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We have introduced a new perturbative technique with the goal of rapidly exploring
the dependence of long wavelength ideal magnetohydrodynamic (MHD) instabilities
on equilibrium profiles, shaping properties, and wall parameters. Traditionally, these
relations are studied with numerical parameter scans using computationally intensive
stability codes. Our perturbative technique first finds the equilibrium and stability us-
ing traditional methods. Subsequent small changes in the original equilibrium profiles,
shaping properties, and wall parameters result in a new stability for the perturbed con-
ditions. We quickly find the new stability with an expansion of the energy principle,
rather than with another complete run of the stability codes.

We first apply the technique to semi-analytic screw pinch equilibria. The screw
pinch results validate the approach, but also indicate that equilibria with certain fea-
tures allow only very small perturbations.

Next, we extend the approach to toroidal geometry using experimental equilib-
ria and a simple constructed equilibrium, with the ideal MHD stability code GATO.
Stability properties are successfully predicted from perturbed toroidal equilibria when
only the vacuum beyond the plasma is perturbed (through wall parameter variations),
rather than the plasma itself. Small plasma equilibrium perturbations to both the
experimental and simple equilibria result in very large errors to the predicted stability,
and results are valid only over a narrow range of most perturbations.

The unexpected sensitivity to equilibrium (rather than wall) perturbations is due



i

to the compressional Alfvén energy contribution to the stability. Beyond a very small
range of perturbations, second order terms in the expansion of the compressional Alfvén
energy become large. We explore several methods of ameliorating these second order
terms, but none improve results consistently or in a meaningful way.

Despite the large errors produced when changing plasma parameters, the wall per-
turbations revealed two useful applications of this technique. Because the central
calculations are non-iterative matrix multiplications, there are none of the convergence
issues that can disrupt a full MHD stability code. Marginal stability, therefore, is much
easier to find with the perturbative technique. Also, the perturbed results can be input
as the initial guess for the eigenvalue to full stability code, and improve subsequent

convergence.
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Chapter 1

Introduction

We are confronted with a rapidly increasing world energy demand due to growing
world population and rising per capita energy consumption: the world’s energy use is
expected to triple in 50 years [1]. Fossil fuels cannot be expected to meet this demand
long-term. One possible option to satisfy our future energy needs is magnetic fusion,

which has some distinct advantages:!
e Fusion reactors are inherently passively safe.

e Environmental impacts are lower: there is no direct radioactive waste, indirect
waste from reactor activation should be a manageable burden, and there are no
combustion gasses to contribute to acid rain, ozone depletion, or the greenhouse

effect.

An obvious disadvantage of fusion energy is that it has not yet been demonstrated
in a pilot reactor. High plasma pressure, good plasma confinement, and steady state
operation with a modest magnetic field in a single, economic reactor is the ultimate
goal of magnetic fusion research. To attain this goal, plasma equilibrium, stability,
and heat and mass transport must be adequately understood and controlled. Here we

focus on ideal magnetohydrodynamic (MHD) stability.

1Reference [1] contains more details.



As theories have progressed and reactor designs have become more complex, re-
searchers have repeatedly been frustrated by a mundane limitation: macroscopic MHD
stability codes can take a long time to run, even with the advances in computing hard-
ware and parallelization. In the best cases, an ideal MHD code analyzing a high aspect
ratio plasma at high resolution? takes at least 2-3 hours to complete on today’s com-
puters. Extremely shaped or low aspect ratio geometries, which seem to lead to higher
plasma pressure operating regimes, can take several times longer. Because of the time
involved, parameter scans to determine, for instance, the most stable shaping factors
for given pressure and current profiles are limited to examining only a few values.

Reducing the time required for parameter scans would facilitate thorough design
studies. In-depth parameter scans, especially for large experiments such as the Inter-
national Tokamak Experimental Reactor (ITER), require so many runs that a study
of sufficient detail could take years. A tool that could fill in some of the points in
parameter space with tens rather than hundreds of stability code runs should make
parameter studies more thorough and easier to perform.

Stability computations for low aspect ratio equilibria are especially demanding. The
large triangularity and strong toroidicity of these plasmas result in very high magnetic
winding number ¢ (~10-20) and magnetic shear near the edge. The high edge ¢ and
shear require a large number of finite elements and poloidal harmonics for accurate
computation of low-n instability growth rates. Looked at another way, high magnetic
field line pitch in the outer region of low aspect ratio plasmas causes a straight field
line coordinate system to have poorer resolution in this region.

Typical stability calculations might use a ¢ x 6 grid of 100 x 200 on the plasma

cross-section. Low aspect ratio computations easily require 200 x 200 to 200 x 500

2Here, high resolution means a 200 x 400 computational mesh on the plasma cross-section.



grid points. Usually, for analyses of equilibria with conventional aspect ratio and with
n < 3 modes, ~30 poloidal harmonics are required. Low aspect ratio plasmas can

3 Convergence studies, which ascertain when

easily require 50-80 poloidal harmonics.
results do not unexpectedly change as the number of grid points or poloidal harmonics
increases, also take longer for low aspect ratio equilibria.

Eigenmode details also increase with low aspect ratio. Using the stability code
GATO [3], Turnbull et al. reported that toroidal coupling between toroidal Alfvén
eigenmodes (TAEs) and continuum branches split the TAEs, and also found a new,
second-order TAE [4]. Multiple TAEs at low aspect ratio were also analyzed by Candy
et al. and reported by Holties et al.[5, 6].

Computational demands are not limited to physically large or low aspect ratio
designs. Researchers frequently limit the scope of their studies for no reason other than
computation time. An example is Holties et al.’s study of infernal modes using JET
geometry [7]. Holties et al. required hundreds of runs of the stability code CASTOR [§]
to estimate the effects of varying the pressure profile, ¢ profile shape, and ¢,,;, — and
he explicitly states that only a simple shape (an up-down symmetric D shape without
X points) was considered to reduce calculation time. A faster perturbed stability
code, which is the goal of this thesis, might have allowed the current profile, boundary
conditions, resistivity, and shape to be varied as well.

Holmes et al.’s optimization study using the stability code PEST [9] provides an-
other example of limited scope [10]. The computational requirements of PEST pre-

vented Holmes et al. from examining the cumulative effects of parameter changes: he

3As a rule of thumb, the number of poloidal harmonics is less than ngeqge + 25 for low n mode
numbers and an equal-arc-length Jacobian [2].



varied ¢ and pressure profiles while holding the aspect ratio, triangularity, and elonga-
tion constant. Thorough optimization would require examining different shapes while
varying the profiles, as was done for DIII-D [11].

The goal of this research is not to reduce the time to run a stability code for a
specific set of parameters, but to speed up stability predictions for variations on a
particular set of parameters. Determining the stability properties of a single specific
equilibrium still takes just as long, but we have tried to relatively quickly estimate the
stability of several similar equilibria. In theory, one should be able to predict changes
in macroscopic ideal MHD stability that are caused by slight perturbations to the
parameters defining the plasma equilibrium.

The general theory and computational steps involved in finding stability conditions

of perturbed equilibria are outlined only briefly here, but are detailed in Chapter 2:

1. Obtain a force-balance equilibrium and the stability properties for an initial set

of parameters.
2. Perturb the initial set of parameters.
3. Obtain a new perturbed equilibrium with the perturbed parameters.

4. Combine the initial stability properties and perturbed equilibrium in the per-

turbed energy principle.
5. Solve the perturbed energy principle for the perturbed stability.

The equations for a screw pinch can be solved analytically, and we examined this
geometry first. Chapter 3 discusses the reasons for this approach, and the analytic
results. In general, perturbing screw pinch equilibria led to accurate stability predic-

tions.



Predicting stability properties of perturbed toroidal equilibria must be done nu-
merically. Both experimental and idealized equilibria were perturbed. Stability prop-
erties were successfully predicted from perturbed toroidal equilibria in one particular
instance: when only the vacuum beyond the plasma was perturbed (through wall pa-
rameter perturbations), rather than the plasma itself. When other parameters were
varied beyond a very narrow range of perturbations, the predicted stability consistently
contained a large, rapidly growing error. Chapter 4 examines these toroidal equilibria.
Chapter 5 investigates possible sources of the error, and discusses attempts (largely
unsuccessful) to reduce it. Finally, Chapter 6 summarizes the conclusions of this study

and the situations best suited for the perturbative technique.



Chapter 2

Perturbations of the Energy

Principle and Initial Equilibrium

2.1 The energy principle

Traditionally, the linear ideal magnetohydrodynamic (MHD) stability of a plasma in
force-balance equilibrium is determined through an energy principle, which gives the
change in the potential energy (§1) caused by plasma displacements (£) against forces

(F) in the plasma [12]:

Wiee) = 4 [€ B 21

work = distance - force.

For stability, 6/ > 0. If a plasma is displaced by a quantity § away from stability,
, w
the displacement behaves as e™™!, with w? = N where K is the kinetic energy

associated with the displacements:

K(6.6) =L / ole? d*r (2.2)

Positive W results in oscillations, while negative 6 results in exponential growth

and decay.
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Figure 2.1: Computational results give a single point in a-parameter space.

Stability predictions begin with a plasma in force-balance equilibrium defined by
boundary conditions and a set of parameters a(ay, as, as...). The parameters can be,
for example, shaping factors, or profiles for the pressure p, current density J, magnetic
field winding number ¢, or magnetic field B. A stability code determines the plasma

displacements by applying variational calculus to the energy principle:

—mwn

ASW = —1 / [5§* F(E )& E(ag)} &r = 0. (2.3)

Proper selection of the displacements § = minimize the energy principle, giving
AOW = 0. The force operator F is defined by the equilibrium and depends on the
parameters . The boundary conditions are contained in [ d*r. These results give one
point in parameter-space, as illustrated in Figure 2.1. Values for § and 41V can be found
analytically for only the simplest equilibria. Computationally, stability codes minimize
the energy principle by solving the eigenvalue problem Az = w?Bz, where Az and
Bx are matrices representing the potential and kinetic energies, and the eigenvector x

represents the displacements.



2.2 Perturbing the energy principle

So far, the method presented is standard procedure for computing the stability prop-
erties of a single equilibrium. Next, the equilibrium parameters are changed slightly:
a — a+ Aa. This could be, for example, a change in the pressure profile: p — p+ Ap.

