved. The results
obtained here have various applications that are yet to be
exploited. For example, they can be used to explore the
dynamics of the transition of the perpendicular dielectric
from regular Alfvenic to enhanced neoclassical regimes
[16] and for the effects of flow dynamics on neoclassical
tearing modes [17].

Extension to these various results to include heat flux
effects are given in Appendix B. These extensions are
required to obtain net electrical conductivity and poloidal
flow damping effects that are not just correct to within
about a factor of 2, but instead are within about the
1/InA ~ 7% intrinsic accuracy of the Coulomb collision
operator.
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APPENDIX A

In this appendix the inverse Laplace transform of
the frequency-dependent closure and the parallel and
poloidal flow evolution equations are developed in some
detail. For the parallel stress, the term in curly brackets
in Eq. (40) can be inverted term by term:

- {ﬁ}:Z(K"n_l) Vyne e Pt 4 (I_Z'Vn)(s
(76)
Defining the integral I, f dre= 7= (1), the
convolution with the parallel flow variable is

= {ﬁﬁ} - (1 —Z%) Ut
+ Z Yo (K — 1) L, (1), (77)

and the triple convolution can be calculated as follows:

(1 - Z’Yn) <6Ua't(t) + Upd (t))
+D Y (k0 = 1) (U (£) = knPL, (1)) - (78)
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Putting these results together we have

. {j:;ﬁ} = (- ) (50 v )
+ [1+Zvn(fin—2)]U(t)
— N (ke = 1) 5L, (1), (79)

which, after some manipulation leads to the dynamic clo-
sure in Eq. (41) for ¢t > 0.

To obtain the time evolution of the parallel flow vari-
able, the inverse Laplace transform is calculated on both
sides of Eq. (59). For the right side, using Eq. (39) and
the previous results one can obtain

L_l{%Zm} 2{5 YnXm

Km Ut [(

R =

—0 (K — 1) e”

t
—UXmYn (K — 1) / 7T (Rm—hn) dr. (80)
0

Xm¥n + XnYm)

To eliminate the delta functions, a time integral is taken
on both sides and after a simple calculation one can solve
for U (t). Equation (62) is obtained for which we define
the inhomogeneous term and the integration kernel as
follows:

_ 1 5 10 far = [ Xntm
h = (Zwm—2)/d”T 3 n ;{nmmn

(Kom — 1) Xm’)’ne_nmﬁt [(1 + XnYm ) _
KnXmYn

Km

T o

mv? fu

2%_2 /d3 v {1+
> Z—Z [(nm — 1) e RmP(t=) 1] } . (82)

For the toroidal geometry, the inverse Laplace transform
of each term in Eq. (69) is calculated as before. A time
integral has to be calculated in this case also and one
can obtain Eq. (70) where the kernel and inhomogeneous
term are defined by

K(t;1) =

2
ho (t) = (1 +2¢° — g;%i) Ugo - 3—;<¢' (t) - 6)] ,
83)
Ky(t;7) = BQ> m/d3 I/U—f—M {1-

> Z" [1+(nn 1)? e”"”(tT)]}, (84)

n

and the factor a for both expressions is
2 (B ()
1+2q 1) (1 Z%)]
B
< ) 25 (1=2m), (85)

where the second line is valid for small €. Using Eq. (85)
and the values in Egs. (51)—(54), the kernel of integration
Ky (t;t) ~ 1/7, for the t < 7 case in Section VI is

Ko(t;t):(ﬂ—zcsg) /d3 “fM (86)

In the long time case, for the static limit at the end of
Sect. VI we have, for fg Ky (t;1)dr =1,

t
Tn —kn(t—T _
-y [t+/0( 1) et >d7]_1_2%,

-1

1R

(87)
or, solving for ¢t = 7,
m 2?2
dPov—== 88
= (0 31) / 3 n (88)
which yields the damping rate in Eq. (75)