Changing the parameters causes a change in the energies and stability properties:
2 2 2
w® = we+ Aw?, §— £+ A,
oW — W + AsW, K — K+ AK. (2.4)

J
We now expand w? = ?W We use the self-adjointness of F' (described in [12]) to

make the following substitutions:

/ [ALF(§) + & F(A)] &Pr = 2 / AEHF(E) dPr (2.5)
/ [ALAF (&) + &AF(AY)] d°r = 2 / ALAF(E) dr. (2.6)
W

With these substitutions, w? = N is expanded as:

w? + Aw® = —1 / dPr[§FF(§) + AL F(AL) + 208 F(€) + £AF(€)
F2AEAF(€) + ALAF(AL)] /
: / a7 [pl&]? + Aplel + 2p1¢ - Ag| + 2Apl¢ - AL+ p| AL + Ap| AL . (27)

After some algebraic manipulation, we can use the equation of motion to cancel the

self-adjoint terms that are first order in A&:
(2w*)2K (p, &, AE) — 2A8* - F(§) = 0. (2.8)

The denominator can be further simplified. We write the denominator as p|£[?(1+¢),
with
__ DPIEP + 2018 - AL + 28p16 - AL| + pI AL + Ap|ALJ*

JleP (2.9)




Next, we estimate 1/(1+¢€) ~ 1 —e. When the resulting second and third order terms
are neglected, we can numerically find Aw?, the change in the stability eigenvalue

induced by perturbing the equilibrium parameters:

—3 J &r & - AF(§) — w?Ap|¢]?

Aw? = (2.10)
3 J & plEf?
When Ap/p is also neglected, we obtain the perturbed potential energy:
Aﬁvz—éfgﬂAE@)fp (2.11)

The perturbed force AF contains the changes in a. For ideal MHD, F' is commonly

expressed as [12]:

E = o (03y) < [V(€B)] - [V (Vx(§xB)] < Bart V(€ Tp+09-6) (212

where B, is equilibrium magnetic field, p is equilibrium pressure, and + is the adiabatic
exponent of g An interesting future extension to AF', useful for internal kink modes at
high temperature, might be including a thermal trapped particle kinetic term, as was
done, for example, for large aspect ratio, circular tokamaks by Antonsen and Bondeson
[13].

The force F' is also a function of the poloidal flux ¢, which is also used as a “ra-
dial” equilibrium coordinate. We initially determine v by solving the Grad-Shafranov

equilibrium equation [12]:

A*w — _,LLORz /I FF/’
. o (10oyY 0?1

To use consistent coordinates in the perturbed calculations, we find ¥perturbed by re-
solving the Grad-Shafranov equation with the perturbed quantities. Many Grad-

Shafranov equilibrium equation solvers have been developed to numerically solve for 1)
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(for example, EFIT [14], Tokamac [15], TOQ [16, 17|, CHEASE [18], JSOLVER [19]).
We use experimental equilibria available in EFIT format, and generate ideal equilibria
using TOQ.

Once Yorigina ad Yperturved are obtained, Equation (2.11) can be solved for AdW:

) &°r,

2min

AE = Eperturbed(a+Aa7 wperturbed) - Eom’ginal (Oé, woriginal) (214)

AW = —% /g;kmn . AE(@Z)om’ginala wperturbedag

with §mm from the stability code results, and the perturbations Aa contained in the

integral bounds, AF, and Vperturbed-

2.3 Numeric considerations

In practice, to find 0W from perturbed toroidal equilibria we rely on results from the
numerical stability code GATO [3]. Equations (2.11) and (2.12) are rewritten to reflect

the coordinate system and benefit from the computational efficiencies used in GATO:

AéW = 5Wperturbed - 5Wim’tial

. 3
AW = —35 / Somitiat " Lperturvea Epiyiqt) T
perturbed
1 * °
+3 / iy §im‘tz’al *Linitial (§im‘n’al> dr (2.15)
initial

For consistency, the same convention is used in the screw pinch analysis. The new, per-
turbed 0Werturbed 1s calculated using §im’tial (the displacements from the initial stability
results) and I.,;,peq determined from the new equilibrium. Only parameters defining
the equilibrium have been directly perturbed. Neither the equilibrium solution nor
o erturvea Nave undergone a simple direct perturbation. The new equilibrium is com-

pletely recalculated, based on the perturbed parameters. Also, I, . peq 1S completely
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recalculated based on the new recalculated equilibrium. The subscript perturbed on
E e rturbea Tefers to perturbing the underlying parameters, not perturbing [ itself.

The change A0W we are interested in is the difference between dWerturpea and the
originally computed dW;,iria. To preserve the information available in both potential
energies, results in Chapter 4 will show both 0Weriurbea and 6Wipiii rather than A6W
alone.

Computing dWerturbeq in addition to AGW alone also allows further examination of
energy terms. As will be seen in Chapter 4, estimates of AJW are generally not very
good for toroidal equilibria. Examining the various components of W helps determine
the source of errors, though some forms of 61 are more helpful than others.

It is most useful to examine dWp4smq in the form first given by Furth, Killeen,
Rosenbluth and Coppi [20], and later modified by Greene and Johnson [21] and Bate-

man [22]. In this form every component of the plasma energy has physical meaning:

(SW = 5Wplasma "‘ 5ancuum

1 1 By - Vp| 1
Mtama = 5 [ dr || By = =22 + B +plV
2 plasma Ho |BO| D o N——
Y ) — acoustic
compressional Alfvén  shear Alfvén
Jo- B
O DTV B (G 37 N FECAT)

current-diven kinlz pressure-driven interchange
Rather than using this form of 6/, GATO uses a form that facilitates computation
in an axisymmetric coordinate system. The coordinates are: the toroidal angle ¢,

poloidal flux 271 as the radial coordinate, and an arbitrary poloidal coordinate y

selected to optimize grid mapping. In general terms, §W is represented in GATO as:

oW = 5Wpla8ma + 5ancuum
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5Wplasma - 5Wdestabilizing + 5WB¢ + 5WBX + 5WB¢ + 5Wcomp7"essional~ (217)

Some of these terms correspond very well to those of the “intuitive” form of éW
given in Equation (2.16). The radial magnetic field line bending energy term, 6Wp,,
corresponds roughly to the shear Alfvén term of Equation (2.16). The compressional
term is the same as the acoustic term of Equation (2.16). The destabilizing term
contains some, but not all of the current-driven kink and pressure-drive interchange
terms of Equation (2.16). The remaining poloidal and toroidal magnetic field line
bending energy terms, 0Wp and 6Wp,, together contain the compressional Alfvén
term and the remaining parts of the current-driven kink and pressure-drive interchange

terms.

2.4 Coordinate system consistency

When 6W is found semi-analtically, as for the screw pinch, equilibrium quanities (cur-
rent, pressure, ¢) and displacements § are continuous radial functions. There is no shift
in the coordinate system when the equilibrium is perturbed.

In contrast, computational stability codes, including GATO, usually generate new
coordinate systems for new equilibria. Equilibrium quantities and displacements are
discretized according to the finite elements representation used by the code, and chang-
ing the equilibrium generally results in a subtle modification of the basis functions used
to define the computational mesh. Here we first describe the representation used in
GATO, and then explain the precautions we have taken to avoid this shift.

Although GATO is based on (¢, 1, x) coordinates, the problem is first re-cast with
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the contravariant components X, U, and Y:

X = J|Vyl&/r,
= 2s5¢:&,/T|VY| =Y + 3,X,

Y = 258/ 1, (2.18)

where s = \/W is the radial variable, 1), denotes the toroidal magnetic flux at the
plasma surface, J = ¢r?/I, is the Jacobian, I, is the flux of the poloidal plasma current,
and (3, = [0x/0s]. measures the non-orthogonality of the coordinate system [23].

The variables X, U, and Y are further expanded, so that instead of solving the
variational Lagrangrian §L(X,U,Y) = 6(W — w?K) = 0, GATO solves

oxM ax® ou) oy @M
oL [ —— X@ U® Y@ ) =0. 2.19
( aX b ) 88 ) aX b ) 8X b ( )

The new variables are restricted by the identities
XU =x®_-x6 yO=uy® and YO =y® (2.20)

on specific points in each mesh cell. These variables are discretized on an i, j (radial,
poloidal) mesh, and expanded in terms of the basis functions d,;, €;;, fij, git+1/2,; and
hi+1/2,j1

X0 = ZZXijdija X(2):ZZXij€ij, X(g):ZZXijfijv
2 J J

% 7

i
UD = 3 Uipigivreg, UP =D Usjjhicig,
i i
YO = 3N Yiapigioyeg, and YO =NV 0 i, (2:21)
i i
Choosing these components and specific basis functions satisfies particular conditions

that allow solutions for marginal stability (w? = 0), in particular V £ = 0. The stable
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Figure 2.2: Basis functions for the expansions of the variables X1 (d;;), X® (ey),
XO(fi), UD (girrj25), UP (higajeg), YO (givryzg), and YO (higipa ;).

and unstable parts of the A-spectrum may then be separated, discrete solutions isolated
from the continuous spectrum, and spectral pollution eliminated [23, 24].

The basis functions are shown in Figure 2.2. As they appear in the Lagrangian,
all functions and their derivatives are piecewise constant. The equilibrium is also
piecewise constant. The Lagrangian, therefore, appears as a finite difference problem,
with necessary coefficients obtained from equilibrium values at the center of each cell.

To avoid any change in the basis functions, we have chosen to test our AdW method
only with perturbations that do not change the distribution of mesh points, the map-

ping (from the equilibrium mesh to the stability calculation mesh) or the stability
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calculation mesh. The analysis of Section 2.2 did not address basis functions. In
particular, Equations 2.10 and 2.11 would generally need to reference basis functions.
Because we are careful not to change the coordinate system, Equation (2.15) may be

used. We will confirm this assertion in later chapters.

2.5 Similar techniques by others

Our approach for estimating stability by perturbing an equilibrium shares some char-
acteristics with the analysis performed by Greene and Chance for the second region of
ballooning stability [25], with Mercier and Luc’s [26] and Miller et al.’s [27] local equi-
librium models, and with Hegna and Nakajima’s [28] and Hudson et al.’s [29] ballooning
stability perturbations.

Before Greene and Chance’s analysis, calculations for the second region of stability
used equilibria obtained for the first stability (low-pressure) region. Since the high
pressure of the second region of stability causes large distortions of the equilibrium,
these first-region equilibria are not entirely appropriate. Greene and Chance, recogniz-
ing that ballooning stability is associated with localized pressure gradients and shear,

recalculated the stability by:
1. obtaining an equilibrium for the first region,
2. introducing large but highly localized perturbations in the p and ¢ profiles, and
3. applying these local perturbations to the equilibrium and ballooning equations.

The final equation for ballooning stability contained the original unperturbed profiles

and two perturbed gradients localized at y: p’ (1)(1/%) and ¢ (1)(1/%)-
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Mercier and Luc developed a local model for finite aspect ratio, non-circular equi-
libria [26]. Miller et al. extended this model by introducing a parameterization of the
poloidal magnetic field [27]. The final model allows local perturbations of the global
magnetic shear and pressure gradient, global perturbations of the elongation, triangu-
larity and aspect ratio, and variations of the elongation, triangularity and major radius
of a flux surface. These models have been used in ballooning mode studies [30, 27] and
calculations of trapped particle precession [31], and extended to stellarator geometries
[28].

Hegna and Nakajima [28], and Hudson et al. [29] performed a semi-analytic per-
turbation exercise for ballooning growth rates, with application to stellarators. After
solving the ballooning eigenvalue equation with a particular pressure gradient p’ and
averaged magnetic shear ¢/, both p" and ¢/ were perturbed at an arbitrary flux surface.
A new value for the growth rate A\ was found from a perturbation expansion:

A(8p',8) = Ao + 0_;\/5]), + %&’ o (2.22)

In both our method and this method, a single growth rate calculation is used to find the
growth rates for an entire family of equilibria. Hudson’s method, however, is limited to
infinite-n ballooning modes, and the domain is computationally simplified to a single
magnetic field line.

Our approach extends the analyses of Greene and Chance, Mercier and Luc, Miller

et al., Hegna and Nakajima, and Hudson et al. in several important respects:

e The perturbations need not be localized,
e The results are not limited to ballooning modes, and

e More parameters can be varied.
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Chapter 3

Perturbations of Screw Pinch

Equilibria and Stability

The perturbation technique described in Chapter 2 depends on detailed equilib-
ria and stability results, which are obtained numerically for reactor-relevant two-
dimensional configurations. Before adding complications that might arise from such
plasmas, we first determine if the approach is valid with the simpler one-dimensional

geometry of the circular screw pinch, shown in Figure 3.1.

B

Z

Figure 3.1: Screw pinch geometry with major radius = R and 27 R periodicity in the
z direction.

The screw pinch allows variation only in the radial direction. The geometry of the
screw pinch offers a simplified pressure profile and a simple relation between current
density and magnetic field, and can be treated semi-analytically.

By starting with the screw pinch, we hope to obtain some insight into issues that
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Figure 3.2: Real radial displacements along the plasma midplane for a toroidal internal
m/n = 2/1 kink mode are localized at the ¢ = 2 rational surface.

might also arise with an axisymmetric toroidal geometry. In this section we describe
some of these potential issues. The rest of the chapter will then examine their mani-
festation for various equilibrium perturbations.

Internal modes, particularly m/n = 1/1, might not respond well to perturbation
(m and n are the poloidal and toroidal mode numbers). Internal m/n kink modes
commonly have displacements localized in distinct regions of the plasma where g &~
m/n, as shown in Figure 3.2. For m/n = 1/1 modes, displacements commonly abruptly
change where ¢ crosses 1, as shown in Figure 3.3.

In these initial configurations that have sharply localized displacements or displace-
ments that abruptly drop to nearly zero, perturbing the equilibrium parameters might

result in a change in ¢ that should correspond to a significant change in displacements
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Figure 3.3: Real radial displacements along the plasma midplane for a toroidal m/n =
1/1 mode change abruptly at the ¢ = 1 rational surface (¢ > 1).

for at least some of the plasma. For example, with an m/n = 1/1 mode, the ¢ = 1 sur-
face of a perturbed equilibrium could move away the center, as indicated by &, + 0§, in
Figure 3.3. The actual displacements for the perturbed equilibrium would then extend
over more of the plasma, compared to the initial equilibrium. Because the perturbed
stability is computed with the initial displacements, the calculation would use no dis-
placements in a small region that would have had large displacements if the stability
results had been completely recalculated. One solution to this potential problem is bas-
ing the computational grid on the g-profile rather than on flux surfaces. Recalculating
the displacements is not the solution — the essence of the perturbation technique is

avoiding that time-intensive calculation.
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There is also concern that single-fluid ideal MHD does not adequately describe
the internal kink mode when the ion Larmor radius exceeds the scale length of the
plasma displacements. This situation may be better described by a kinetic model or
the two-fluid linear MHD description by Zakharov and Rogers [32].

There may also be an experimental limit on ¢ near the edge, such as those observed
on START (Small Tight Aspect Ratio Tokamak) [33]. Changing the parameters so
that ¢ violates that limit may give invalid perturbation results. Again, using a grid
based on either flux surfaces or the g-profile as appropriate might be helpful.

Both the m/n = 1/1 mode and edge ¢ complications are related to a larger question:
how big can Aa be? In general, the answer depends on the initial equilibrium. By
first examining the screw pinch analytically, we answer some of these questions before

they are complicated by a full toroidal geometry.

3.1 Initial screw pinch equilibria and parameters

Because of the symmetry of the screw pinch, the Grad-Shafranov equation is not needed

to determine the equilibrium profiles. Combining Ampere’s Law:

o = VxB— (3.1)
podo(r) = B, (32)
poi(r) = LS Ba(r), (3.3

with the radial force balance equation:
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yields

d B?, + B? B?%
e 2 (3.5

We have three equations (3.2, 3.3, 3.6) and five unknown profiles (Jp(r), J.(r),
By(r), B.(r) and p(r)), so can define two of the profiles. Although By and B, explicitly
appear in Equation (3.6), p and J, are commonly assigned rather than B. We take

current and pressure profiles from the literature ([2] and [34]), and define pressure and

() = Jy {1-(%0)01}%, (3.7)

r

) = s - () ] (33)

More detailed profiles from [35], [36], or [37] could have also been examined for the

current profiles as:

screw pinch. The profiles above, though, are flexible enough to both model very simple
equilibria and approximate the experimental toroidal equilibria.

Determination of the displacements £ with no wall surrounding the plasma generally
follows the approach outlined in [12] and [38]. We find & by solving Newcomb’s Euler-

Lagrange equation:

d . d
0 = %f%§ — 9§, (3~9)
rE?
fo= PRk (3.10)
k? ko’r? — 1
0= e (M) ¢
]{32 mBg
2F—— ( kB, — :
rko T
r o= E.Esz"+k32, (3.11)
2
ko2 = K2+ (3.12)
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Here, k and m are the linear and azimuthal mode numbers used in a cylindrical geom-

etry. They are analogous to the toroidal mode numbers n and m. In this formulation,

contributions to dW from plasma compressibility have been analytically eliminated.
Using the equations given above, we examine several different types of free-boundary

screw pinch equilibria, progressing from the simplest to more realistic:

e Flat pressure profile and flat current profile:
a; = 0 = JZ(T) = Jo,
ag = 0 = p(r) = po
The pressure profile is perturbed by changing py.
e Curved pressure profile and flat current profile:

as; = 0 — JZ(T’) = Jo,

2
a3 = 2,au=1 = p(r) = poll—(L)

The pressure profile is perturbed by varying as from 1.5 to 2.5.

o Flat pressure profile and piece-wise flat current profile with a step at 7 = Rep:

Jo (r < Rgpep),
ap = 0 = J.(r) = 0 ter)
Oé5<]() (T > Rstep)>

ar = 0 = p(r) = po.

The current profile is perturbed by varying as.

e Curved pressure profile and piece-wise flat current profile with a step at r = Rg.p:

Jo (r < Rgpep),
as = 0 — J.(r) = 0 ter)
a5J0 (T > Rstep)7

r
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As in the previous equilibrium, the current profile is perturbed by changing «s.

e Curved pressure profile and curved current profile:

2
ap = 0,ae=1 = J.(r) = Jy 1_<R;) ,
0

2
-
ag = 2,au=1 = p(r) = po 1—(§)
0

Either the current or pressure profile is perturbed by varying a; or as.

We examine both m = 1 and m = 2 modes. The curved profiles also allow exploration

of equilibria with high edge shear.
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3.2 Perturbation of screw pinch equilibria with con-
stant pressure and constant current profiles

The first equilibrium we treat has constant pressure (p/py = 1) and current (J,/Jy =
1). The perturbed equilibria are obtained by changing p/py from 0.1 to 1.9. Using

Equations (3.3 - 3.6) gives the magnetic field profiles:

Bg ’I“/R()
= 3.13
,LLOJz 2 ? ( )
Bz T’/RQ
— = 1— .14
o o, (314)
J.
By = “02 V3. (3.15)

Initial and perturbed profiles are shown in Figure 3.4. Because pressure is constant,
dp/dr =0 and B is not affected by the pressure perturbations.

First £ and 6WW are found for the original equilibrium, for both k/m = 1/1 and
k/m = 1/2. Next §W is found for the perturbed equilibria using the same . For
comparison, the new ¢ and corresponding dW are also found for each perturbed equi-
librium.

Figure 3.5 compares the perturbed §WW (using the original {) and the fully computed
OW (using the new &) for each perturbed equilibrium for k/m = 1/1. Figure 3.6 shows
the results for k/m = 1/2. In both cases, the perturbed and complete §W calculations
agree very well over the entire range of pressure perturbations.

As a check on the calculation, we note that the decrease in éW with decreasing
pressure observed in Figures 3.5 and 3.6 agrees with theory. The relevant term in 6W

is related to the compressional acoustic energy:

IWacoustic = 7}?0\2 : §‘2 (316)
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Figure 3.4: Initial and perturbed pressure, magnetic field and g profiles for screw pinch
with constant pressure and constant current.
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Figure 3.5: Perturbed and actual AJW for pressure variations of the screw pinch
equilibrium with flat pressure and current profiles, for k/m = 1/1.
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Figure 3.6: Perturbed and actual AJW for pressure variations of the screw pinch
equilibrium with flat pressure and current profiles, for k/m = 1/2.



27

3.3 Perturbation of screw pinch equilibria with parabolic
pressure and constant current profiles

For the next set of equilibria, the current profile remains flat (J,/Jy = 1), but the
pressure profile is now more realistic: (p/po = 1 — (r/Ry)*?). Initially, a3 = 2, and
is then perturbed from a3 = 3/2 to ag = 5/2. The initial and perturbed profiles are

shown in Figure 3.7.

1 T T T T T T T 0.5 T T T T T T T T T
- LS - L B,/B, i
0.8 p pO '\.\. \\ — 0.4 m
0.6\~ . 03F .
o N \ mo
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'R 'R

Figure 3.7: Initial and perturbed pressure, magnetic field, and ¢ profiles for screw pinch
with parabolic pressure and constant current.
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Figure 3.8: Perturbed and actual AdW for pressure variations of the screw pinch
equilibrium with parabolic pressure and current profiles, for k/m = 1/2.

As before, £ and §W are first found for the original equilibrium. Using the same
§, 0W is then found for the perturbed equilibria. For comparison, the new { and
corresponding 0W are also found for each perturbed equilibrium. The perturbed and
complete AJW calculations agree well over the range of perturbations, as shown in
Figure 3.8 for k/m = 1/2.

Using k/m = 1/1 gives similar results. The displacements for k/m = 1/1 in Figure
3.9 show no discontinuity, as would be expected for an equilibrium with no ¢ = 1
rational surface.

Also, the stability trend agrees with theory. A more steeply curved pressure profile

(with constant J,) increases the pressure-driven interchange component of A§W:

A(SWpressure = _2(§ ’ Zp) (5 ’ ﬂ) (317)
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Figure 3.9: Displacements for k/m = 1/1 with parabolic pressure profile.