APPENDIX B

To include heat flux effects, the distribution function
to be considered in the Chapman-Enskog procedure is an
equilibrium flow and heat-flux shifted Maxwellian plus a
small kinetic distortion:

f=fu [1 + %v- (miTq) L3/2] +F (89

where far is defined in Eq. (2). In this case, the recast
DKE includes two extra terms and, upon defining a par-
allel heat flux variable ¢y = q-B/ B? to satisfy heat flux
incompressibility, can be written as [15]:

dF
dt +1)||b \Y% |:F+T’U||B (U_ _QHL 32 ) fM] =

C (F) + %fM (b-V-l‘[” + gLf/zb-V-®||> . (90)

In Egs. (89) and (90), L?ﬂ = 5/2 — z is the Laguerre
polynomial in the usual variable z = v?/v? and the heat
stress tensor is given by

(] =/d3vm (vv — év2l) Lf/zf. (91)

Solving Eq. (90) to lowest order as done previously in
Section II the lowest order distortion is obtained:

m 2
Fo=—-7uB (U - 5—pq||Lf/2) fa+g(v, A 6,t). (92)



Calculating the annihilator (19) in the next order DKE
and taking a Laplace transform as before, one obtains a
differential equation for § for circulating particles similar
to Eq. (20). The source term in this case includes heat
flux and heat stress drives:

5 (oo 0 )

(- 305 (2o
1

((B VI + ¢ 2BV ®||>Lf/2)}.(93)

S, \w) =

mn

Thus, the lowest order solution is

2 Ukp —iw)’
(94)
Since two unknowns

—~ > nAn
Fo = —U”B fM (U - _Q||L3/2> + ve Z (ni
1

where 7, is defined in Eq. (27).
are included in Fp, two Chapman-Enskog constraints are

required. Thus, it is convenient to consider [Lg/ ’= =1]
./f”wL?ﬁﬁzo, (95)
/ PooyL2*Fy = 0. (96)

Using equation (95) and the Laguerre polynomials or-
thogonality condition one obtains

— " 2
(B-V-1Ij) = nm (B?) (U’Uoo - 5—an01 +Uo + To) ;

(97)
where v;; (w) are the “viscosity coefficients” [for v;; (0) =
w;; numerical values see Reference [15]]. Both v;; (w)
and Y; (w) are obvious generalizations of the coefficients
defined in Eqgs. (29) and (33):

- m [ v fM 3/2 3/2ft (v,w)
vig (@ /d Lo
_m 1) fM 3/2 — Xn
s ( /d3 s ZF_M&. (99)

Equation (96), which is a combination of the density and
the energy constraints in Eq. (3), yields

— ~ 2 1.
(B-V-0))=nm(B?) (UUOl - 5—qu11 - ;qo + T1> )
(100)
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Thus, the frequency dependent closure, including heat
flux effects, can be expressed as a matrix equation as
follows:

<BEHII> = nm<32> [Uoo Uo1] [ gA ]
(B-V-0p) vor v [ =54l

U+ Yo (w)
~ . 101
[—%QO+T1(‘*’) (101)
In order to obtain the heat flux correction to expression
(43), we use the moment approach. This is, taking the

momentum and heat flux moments (i.e. m / d3v U”Lf/ 2

for i = 1,2) of the kinetic equation yields a matrix equa-
tion for the evolution of V|| and ¢. The parallel com-
ponent of these balance equations for electrons can be
written in matrix form as

d B e | EB
#l-almn] = [ 5]
R B E R

where L denotes the 2 x 2 matrix containing the usual
[4] electron friction coefficients L§;. When a bounce av-
erage is calculated and the closure (101) is introduced,
the Laplace transform of Eq. (102) can be written as

9 )=22m[ 4%

T nee?

NeMe

(103)

where we defined

U01/l/e

_ (’U()(] - zw) /I/e
] = [0+ | o 22025 1] 0

Vo1 [ Ve

Thus, the electrical conductivity in this more precise ap-
proximation can be calculated as

6 (w) ~ L Op.
Fi1 o —F%o

For the parallel flow damping correction, we generalize
the quantities in Egs. (81) and (82) by introducing L3/ 2
[for A (t) — h; ()] and LY* L% [for K (t;7) — K;j (£ 7)]
in the velocity space integrals. Doing so, and proceeding
as in the last part of Appendix A one can write the evolu-
tion for the flow including heat flux effects as an integral
(matrix) equation as follows

[t ] =[]+ LT R ][5t
(106)

(105)
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