For positive &, the steeper profile (az = 5/2) gives A6W,essure ~ 5732, while the more

linear profile (az = 3/2) gives AW essure ~ 3r/2. In addition, Figure 3.10 shows that

the steeper profile has the highest increase in Vp where the displacements are highest.
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3.4 Perturbation of screw pinch equilibria with con-
stant pressure and stepped current profiles

For the next set of equilibria, the pressure profile remains flat (p/py = 1). The current

profile is piece-wise flat, but has a step at 7 = Rgep:

JO (T < Rstep)v

J.(r) (3.18)

Oé5J0 (T > Rstep)-
The current is initially flat, and the step height is perturbed from a5 = 0 to a5 = 2 at

Rstep = 0.5. The current and ¢ profiles are shown in Figure 3.11.
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Figure 3.11: Initial and perturbed current, magnetic field and ¢ profiles for screw pinch
with constant pressure and stepped current.
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Figure 3.12: Perturbed and actual AdW for current step height variations of the screw

pinch equilibrium with flat pressure and stepped current profiles, for k/m = 1/2 and
k/m=1/2.

As before, both the original and new displacements are computed, and AdW found
using each. Figure 3.12 shows good agreement between perturbed (computed with
original £) and actual AJW (computed with new &) for both k/m = 1/1 and k/m = 1/2.
The agreement is not as good when the stepped current doubles (a5 = 2), but the trend
is still correct. Results are similar when the pressure profile is parabolic rather than
flat.

Stability degrades as the outboard current step is increased, which agrees with

analytic theory. The current-driven kink mode is proportional to J,:

J-B
5Wcurrent driven kink — _|B—|_2OBO X é E (319)
0
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Figure 3.13: Displacements for initial flat current and perturbed current with outboard
current step J,/Jy = 0.1.

The initial displacements are very close to the actual displacements for the per-
turbed equilibria. When .J, approaches zero in the outboard step, displacements for the
original and perturbed equilibria differ by about 10% at the edge for both k/m = 1/1
and k/m = 1/2, as shown in Figure 3.13. This is also the region where AJW compar-

isons deteriorate.
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3.5 Perturbation of screw pinch equilibria with curved
pressure and current profiles

The final set of screw pinch equilibria have both parabolic pressure and current profiles:
p/po = 1— (r/Rp)* and J,/Jy = 1 — (r/Ro)**. These equilibria have low ¢ in the
center and high magnetic shear (gradient of ¢) toward the edge. By changing B, on
axis while fixing pressure and current profiles, we vary ¢ in the center from ¢,.;s = 0.5

t0 Qazis = 1.0, leaving geqqe fixed. Pressure and ¢ profiles are shown in 3.14.
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Figure 3.14: Initial and perturbed pressure, magnetic field and ¢ profiles for screw
pinch with parabolic pressure and current.
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Figure 3.15: Displacements for several k/m for screw pinch equilibria with parabolic
current and pressure profiles. Raising ¢uuis from 0.5 to 1 increases ¢ for all the k/m
examined.

Figure 3.15 displays displacements for both the initial and perturbed equilibria, for
k/m =1/1,2/1,3/1, and 3/2. In all cases, displacements are global and the greatest
deviation in £ near the edge is 20% - 30%.

These equilibrium profiles push the limits of semi-analytic treatment. While £ can
be found, solving for W requires more sophisticated techniques. Qualitatively, raising
Qazis from 0.5 to 1 increases 6W inside the surface where ¢ = k/m (as expected for
stabilization of internal kink), as shown in Figure 3.16 for k/m = 1/1. However, the

accompanying increased £ outside the ¢ = k/m surface decreases dWW and the total
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Figure 3.16: AW for q..;s perturbations of screw pinch equilibria with parabolic
current and pressure profiles, for k/m = 1/1. Increasing ¢u.;s from 0.5 to 1 increases
AOW inside the ¢ = k/m surface, but decreases AGW everywhere else.

ASW is negative (external kink) for all the k/m modes examined.

Compared to the change in displacements associated with perturbing other screw
pinch equilibria, A& here is relatively large at the edge. However, A is still smooth
with no large or abrupt changes at the ¢ = k/m surface. Also, A¢ is usually still small
over most of the plasma. Because only small regions of the plasma are affected and A&
is well-behaved, perturbing ¢ in toroidal equilibria is not expected to be problematic.

However, because A is largest here, g perturbations may be the most limited.

3.6 Positive results from perturbing the screw pinch

Perturbing screw pinch equilibria to obtain AdW works well, and no major obstacles

were discovered. The exploration found that:

e For flat pressure and current profiles, the stability is correctly predicted over the

entire wide range of pressure perturbations (p/py = 0.1 to 2.0).

e For curved pressure and flat current profiles, the stability is correctly predicted
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when the pressure profile is made steeper or shallower (p/py = 1—(r/Ry)*3, a3 =

3/2 to 5/2).

e For stepped current profiles with either curved or flat pressure profiles, the sta-

bility trends are correct over a wide range of step heights.

e For curved pressure and current profiles that exhibit high edge shear and contain
q = 1 surfaces, displacements are not as inconsistent between the original and
perturbed equilibria as initially suspected. Only small regions of the plasma are

affected. However, these situations may still limit the technique.

Because this analysis used a form of the Lagrangian that eliminated compressional
Alfvén energy, it is not a complete test of our perturbative method. Including the
compressional Alfvén energy, however, would have introduced singular surfaces and
required a more computational (rather than analytic) treatment of the screw pinch.
Although this might have revealed difficulties with the compressional Alfvén term, as
will be seen in the toroidal application, it would not have been immediately clear that

neither the method itself nor the presence ¢ = 1 surfaces caused poor results.
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Chapter 4

Toroidal Perturbations

Encouraged by the results of perturbing dW for the screw pinch, we progressed
to perturbing experimental toroidal equilibria. While the perturbation technique is
general enough to be used with any source of equilibria and any MHD stability code that
produces a displacement vector, we used EFIT [14] to generate experimental equilibria
and GATO [3] for stability results. We also used TOQ [16, 17] later to generate
simplified equilibria. This chapter will first describe features of GATO, then present
results for perturbing experimental and simplified equilibria. In general, perturbing
wall parameters worked quite well, but perturbing plasma parameters beyond a very

small range resulted in large errors in dWperturped-

4.1 Features of GATO

The stability code GATO computes ideal MHD mode frequencies and displacements
by minimizing W in the energy principle (Equation 2.1). The problem is recast as a

matrix eigenvalue problem:

AX = ~BX, (4.1)

where the matrices A and B represent the potential and kinetic energy matrices, X
is the displacement vector represented by finite hybrid elements (discussed in Chapter

2), and the eigenvalue v = w? is the mode growth rate. If v > 0 then w is real and the
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equilibrium is stable. If any v < 0 then w is imaginary and the system is unstable.
GATO consists of four modules; some have been re-used or modified for the per-

turbed stability calculation:

e Mapping: The equilibrium data is first mapped from the equilibrium mesh (which
may be in (r,z) coordinates) to the flux coordinate mesh that GATO uses.
GATO’s mesh is generally optimized so there are more computational surfaces
packed near integral values of ¢q. To eliminate errors arising from changes in
the basis functions used to generate the finite elements, the perturbed stability
calculations use the same flux surface packing and computational mesh as the
original stability calculation. GATO’s coordinates, designed for computational

efficiency, were described in Chapter 2. They are reiterated here:

X = J|Vyl&/r,
= 2s5¢:&,/r|VY| =Y + 8, X,

Y = 2s¢s/1,r, (4.2)

e Vacuum and energy matrices: Next GATO defines the wall from input param-
eters, determines the vacuum contribution, and constructs the potential and ki-
netic energy matrices A and B. This module is repeated in the perturbed stability

calculation.

e Eigenvalue solver: Solving the eigenvalue equation is very computationally in-
tensive. For the perturbed stability calculations, this module is replaced by the
simple matrix multiplications Apc,turbedXoriginat aNd Bperturbed X originar t0 Obtain

the perturbed 0W and K.
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e Output analysis: Finally, GATO output is created. Output is highly customiz-
able, and may include energy contributions, Fourier decompositions, and vari-
ous components of § and the perturbed magnetic field 0B, all as plots or data
files. Any of several coordinate system may be chosen for { and 6B representa-
tion: GATO’s coordinate system, field line coordinates, cylindrical coordinates,

or normal orthogonal coordinates.

In the previous chapter, results for the screw pinch were presented as AdW. For
toroidal results, computational accuracy and rounding error issues suggest presenting
comparisons of 0Weruar and dWperiurpeq instead. Comparisons also reveal whether, for
example, a small AW reflects a very small difference between two large numbers, or

a measurable difference between two numbers of the same (small) order of magnitude.

4.2 Benefits beyond routine GATO computations

In addition to quickly estimating stability trends, our method yields more information
than might be readily obtained with routine GATO runs. Conditions corresponding
to marginal stability are more quickly determined. Also, full GATO computations
that have inherent (but unforeseeable) convergence problems may be avoided with our
method.

Determining conditions corresponding to marginal stability is generally tedious.
Stabilty codes such as GATO are designed to find an unstable mode, and the run time
can easily double the if the mode is truly stable. After a lengthy computation, the code
may abort with an error that may or may not indicate a stable mode. The perturbed
OW method simply multiplies matrices, whether the eigenvalue is stable or unstable.

This allows parameters corresponding to marginal stability to be quickly determined.
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Occasionally full GATO computations have difficulty converging on an eigenvalue.
Convergence issues cannot be entirely predicted before starting a computation, but
may be side-stepped with our perturbative method. With certain equilibria and input
options, GATO may not converge on the eigenvalue (changing input options or the
mesh usually solves this problem). The matrix multiplication at the heart of our
perturbation technique does not have the convergence issues associated with iteration,
and can be used to avoid possible unconverged GATO computations. More accurate
results may be desired for a perturbed run, an investigator can not know beforehand
if a full GATO calculation will have difficulty converging. Results from W e, iurpea can
be used as an initial guess to the eigenvalue problem, decreasing GATQO’s computation

time and improving chances for convergence.

4.3 Perturbations of wall parameters with experi-
mental equilibria

For perturbations of wall parameters with experimental toroidal equilibria, we began
with DIII-D discharge 92691. Pressure and ¢ profiles for 92691 are shown in Figure

4.1. Two initial walls, shown in Figure 4.2, were perturbed:

e a conformal wall extended a constant distance D from the plasma surface, and

e a symmetric parameterized D-shaped wall, in roughly the same location as the

conformal wall.

Note that neither of these walls represents the actual wall of DIII-D, which stabilizes
the n = 0 mode. Conformal walls are commonly used in MHD studies to easily assess

general wall effects.
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Figure 4.3: Conformal wall perturbations about the initial wall position at distance D
/ minor radius r = 1

The parameterized wall was constructed to enable systematic variations in location

and shape of various segments of the wall. Similar wall perturbations may:
e determine the optimum wall distance needed to stabilize a particular mode,
e assess the impact of a smaller central hole in the torus or additional hardware,
e investigate performance of novel wall shapes, and
e test new divertor designs or liquid wall components.

For the conformal wall perturbations, the wall distance was varied from the closest
non-stable wall distance to infinity (no wall), illustrated in Figure 4.3. Perturbations
of this kind allow an investigator to determine the wall distance needed to stabilize a
particular mode. Figures 4.4 and 4.5 show very good agreement between oW e turbed

and 0Werua for both n =1 and n = 0 over the entire range of wall positions. Nothing
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Figure 4.4: Perturbed and actual éW for n = 1 agree over a wide range of conformal
wall distance perturbations.
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wall distance perturbations.
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Figure 4.6: Inboard wall distance spacing varied from a distance D = 0.28w to 0.64w,
about D = 0.44w (w = plasma width measured at the midplane).

about the equilibrium plasma was varied; only the vacuum energy changed in the

stability calculation. The only deviation of &, otual from §mgz‘ occurs on the very

nal
last computational surface — the very edge of the plasma. The bulk of the stability
calculation is identical for all wall positions.

With both n =1 and n = 0, dWerturbed at no wall did not appreciably change from
IWperturbea at D = br. Although 0Wperiurpea is estimated slightly higher than éWeya
for the greater wall distances, the trend and close distance details are correct.

Conformal walls offer no other meaningful perturbations, so we now turn to the
parameterized wall. The spacing between the inboard segment of the parameterized
wall and the inboard plasma surface was varied first, perturbing about a distance

D = 0.44w (w = plasma width measured at the midplane), from D = 0.28w to 0.64w.

The perturbations are illustrated in Figure 4.6. These kinds of perturbations might
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Figure 4.7: Perturbed and actual éW for n = 0 have excellent agreement for inboard
plasma-wall spacing perturbations with the parameterized wall.

allow an investigator to assess the impact of additional inboard hardware, or of a
smaller central hole in the torus. For n = 0, 0Wyerturbea and 0Wictnar agreed over the
range of unstable 1/ examined, as illustrated in Figure 4.7. With the wall closer than
D = 0.32w, the n = 0 mode was stabilized. Because GATO does not normally report
stable eigenvalues when it is searching for unstable modes, there are no dW,.iua results
from GATO for comparison.

Remaining on the inboard side, the flat section of the parameterized wall was varied
next, and 0Wyerturpea calculated for n = 0. The inboard wall was given up to four
sinusoidal periods, as shown in Figure 4.8. FEach sinusoidal wall is centered on the
original parameterized wall, and all have the same top, bottom, inboard corners, and

outboard wall positions. These variations of the inboard wall shapes are on the path



47

Figure 4.8: Sinusoidal inboard wall perturbations have central sections of the wall
closer to plasma when there are an odd number of sinusoids.

Figure 4.9: A novel torus cross section has been proposed to increase plasma stability
to n = 0 mode.

to investigating a new wall shape, shown in Figure 4.9, that might better stabilize
n = 0 modes. Candidate equilibria are still being developed by other researchers for
investigating this shape.

With an odd number of periods (1,3), the center sinusoid moves the wall closer to
the plasma at the midplane, while walls with an even number (2,4) move the central
section farther away. Based on the results from moving the entire inboard wall closer
to or farther from the plasma, we should see the walls with odd numbers of periods

stabilize the n = 0 mode most.
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Figure 4.10: Perturbed and actual 6W for n = 0 agree when the sinusoidal inboard
wall shape is perturbed.

Figure 4.10 compares 0Wperturbed and 0Wocryar, perturbing from the original param-
eterized wall. As expected, stability is sensitive to whether the central sinusoid is closer
to or farther from the plasma, but only for walls with few periods. The 4-period wall
is almost as stabilizing as the walls with 1 or 3 periods, while the 2-period wall is
only slightly different from the original flat wall. More periods also appear to be more
stabilizing, although in this example the wall distance is probably a bigger factor.

Similar to results from moving the conformal wall, W e turbed and 6Wocpna do not
agree exactly, but they have the same general response. The agreement would likely
improve if the inboard corners for the sinusoidal walls and the original wall were at the
same location.

Next, the top and bottom distance of the parameterized wall was varied, illustrated

in Figure 4.11, and again for n = 0. Similar perturbations might be used to assess
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Figure 4.11: Wall top and bottom distances varied while leaving inboard and outboard
wall position and shapes unchanged.

new divertor designs, liquid wall components, or other hardware. Because the n = 0
mode produces a vertical plasma displacement, changing wall height is expected to
have a greater effect than changing the inboard or outboard wall. With this particular
equilibrium from 92691, Figure 4.12 shows that the wall height can only be slightly
decreased from the original parameterized wall before the n = 0 mode is stabilized.
Compared to moving the inboard wall, where dWe,4yurbed Was only on the order of 1073,
changing wall height does effect the stability more, with W on the order of 1072
The perturbation technique also gives several results for wall heights that stabilize
the n = 0 mode, which GATO did not produce. Codes such as GATO try very hard
to find an unstable mode, which can easily double the run time if the mode is truly
stable. Furthermore, after spending so much computation time, GATO aborts with an

error that may or may not indicate a stable mode. Because the perturbed 6\ method
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Figure 4.12: For éW unstable to n = 0, perturbed and actual 0 agree when param-
eterized wall height is perturbed.

doesn’t know about stable eigenvalues but rather simply multiplies matrices, it can be
used to quickly locate wall parameters corresponding to marginal stability.

Finally, the location of the outboard wall was varied, again for n = 0. As shown
in Figure 4.13, the general curve of the outer wall did not change, but the D shape
became wider or narrower. Figure 4.14 compares only four instances of 0W,.iua with
OWperturbea: oOne at the perturbation center, two nearby, and one with a large wall
distance. With the outboard wall closer than a distance D = 0.6w, the n = 0 mode
is stabilized, so there are no 0W,.,q results to compare at these closer distances.
Numerical convergence issues also resulted in the wrong dWoewa values' for most

intermediate wall distances.

"'We know these values are wrong from convergence results reported by GATO, and also because
they are positive. Positive results from GATO are possible, but not with the input parameters given
for these calculations.
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In some situations, GATO may try to converge on an eigenvalue in the wrong di-
rection (changing input parameters or the mesh usually solves this problem). The
perturbation technique doesn’t have convergence issues with simple matrix multipli-
cation, and can be used to avoid possible unconverged GATO runs. An investigator
may want more accurate results for a perturbed run, but does not know beforehand
if a GATO calculation will have difficulty converging. Results from W turbea can be
used as an initial guess to the eigenvalue problem, decreasing GATO’s computation

time and improving chances for convergence.

4.4 Perturbations of experimental equilibria

To test the perturbation technique with toroidal experimental equilibria, rather than
with walls, we chose DIII-D discharge 87009 as the baseline equilibrium. This is a
well-diagnosed shot, and the subject of several studies [39, 40, 41]. Figure 4.15 shows
the ¢ and pressure profiles. The ¢ profile is relatively flat over most of the plasma,

starting at qu.;c = 2.0498. The profile dips below ¢ = 2.0 briefly, and rises steeply

V77771717777 —10

ob— 1 11,1 T T
0 01 02 03 04 OLl.JS 06 07 08 09 1.8

Figure 4.15: Pressure and ¢ profiles for DIII-D discharge 87009.
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Figure 4.16: Normal n = 1 displacements for unperturbed DIII-D discharge 87009.

towards the edge.

Results from GATO indicate a global n = 1, m = 3 kink mode. There is also a
m = 2 mode that increases displacements at the ¢ = 2 surface. Figure 4.16 shows
global normal displacements X = ¢ - V1. As with most of the screw pinch equilibria,
displacements do not abruptly change, although they increase steeply (but smoothly)
for ¢ <~ 0.2

We perturbed the experimental equilibrium by scaling ¢q. Input parameters to
GATO allow scaling of the g profile by changing guzis Or Geqge, Without generating a
new equilibrium for each new ¢ profile. Changing ¢ in this way also similarly changes
the equilibrium magnetic field. The pressure profile is not affected. Using GATO’s
input parameters, we perturbed about ¢,.;s = 2.0498, from ¢ = 2.0 to 2.1. These limits
of perturbation, shown in Figure 4.17, were chosen to retain the dual ¢ = 2 surfaces.
Setting quzis > 2.1 would miss ¢ = 2.0 at the bottom of the dip. Allowing ¢,.;s to drop
below 2.0 would move the dip low enough to eliminate the first ¢ = 2 surface.

As with the screw pinch, both actual and perturbed stability results were computed
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Figure 4.17: Limits of ¢-profile perturbation for DIII-D discharge 87009.

for comparison. All computations used the same computational grid and mapping, on
a 100 x 200 (¢ x x) mesh. Results were quite different than those from the screw
pinch. Figure 4.18 shows that very small changes to q..;s have a large effect on dIV.
For example, changing q,.;s by only ~ 0.03 (~ 1% change) increases dW by ~ 50%.
The perturbation results rapidly depart from the actual GATO results and agree only
for extremely small perturbations.

A similar quadratic curve results from perturbing geqq.. The error consistently
always increases, rather than under-estimating when perturbing in one direction and
over-estimating when perturbing in the other. A parabolic curve on an energy plot
usually immediately suggests a stable state at the energy minimum. In this case, the
minimum of perturbed W at quuis = 2.0498 does not mean that the plasma is most
stable there. This would be a valid interpretation only if the actual W had a minimum
at Quzis = 2.0498 as well.

The minimum instead comes about from re-using Xo,igina;. Recall that §is found by

minimizing W in the energy principle. If the wrong ¢ is used to calculate 0Wperturbed,
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Figure 4.18: Perturbed and actual 6W for perturbations about ¢,.;s = 2.0498 of DIII-D
discharge 87009. The error rapidly increases in both directions of perturbation.

as it is here, 0Wperturbea Will no longer be minimized. It will be too large, regardless of
the direction of perturbation. If the error isn’t too large, the parabola would be much
shallower, and results would be useful over a wider range of perturbations. The error
could be corrected by using the proper { for each equilibrium, but that defeats the

purpose of a perturbation analysis. Chapter 5 examines ways to approximate §pertwbe i

4.5 Perturbations of simple idealized toroidal equi-
libria

Even though the perturbed stability analysis worked well for the screw pinch, results
from DIII-D discharge 87009 had unacceptably large errors. Between the circular
idealized equilibrium of the screw pinch and the shaped toroidal equilibrium of 87009

lie several other equilibria, which we hoped might produce intermediate results. We
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planned to construct several of these intermediate equilibria, starting with a circular
cross-section and making progressive changes to shape and profiles until ending at
87009. We would then try to gain some understanding about why qu.;s in 87009 is so
sensitive by perturbing ¢..;s in each of these intermediate equilibria. However, results
for even the very simplest idealized toroidal plasma were disappointingly similar to
those for 87009. Rather than evolving our simple toroidal equilibrium to an equilibrium
similar to 87009, we focused on why the technique was producing such large errors for
toroidal equilibria. Chapter 5 will explore sources of error.

To avoid any complexities that may be inherent in a real experimental equilibrium,

we constructed a simple idealized toroidal equilibrium with:

e No wall, to reduce vacuum energy and wall stabilization effects,

Circular cross-section, so shaping complexities would be eliminated,

High aspect ratio (r = 50, R = 4000, A = 80), so that curvature effects would

be minimized,

£ =0, to reduce pressure terms in W, and

Nearly linear g profile, to minimize magnetic shear effects, and 1.05 < ¢ < 1.9,
so there would be no integral rational surfaces. The ¢ profile is shown in Figure

4.19.

In addition, we specified incompressibility in the stability analysis, to eliminate ¢
terms in W
To construct this simple equilibrium and its perturbed variants, we used TOQ

[16, 17]. TOQ is an equal-arc-length, inverse equilibrium solver for the Grad-Shafranov
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Figure 4.19: Nearly linear ¢ profile for simple toroidal equilibrium minimizes magnetic
shear effects. Also, 1.05 < ¢ < 1.9 eliminates n = 1 (integral) rational surfaces.

equation originally written and maintained at General Atomics. All equilibria produced
by TOQ were also checked for proper convergence by GATO.
Being optimistic, we first varied ¢ three different ways. Being cautious, we kept g

between 1 and 2:

e For the first set of perturbations, we fixed geqqe = 1.9 but varied gz from 1.01

to 1.1.
e Next, we fixed ¢qzs = 1.05 and varied geqge from 1.75 to 1.95.

e Finally, we shifted the entire ¢-profile up and down. The shape and slope did not

change.

None of the three ¢ perturbations, shown in Figure 4.20, are very large, with the

possible exception of moving geqqe below 1.9.
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Figure 4.20: Perturbations of the g profile for the ideal toroidal equilibrium, and cor-
responding actual and perturbed 6.
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Figure 4.20 also shows the same rapid deviation of 0Werturbea from 0Wcrnar as seen
with the experimental equilibrium perturbations, for each of the ¢ variations. None
of the attempts stand out as considerably more successful than any other. We next
looked for a simpler perturbation that would leave profiles unchanged.

The simplest equilibrium perturbation is changing the aspect ratio, varying the
major radius from R = 50 to 5000, rather than changing the minor radius r. This
does not alter the shape, the ¢ profile, nor the magnetic fields; only curvature changes.
Even though the perturbation is very simple, the perturbed stability results still quickly
exhibits large errors. Figure 4.21 compares 0Weriurbea results for varying the aspect
ratio about four different starting points: A = 100, A = 60, A = 10, and A = 3. At
lower aspect ratios, 0W,.ua is more sensitive to aspect ratio. This is reflected in the
steepness of the perturbed results.

For an even simpler perturbation and to check the equilibrium, we added a wall
and varied the wall position, as we did for 92691 at the beginning of the chapter.
Wall shape and relative position remained the same: circular and concentric with the
plasma. Starting at a wall distance D = 10r, D was varied from almost on the plasma
to infinity. Figure 4.22 shows that over this entire range, W perturbed Was very close to
OWetuar- Agreement is even better than when moving the conformal wall with 92691’s

equilibrium, which confirms that our “simple” equilibrium is indeed simplified.

4.6 Computational results

The underlying goal of the perturbation technique is a substantial reduction in the
time needed for comprehensive stability analyses. Even if the perturbations gave good

approximations for AdW, they would not be very useful if the computation time were



60

L T ! T T
: _,
4 | .-'
15x10° ! i o—o actual 3W i
ok i ---- Perturb around A=3
o L Perturb around A=10
Y i i Perturb around A=60
Vi : Perturb around A=100
1.0x10‘4*: o -
I- 1
z [
1y .
1y 1
51! I
BOX10 ! .
! i
SN
o
0.0 lpmonies .
r L | L | L | L | L
0 20 40 60 80 100
aspect ratio

Figure 4.21: Perturbed 6W results for varying the aspect ratio of a simple toroidal
plasma show rapid excursion from the actual results. The error is highest where 0W crua
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| Stability mesh |  Fullw? | Perturbed w? |

65 x 65 Equilibrium mesh:
60 x 120 ~3 min | < 30 sec
100 x 200 | 5-20 min | <1 min
129 x 129 Equilibrium mesh:
60 x 120 4-5 min | < 30 sec
100 x 200 | 25-120 min | <1 min
200 x 400 | 5-10 hr <1 min

Table 4.1: Comparison of CPU times for computing actual and perturbed dW on
various platforms.

not decreased.

Table 4.1 compares average CPU times of running GATO and the perturbation
code for 87009 on a 100 x 200 (¢ x #) computational mesh. The times reflect typical
convergence and iteration settings, and are similar on several modern platforms with
various FORTRAN compilers (laptop PC running linux, J90 machines at NERSC,
HP and Sun workstations running various flavors of Unix, etc). For even modest
meshes, finding the eigenvector takes from 3 minutes to over 10 hours, depending on
the equilibrium.

Reductions in computation time are significant: factors of 30-100 (or 97-99%) for
typical calculations. These large reductions strongly motivate us to explain and de-

crease large errors in 0Werturbed-

4.7 Mixed results from perturbations of toroidal
equilibria

Perturbed and actual 6WW agree very well when wall parameters are changed, with both

experimental and simple toroidal equilibria. We successfully perturbed:
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e overall wall distance for conformal walls (with n =0 and n = 1),

e distance between the plasma and inboard, outboard, and top/bottom wall seg-

ments for a simple parameterized wall (with n = 0), and
e inboard wall shape for a simple parameterized wall (with n = 0).

In contrast, changing plasma equilibrium parameters, rather than wall parameters,

consistently resulted in large errors to 0Wyerturbea- We examined perturbations to:
e the ¢ profile for an experimental equilibrium,
e aspect ratio for a simple equilibrium, and
e ¢ profiles for a simple equilibrium.

Perturbing only the wall parameters is a useful application of the technique, but
rather limited. The possible time reductions provide a great incentive to understand the
unexpected sensitivity of toroidal stability approximations to equilibrium parameter
perturbations. Chapter 5 investigates the source of large errors to dWyerturbed, and

explores methods for reducing the error.
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Chapter 5

Analysis of Perturbation Errors

Chapter 4 showed very good results for W e, iurbed when perturbing wall parameters.
Perturbations of other parameters resulted in rapidly growing errors to 0Wperturpea- In

this chapter we explore possible sources of this error, and methods that might reduce

it. We will:
. 5, OW . . .
e compare various forms of w* = N to verify our mathematical expansion and
code,

e investigate possible sources of error from equilibrium convergence and map-

ping/coordinate system shifts,
e revisit the assumption of small perturbations,
e examine errors from components of 6V, and finally
e explore ways to estimate Ag.

None of these investigations, however, appreciably or consistently improve the error
in 0W. Ultimately, we are faced with a classic problem in numeric physics: looking for

a very small difference between extremely large numbers.
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oW
5.1 Comparison of forms of w? = ¥

In Chapter 2, we dropped all second order terms of the perturbed expansion of w? =

ow
N and also neglected changes to the kinetic energy K to arrive at Equation (2.11):

AGW = 1 / £ - AF(E) dPr.

Comparing various forms of the expansion for w? to the computed actual w? gives a
rough indication of the origin of the error. For each of the following comparisons,
we use the simple toroidal equilibrium and perturb the aspect ratio about A = 80.
Stability is very insensitive to aspect ratio at this very high value, so we may safely

associate any findings with the technique rather than with changes in stability.
6Wactual

actual

We first compare w? , computed by GATO and , with W etua and Kgepuar

actua
produced by matrix multiplication. The two agree exactly, confirming that the matrix
calculation correctly treats the vacuum energy.

We next compare w2, ., computed by GATO and the complete expansion of N

(Equation (2.7)), using newly computed { where needed:

w? + Aw? = -1 / dPr [§-F(&) + AL -F(AL) + 208" F (&) + &-AF()+
20EAF(E) + AE-AF(A9)] /

[PIE]” + Aplg]® + 2pI€ - AL| + 2Ap€ - AL] + plAE[* + Ap| AL

These forms of w? agree exactly as well, so we may conclude that the expansion is

mathematically correct and the terms are being computed properly.
6Wactual

K

Next we check the assumption that AK can be neglected. We compare

using three different values for K:

o Actual K = fpactual|§

cotual” @r. This gives W]

actual *
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Figure 5.1: Comparison of using Koctual, Koriginal, and Kestimate Shows that

neglecting changes in K is not valid, but approximating K is adequate.

e Original K = [ poriginal€ |2 d®r. This is equivalent to neglecting changes in

2original
K.

e Estimated K = [ pactua|

2original

proximating 6W = —1 [ £+ AF(§) dr.

|2 d3r. This approximation is analogous to ap-

In Figure 5.1, results with Keua and Kegtimatea agree quite well, while Kopiging “tilts”
w? counterclockwise. Neglecting AK, therefore, is not correct. Estimating K, however,
is adequate. The approximation must be included, but it is easily computed. Even
though p does not change in these perturbations, the change in aspect ratio affects the

Jacobian. This coordinate change produces AK.
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Figure 5.2: Comparison of w? 5Wemmat6, and OWestimate shows that using Kegtimate
Kom’ginal Kestimate

somewhat improves results, but does not overcome errors in éWesimate-

Finally, we determine if neglecting A K is solely responsible for the large errors with
the simple and experimental equilibria. Unfortunately, Figure 5.2 shows that properly
estimating K still results in a poor estimate for w? (now using 6Wessimate). While using
the correct K is important, it is not enough to compensate for )W being correctly

approximated over only a very small range of A =79.96 to A = 80.04.
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5.2 Examination of second order terms in /W ex-
pansion

With the expansion confirmed and the relative importance of AK determined, we now

examine all of the terms in the complete expansion of W + AdW:

SW + AW = —%/d?’r
[£-F(O) +2A8- F(§) + AL F(AD +
§-AF(E) +2A8 - AF(§) + AS - AF(AS) ]

oW / K estimate contribution
)
X
|_\
o
i

2nd order: 2A&-AF(€)

|

| I | | I
796 797 798 799 80 80.1 80.2

aspect ratio

Figure 5.3: First, second and third order terms of dW + AW expansion perturbed
about A = 80. Second order terms are not negligible.

No terms containing A are included in the perturbation, but it is possible that the

second or third order terms are in fact not negligible. Figure 5.3 compares the terms
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(normalized with K = [ puetuar|€

2original

|2d3r) as aspect ratio is very slightly perturbed
about A = 80. The plot shows:

e The third order term A¢ - AF(A) and first order term A& - F'(§) are small. The

third order term can be safely neglected.

e The first order term - AF'(§) changes linearly near A = 80, but quickly becomes
non-linear and grows faster with larger perturbations. This is the single term

used in the 0Wperturbea calculations.

e The second order terms containing A& do become quite large. The second order
terms 2A¢ - AF(§) and A{- F(A) grow quadratically near the perturbation
center, becoming extremely large with even very small perturbations. Their
signs are opposite, but they do not quite cancel. This small difference between
two large numbers is needed to correct the first order approximation. As the

perturbation grows, the “small” difference becomes significant.

5.3 Possible sources of error from equilibria and
coordinate system

We next examined possible sources of error from the equilibria. Our simple toroidal
equilibria were produced by TOQ. In some situations, TOQ may not converge on a so-
lution, but will still produce an equilibrium. Using a faulty equilibrium would certainly
produce errors. As a safeguard, GATO verifies the convergence of its input equilibrium.
Equilibria convergence recomputed by GATO were all well within acceptable limits.
A change in the location of the magnetic axis of the equilibrium might also produce

errors. As aspect ratio varies, the Shafranov shift is also expected to move. A large
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Figure 5.4: Shafranov shift of simple toroidal equilibrium (normalized to minor radius)
is small and changes little for most aspect ratios.

difference in the shift could alter the { mapping. However, Figure 5.4 shows that the
magnetic axis shift is very small, and changes very little above A ~ 20. At A = 80,
where we centered the perturbations, the shift (normalized to minor radius) is only
0.002.

In addition, all equilibria used the same (v, #) mesh packing and same initial map-
ping for (¢,0) ~ (r,2). Also, { is on the (¢, 6) mesh of the original equilibrium, and
remains on that mesh. These mesh consistencies further ensure that £ for a given flux
surface will still map to that flux surface, even if the surface moves in (r, z) space.

We have also tested perturbations (aspect ratio, gu.s) that, when consistent map-

ping and flux surface packing are also used, do not change the basis functions. (Basis
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Figure 5.5: Actual and perturbed growth rates obtained with NIMROD for perturbing
Jazis have same trend as those obtained with GATO.

function sensitivity was discussed in Chapter 2.) To confirm that our coordinate system
was not changing, Carl Sovinec repeated some perturbations with the code NIMROD
[40], a sophisticated non-linear MHD solver. Equilibrium quantities may be directly
perturbed in NIMROD without affecting the coordinate system, and linear (as well as
non-linear) MHD growth rates may be obtained.

Results from repeating our ¢,.;s perturbations are shown in Figure 5.5. While
growth rate rather than W is shown, the same trend (increasing error with increasing
perturbation) is evident. The care taken to not change the basis functions in the NIM-
ROD calculations confirms that coordinate system shifts (re-using X o,igina rather than

strictly £ are not responsible for the perturbations’ sensitivity. Similar NIM-

riginal )

ROD calculations also reveal that when the compressional Alfvén energy is included
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in the screw pinch analysis, rapidly increasing errors are also seen.

5.4 Assumption of small perturbations

We next verified that our perturbations were in fact small. If A|{|/|{] and A|F|/|E]| are
not both small and of same order of magnitude, then the premise of a small perturbation
is flawed, and we cannot justify neglecting the second and third order terms in the

expansion of 0.

0.015 I T [ T [ T [ J [

0.010F-

0.005=

<1 0.000

-0.005—

AE| /1€l
— AF|/|F|

-0.010

_ | 1 | 1 | 1 | 1 |
001595796 80 804 808

aspect ratio

Figure 5.6: Normalized perturbations are both very small near A = 80.

Figures 5.6 and 5.7 compare A[¢|/|{| and A|F|/|F| both near the center of pertur-
bations at A = 80, and much farther away. Near A = 80, both A[{|/|¢| and A|F|/|F|
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Figure 5.7: Normalized perturbations become large far from A = 80, but F' remains
linear.

are very small: ~ 1073 to 1072. Still, the perturbation technique only produces accept-
able results when A[¢]/|€] and A|F|/|F| < 1-2x107%. Both A[¢]/|£| and A|F|/|E| are
linear with aspect ratio over a wide range. Far away from A = 80, both A[{|/|{] and
A|F|/|F| become quite large, although |F| remains linear. This enticingly suggests
finding a simple relationship between A{ and AF might be possible. However, we

were unable to discover such a relationship.

5.5 Errors from large 01/ component

We also examined each component of dWerturbea computed by GATO. The energy

components are represented in GATO coordinates, and they are not quite the same
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as their counterparts given by Furth, Killeen, Rosenbluth and Coppi [20] (Equation
(2.16)):

e 0Wi: destabilizing energy (roughly corresponds to most of the pressure-driven

interchange and current-driven kink terms of Equation (2.16)).

e 0W5: normal magnetic field line bending energy (roughly corresponds to most of

the shear Alfvén term).

e 0Wjs: cross (~poloidal) magnetic field line bending energy (contains parts of the

shear Alfvén term and the current-driven kink term).

e O0W,: parallel magnetic field line bending energy (roughly corresponds to fast

compressional Alfvén term, plus part of the pressure-driven interchange term).
e 0Ws: acoustic compression energy (corresponds exactly to acoustic term).

All terms except 6W,, which is almost the fast compressional Alfvén term (or
OWrca), changed very little as A = 80 was perturbed, as shown in Figure 5.8. The fast
compressional Alfvén energy usually becomes small, but only through cancellations. In
computing 6Wrca, some coefficients of § can be much larger than those appearing in

other W components:

AN S U I
J’ r2’ J’ o r?’
where 7 is the minor radius and J is the Jacobian. Because of these large coefficients,
cancellation can catastrophically fail if ¢ is incorrect. Converting from GATO coordi-
nates to field line coordinates used in Equation (2.16) yields the same trends in 6W

components: the error is from the fast compressional Alfvén term.
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Figure 5.8: All 0W components change very little as aspect ratio is perturbed, except
fast compressional Alfvén term.

The eigenvalue problem Az = w?Bax contains very stiff, sparse matrices A and B.
Terms in A range from 107 to 10°, with most of the extreme variation originating in
0Wrca. The proper calculation of §W relies on near-cancellation of very large numbers
(of order 10* to 10%) to balance and further cancel with much smaller numbers (of order
1075 to 1071). If the large numbers are perturbed only even a hundredth of a percent,
this change will still ruin cancellation with the smaller numbers.

The successful screw pinch results also support the claim that the increasing error
is due to sensitivity in the fast compressional Alfvén term. The screw pinch analysis
used a form of the Lagrangian that analytically eliminated compressional Alfvén energy.

Screw pinch calculations with NIMROD (including the compressional Alfvén energy)
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showed the same increasing error as is seen in the toroidal GATO results.

5.6 Estimating A¢

Better cancellation of the fast compressional Alfvén energy term requires a more correct
§. But § comes from GATO, and the point of running the perturbations is to not rerun
GATO. We might try to change F' to improve cancellation, but this would alter the
equilibrium. Our perturbed stability results would no longer apply to our equilibrium.
Instead, we try to estimate A§ by minimizing 6Wrca rather than all of 6W. For the
simplest minimization, we determine what § would be at each mesh point if the fast

compressional Alfvén energy (0Wgca) remained close to its local unperturbed value:

5WFC’A,perturbed(§ ) = 5WFC’A,0M’ginal (6 ) (5 1)

2estimate 2original

within some small but non-zero tolerance. Numerical representation of 6Wrc 4 is linear

and periodic, making this estimate straightforward:

oX  oU
6WFCA =aX + b% + C%, (52)

where a, b and c¢ are coefficients determined by the equilibrium, and = and u are finite

element representations of £ and §. We now have an estimate of A&:

AE=€, i~

Doriginal ~ Xestimate’

(5.3)

For our simple toroidal equilibrium with high A = 80, using the estimated ¢

while perturbing A gives much better results for dW. Figure 5.9 compares W cral,

OW perturbed USING éor, and 0Werturpea using & showing a significant improve-

iginal’ Destimate’

ment with §estimate.
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Figure 5.9: Using &estimate i 0Wperturbea While perturbing aspect ratio about A = 80
improves results.

Perturbations are next made about a lower A = 10, where stability is more sensitive

to aspect ratio. Using &

€, ctimate LOW gives only a slight improvement to dWperturbed, as

shown in Figure 5.10.

Using £ . with the perturbed ¢ profiles of the simple toroidal equilibrium also

at

offers only a slight improvement to 6Wyepturbea- Although results with ées rimate graph-
ically appear much better, the range of allowable perturbations is still quite small.
Figures 5.11, 5.12, and 5.13 show this apparent improvement when perturbing ¢u;s
and geq4e, and when shifting the entire ¢ profile.

If the energy components are examined for each of these perturbations, dWpgeca
changes very little, as expected. But the error is now shifted to other components of

OW. The error is reduced somewhat, but is still present.
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Figure 5.11: Using &cstimate 1N 0 Werturvea While perturbing ¢,.:s appears to significantly
improve dWperturbed, but the range of allowable perturbations is still very small.
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Figure 5.12: Using &estimate 10 0Wperturbea While perturbing geqqe slightly improves
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ment to 0Wierturbed, but the range of allowable perturbations is still small.



79

The error might be further reduced with a more rigorous minimization of dW g4,
which might give a better estimate of A{. Rather than simply requiring 6Wprca to
remain close to its unperturbed value, we would solve two additional eigenvalue prob-
lems. For the first new eigenvalue problem, we would find the displacements § roa
that would result if 6Wrc4 were the only plasma energy contribution to the potential
energy matrix A (with the original equilibrium) in the eigenvalue problem of Equation
(4.1):

Apcalroa = wicaBErca. (5.4)

Next, we would perturb the original equilibrium, which immediately gives perturbed
matrices A and B. Using these new perturbed matrices, we would then solve the second

new eigenvalue problem for the perturbed displacements é FCA:
Apcaéroa = 0FcaBroa. (5.5)

We would now have Afrpca = Erca — épcA, which we could use as an estimate for

Agperturbed :

Aé-perturbed ~ £FC’A — éFCA- (56)

Solving the two additional eigenvalue problems is only worthwhile if it can be done
significantly faster than solving directly for &,crturpeq- The matrix A would need to have
a simpler structure that could be exploited. Keeping only Wprc4 plasma energy con-
tributions to A removes all equations containing both real and imaginary components
of £ (for example, there are no R(&,)S(§,) cells in the matrix). However, all equations
containing purely real or purely imaginary components are retained (so there are still
R(&p)R(Ey) cells). Assuming incompressibility, this reduces the non-zero cells of A by

almost half — but does not change A’s overall structure or complexity.!

IThe structure of A is complicated, and is described in Appendix A.
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Because A can not be appreciably simplified, obtaining an estimate for A&perurped
by solving the two additional eigenvalue problems takes longer than running GATO
with the perturbed equilibrium and obtaining &,erturbea directly. If 0Wpea were the
only contribution to A, then the matrix would be much easier to solve. However, the
vacuum energy contributions must also be retained, so that boundary conditions remain
consistent. The vacuum energy contribution is represented as a Green’s function, with
every point on the wall interacting with every point on the plasma surface. These
(Owaits Osurface) interactions complicate A’s structure, but cannot be discarded.

The structure of A also precludes solving an expansion of the eigenvalue problem

for A¢ (similar to the technique used by Hudson et al.[29]):
(W + AW®) (A + AA)(E + A¢) = (B + AB). (5.7)

An estimate for w? + Aw? could be easily obtained from the first approximation of
5Wperturbed and errturbed:

(W + Aw?) = M. (5.8)

errturbed
Solving Equation (5.7), however requires inverting A, which, again, is not a compu-
tational shortcut. This approach works for Hudson et al. because their eigenproblem

involves only a single field line and easily invertable matrices.
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5.7 Stability properties of numeric toroidal equilib-
ria remain very sensitive to parameter pertur-
bation

Our technique produces very good estimates of 0 W e urbeq When perturbing screw pinch
equilibrium parameters (with compressional Alfvén energy eliminated) or toroidal wall
parameters. In contrast, errors in dWpe urbea quickly increase when toroidal plasma

equilibrium parameters are perturbed. We explored several possible sources this error:

. . ow ) .
e Comparisons of various forms of w? = N verified that our mathematical ex-
pansion, matrix multiplication, and treatment of the vacumm energy are correct.
These comparisons also indicated that AK slightly improves results, but do not

appreciably reduce the growth of the error.

e Inspection of the terms in the W expansion indicate that second order terms

are in fact quite large.

e Comparison with NIMROD calculations and examination of equilibrium conver-
gence, magnetic axis shifts, and mapping procedures give us confidence that our
equilibrium and coordinate system conversions do not contain inherent inconsis-

tencies that might allow the second order terms to grow.

e For the equilibria we perturbed, our assumption of small perturbations is valid.
Large perturbations might account for the observed large second order terms,

but that is not the case here.

e Investigation of the plasma energy components of §1 associate the large second
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order terms with the fast compressional Alfvén energy. These terms have rela-
tively large coefficients, but normally cancel when ¢ is correct. Errors were not
evident in the screw pinch analysis because the compressional Alfvén energy was

analytically eliminated from 6W.

e Attempts to estimate A with a simple minimization of the fast compressional
Alfvén energy do not consistently reduce the error to an acceptable level. The
error may be significantly reduced when a reasonably insensitive parameter (such
as high aspect ratio) is perturbed. In general, however, correcting the fast com-

pressional Alfvén energy transfers the error to other energy components.

e More rigorous minimizations of the fast compressional Alfvén energy might de-
crease the error, but would take more time than simply re-running the stability

code and skipping the perturbation technique.

None of these efforts ultimately produced better estimates of . Changes in §

might be considered as well, but are very difficult to estimate numerically.
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Chapter 6

Summary

We have introduced a new perturbative technique with the goal of rapidly explor-
ing the dependence of long wavelength ideal MHD instabilities on equilibrium profiles,
shaping properties, and wall parameters. Traditionally, these relations are studied with
numerical parameter scans using computationally intensive stability codes. The per-
turbative technique first finds the equilibrium and stability of an axisymmetric configu-
ration using traditional methods. Subsequent small changes in the original equilibrium
profiles, shaping properties, and wall parameters result in new stability properties for
the perturbed conditions, which we find with an expansion of the energy principle.
With this approach, the effects of parameter variations on stability can in theory be
efficiently examined without numerically generating complete MHD stability results
for every set of parameters (which can be time intensive for accurate representations
of many configurations).

The theory and computational steps involved in finding stability conditions of per-

turbed equilibria were detailed in Chapter 2, and are outlined briefly here:

1. Obtain stability properties (potential energy W and displacements §) for an

initial set of parameters.

2. Perturb the initial set of parameters.



84

3. Combine the initial stability properties and perturbed equilibrium in the per-

turbed energy principle.

4. Solve the perturbed energy principle for the perturbed stability dWperturped-

The equations for a screw pinch can be solved analytically, and we examined this
geometry in Chapter 3. Perturbing screw pinch equilibria consistently led to accurate
predictions of §WW, and no major obstacles were uncovered. Because the compressional
Alfvén energy was analytically eliminated from dW, the results were not a complete

test of the technique. The exploration found that:

e For flat pressure and current profiles, the stability is correctly predicted over the

entire wide range of pressure perturbations (p/py = 0.1 to 2.0).

e For curved pressure and flat current profiles, the stability is correctly predicted
when the pressure profile is made steeper or shallower (p/py = 1—(r/Ro)*, g =

3/2 to 5/2).

e For stepped current profiles with either curved or flat pressure profiles, the sta-

bility trends are correct over a wide range of step heights.

e For curved pressure and current profiles that exhibit high edge magnetic shear
and contain ¢ = 1 surfaces, displacements are not as inconsistent between the
original and perturbed equilibria as initially suspected. Only small regions of the

plasma are affected.

Predicting stability properties of perturbed toroidal equilibria requires numeric
techniques. Both experimental and idealized equilibria were perturbed. Stability prop-
erties were successfully predicted from perturbed toroidal equilibria when only the vac-

uum beyond the plasma was perturbed (through wall parameter perturbations), rather
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than the plasma itself. We successfully perturbed:
e overall wall distance for conformal walls (with n =0 and n = 1),

e distance between the plasma and inboard, outboard, and top/bottom wall seg-

ments for a simple parameterized wall (with n = 0), and
e inboard wall shape for a simple parameterized wall (with n = 0).
The wall perturbations revealed two particularly useful applications:

e Positive 6 pose no problem to the technique, although they can significantly
increase computation time with a full stability code. Marginal stability, therefore,

is much easier to find with the perturbative technique.

e Convergence of a full stability code depends on the initial guess given for the
eigenvalue, which the user must supply as an input parameter. If an investiga-
tor wants to know 0Wetuar, rather than oW urbeq for a particular perturbed

equilibrium, using 0Wyerturtea as the initial guess can improve convergence.

In contrast, when plasma equilibrium parameters, rather than wall parameters, were
varied beyond a very narrow range of perturbations, the predicted stability W erturbed
consistently contained a large, rapidly growing error. We observed this error with
perturbations to: the ¢ profile for an experimental equilibrium, the aspect ratio for a
simple equilibrium, and ¢ profiles for a simple equilibrium. In all cases, the range of
perturbations that gave acceptable results was very narrow.

Perturbing only the wall parameters is a useful application of the technique, but
rather limited. The lure of drastically reduced computation time offered by the pertur-

bative technique motivated us to understand and ameliorate the unexpected sensitivity



86

of toroidal stability to plasma equilibrium parameters. In Chapter 5 we explored several

possible sources of the large error in dWerturped:

e Comparisons of various forms of w? = N verified that our mathematical ex-
pansion, matrix multiplication, and treatment of the vacuum energy are correct.
These comparisons also indicated that AK slightly improves results, but does

not appreciably reduce the rapid growth of the error in dWpe rurbed-

e Inspection of the terms in the §WW expansion indicated that second order terms

are in fact quite large, and cannot be neglected.

e Comparison with NIMROD calculations and examination of equilibrium conver-
gence, magnetic axis shifts, and mapping procedures gave us confidence that our
equilibrium and coordinate system conversions do not contain inherent inconsis-

tencies that might allow the second order terms to grow.

e Our assumption of small perturbations in the dWW expansion is valid. Large
variations that would have violated the premise of a perturbation expansion might

have possibly accounted for the large second order terms.

e Investigation of the plasma energy components of 6 associated the large second
order terms with the fast compressional Alfvén energy. The terms of this com-
ponent have relatively large coefficients that normally cancel when ¢ is correct.
Errors were not evident in the screw pinch analysis because the compressional

Alfvén energy was analytically eliminated from 6W .

e Attempts to estimate A with a simple minimization of the fast compressional
Alfvén energy did not consistently reduce the error to an acceptable level. The

error can occasionally be reduced when a reasonably insensitive parameter (such
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as high aspect ratio) is perturbed. In general, however, correcting the fast com-

pressional Alfvén energy transfers the error to other energy components.

e More rigorous minimizations of the fast compressional Alfvén energy might de-
crease the error, but would take more computation time than simply re-running

the stability code and skipping the perturbation technique.

None of these efforts ultimately produced better estimates of 4I¥. Changes in §
must be considered as well, but are very difficult to estimate numerically. The stability
eigenvalue problem Azw? = Bz is known to be sensitive to A and B [3], but we hoped
that the sensitivity might be small enough to allow meaningful perturbations. Semi-
analytic screw pinch equilibria and stability are rather robust, and do tolerate large
perturbations, when the compressional Alfvén energy is eliminated from the analysis.
Perturbing wall parameters with axisymmetric equilibria does not alter the plasma
energy nor change the displacements in the bulk of the plasma, and therefore is also
safe. But because of the precise cancellation required between large numbers, only
infinitesimal perturbations to toroidal plasma equilibria are allowed.

Despite the extreme sensitivity of 0 to changing plasma parameters, wall pertur-
bations are still useful. Possible applications of the technique include optimizing wall
distances to stabilize the resistive wall mode in tokamaks [42], developing novel wall
cross-section shapes to stabilize the n = 0 vertical plasma displacement, quantifying
the impact of wall parameters on edge-localized modes and investigating the effects
of adding divertors, diagnostics, control systems, or other modifications to existing

vessels.
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Appendix A

Structure of Potential Energy
Matrix A

The potential energy matrix A constructed by GATO and used in our perturbed
calculations contains a ¥ x 1 block diagonal of many 6 x # sparse sub-matrices, each
with a central band. The central block diagonal band in each 6 x 6 sub-matrix con-
tains further sub-matrices. These final 16 x 16 lower triangular sub-matrices contain
the energy contributions. When only the fast compressional Alfvén energy (0Wpca)
contributes to the plasma energy in A, as described in Chapter 5, these lower triangular
matrices resemble triangular checker boards.

If 0Wrca were the only contribution to A, the matrix structure would be vastly
simplified. The # x 6 sub-matrices would be purely block diagonal, with some overlap
to account for periodicity. However, the vacuum energy must also be retained for con-
sistent boundary conditions. The vacuum energy is represented as a Green’s function,
with every point on the wall interacting with every point on the plasma surface. These

important (Guwair, Gsur face) interactions account for the sparse off-diagonal elements.
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